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Preface

The reader of this book will need some background in real analysis, as
in the first half of the first author’s book Real Analysis and Probability. The
book should be accessible to graduate students with that background as well
as researchers. An interest in probability will also help with motivation.

Although on some topics we may have presented more or less final results,
there are others that leave openings for research. The impetus for much of
the work came from others’ work in mathematical statistics, but we do not
include any applications to statistics.

The book is mainly about some aspects of nonlinear analysis, some not
much studied and some others previously studied but not in the same ways,
and their applications to probability, as in the final Chapter 12. More specifi-
cally (to explain the book’s title) we consider existence and smoothness ques-
tions for some concrete nonlinear operators acting on some concrete Banach
spaces of functions. The book has relatively small overlaps, of the order of one
or two chapters, with any previous book except for two lecture note volumes
by the authors.

Here is a first example of what is done and distinctive in this book. If F’
and G are two functions such that F' is defined on the range of G, one can
form the composition H(z) = F(G(z)) = (F o G)(z). When one mentions
differentiability and composition, mathematicians tend to think of the chain
rule, which is indeed an important fact, but we consider differentiability of
the two-function composition operator we call T'C' which takes the pair of
functions (F, G) into the function H. To take the derivative of this operator,
we will assume F and G take values in Banach spaces. The domain of G
need not not have a linear or topological structure (it may be a measure
space). What the differentiation will mean at some F, G is to take functions f
and g approaching 0 in corresponding spaces, and to represent the increment
(F+ f)o(G+g)—FoG as A(f) + B(g) plus a remainder, where A and
B are linear operators and the remainder becomes small in norm relative to
f,9 — 0. The operator T'C is linear in F' for fixed G, but the remainder
contains a term f o (G + g) — f o G which still depends on both f and g.
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It seems to us that T'C' is a very natural operator deserving attention. It is
treated in Chapter 8. Relatively more attention, e.g. Appell and Zabrejko [3],
has been given to the operator G — F o G for fixed (nonlinear) F', and its
extension to the case where F' is a function of two variables, say x and y, and
one forms a new function H(z) = F(x,G(x)). Such operators are treated in
Chapters 6 and 7.

Among the most familiar of all Banach spaces are the LP spaces, of equiv-
alence classes of functions f such that |f|P is integrable for a given measure p,
where 1 < p < 0o. A question is: for given p and s in [1, 00), for what space(s)
F of functions from R into R do we have Fréchet differentiability (defined in
Chapter 5) of TC from F x L® into LP, say where the measure space is [0, 1]
with Lebesgue measure? It turns out that for 1 < s < p, we get degeneracy:
even for fixed F', it must be constant (Corollary 7.36). For 1 < p < s < o0,
consider the following. Let f be a real-valued function on R and 1 < p < co.
Let vp(f) be the supremum of 377, [f(x;) — f(x;—1)|” over all partitions
ro=a <z <--<xp,=>0and all n, called the p-variation of f. Finiteness
of this is ordinary bounded variation when p = 1. Let F = W, (R) be the space
of all f such that v,(f) < oo, with the norm || f||,] = vp(f)*? + || f[|sup Where
| fllsup = sup, |f(z)|. Theorem 8.9 shows that T'C' is Fréchet differentiable
from W,(R) x L*® into LP of a finite measure space (£2, S, p) at suitable F
and G. Namely, F is differentiable, and its derivative F’ satisfies a further
condition. The image measure po G~! has a bounded density with respect to
Lebesgue measure. The theorem gives a bound on the remainder in the differ-
entiation of a given order in terms of s and p. The two paragraphs preceding
Theorem 8.9 indicate how some of the conditions assumed are necessary or
best possible and in particular, optimality of the W, norm on f for bounding
the remainder term f o (G + g) — f o G (Proposition 7.28).

Countably additive signed measures are familiar objects in real analysis.
For purposes of this book we need to consider Stieltjes-type integrals [ fdg
where neither the integrator g nor the integrand f is of bounded variation.
We found it useful to consider as integrators interval functions defined as fol-
lows. An interval function p is a function such that p(A) is defined for all
intervals A, which may be restricted to subintervals of some given interval.
Then pu is called additive if f(AU B) = p(A) + p(B) for any two disjoint
intervals A, B such that AU B is an interval, and p is called upper continuous
if 1(A,) — p(A) whenever intervals A,, decrease down to A. These proper-
ties would follow from, but do not imply, existence of an extension of u to
a countably additive signed measure. For example, if F' is a right-continuous
function with left limits, not necessarily of bounded variation, one can define
wr((e,d]) := F(d) — F(c¢) and define pp for other intervals by taking lim-
its, giving an additive, upper continuous interval function ppr. For u upper
continuous we define v, (1), for 1 which may be Banach-valued, as the supre-
mum of ) . ||u(A;)|[P over all finite disjoint collections of intervals A;. For
not necessarily additive interval functions, the p-variation needs to be defined
differently.



Preface VII

Beside composition, another natural operator is the product integral,
which takes the coefficient functions (such as C(t) in (1.10) below) of a sys-
tem of linear ordinary differential equations into a solution, under suitable
conditions. Despite linearity of the system, the operator is nonlinear in the
coefficients. Some entire books have been written on this operator. The prod-
uct integral will take values in Banach algebra, namely, a Banach space in
which a multiplication is defined satisfying usual algebraic conditions and
lzyll < |lz||llyl|- A precise definition and some of the theory of Banach alge-
bras are given in Chapter 4. An interval function p with values in a Banach
algebra will be called multiplicative if (AU B) = pu(B)u(A) holds for any dis-
joint intervals A, B such that AUB is an interval, with s < ¢ for each s € A and
t € B. For 1 < p < 2, a product integral operator p — J[(I + dy) is defined
from additive to multiplicative interval functions and is an entire analytic
function (as defined in Chapter 5) with respect to p-variation norms (Theo-
rem 9.51) and serves to solve differential and integral equations. Whereas, for
p > 2, finite p-variation of an additive, upper continuous g does not imply
that the product integral even exists (Theorem 9.11).

Since p-variation gives sharp results about two natural operators, let’s
return to point functions f and consider the space W,(R) for 1 <p < co. If G
is any homeomorphism of R, in other words, a continuous, strictly monotone
(increasing or decreasing) function from R onto itself, the map f — fo G
preserves W, and its norm. Invariance under this very large group holds for
the spaces of all bounded continuous functions or all bounded functions with
the norm || f||sup. Other commonly considered spaces such as Sobolev spaces
are of course highly useful, but they are invariant under much more restricted
transformations. Whereas, the supremum norm gives no control of oscillations
of a function and the A, norms do. We suppose the good properties of || - ||
will give other uses than those we have found.

We also treat integrals, although with relatively little attention to the
Lebesgue integral. Rather, let at first f and g be real functions of a real
variable and consider Stieltjes-type integrals (f, g) — f; fdg where neither f
nor g is necessarily of bounded variation. The given bilinear functional can
be defined on various domains f € F, g € G as will be seen. If f and g have
suitable infinite-dimensional ranges, the integral can also be extended.

If1 <p<oo, 1<q<o0,vp(f) < o0, v4(9) < oo, and p~t +¢g7 1 >1,
then a Stieltjes-type integral [ fdg can be defined, as had been shown by E.
R. Love and L. C. Young in the late 1930’s, with a corresponding inequality
we call the Love—Young inequality (Corollary 3.91) and use often. Because of
bilinearity, the differentiability is then immediate and simple.

Chapter 12 on probability and p-variation includes results from several
research papers. Among others, Theorem 12.27 gives bounded p-variation of
the sample paths of Markov processes (with values in metric spaces) for 2 <
p < oo under a mild condition on expected lengths of increments, shown
to be sharp. Corollary 12.43 extends the celebrated Komlés—Major—Tusnady
theorem on convergence of the classical empirical process to a Brownian bridge
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from the supremum norm to p-variation norms for 2 < p < oo with slower,
but sharp, rates of convergence. Theorem 12.40 gives a sharp bound on the
growth of the p-variation of the classical empirical process for 1 < p < 2.
These facts were published in three papers in Annals of Probability (one co-
authored by one of us). Proposition 12.54 gives an example due to Terry Lyons,
showing that for some processes X; and Y; which are each Brownian bridges,
but which have an unusual joint distribution, an integral fol X:dY; cannot be
defined by any of the usual methods. The full work of Lyons and co-workers
on “rough paths” is in progress and is beyond the scope of this book. In some
cases where compact or “Hadamard” differentiability had been proved in the
statistics literature, it might well be replaced by Fréchet differentiability with
respect to p-variation norms, with a gain of remainder bounds. This and other
problems we here leave as opportunities for readers.

Some parts of the book appeared, in different forms, in our earlier lecture
note volumes Dudley and Norvaisa 1998 [55] and 1999 [54]. Improvements on
or corrections to earlier results of ours or others are incorporated. The book
also includes some new results published here for the first time as far as we
know, as will be mentioned in the text or Notes for each.

Guide to the reader: Starred sections, specifically Sections *2.7 and *3.4,
are not referred to in later chapters. Chapters of the book depend on earlier
chapters as follows: Chapters 1 through 3 are basic in that Chapter 1 is a
rather short introduction, and all later chapters refer to Chapter 3 many
times each and directly or indirectly to Chapter 2. In the further sequence of
chapters 4 through 8, each chapter has many references to the preceding one
and directly or indirectly to intervening chapters. The Appendix relates only
to Chapter 7. Chapter 12 on stochastic processes refers to, beyond Chapter 3,
only two propositions in Chapter 9. Chapter 11, on Fourier series, refers only
to the basic Chapters 1-3. Chapter 10, on nonlinear differential and integral
equations, refers twice to Chapter 9, once to Chapter 7, once to Chapter 5,
and many times to Chapter 3. Chapter 9, on multiplicative interval functions,
the product integral, and linear differential and integral equations, refers to
Chapters 1 through 6.

Acknowledgments. We thank B. M. Garay, Richard Gill, and Timothy
Nguyen for advice and help with some points in the book.
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Institute of Mathematics and Informatics, Vilnius Rimas Norvaiga?
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1

Introduction and Overview

In this book we are mainly concerned with derivatives of certain specific non-
linear operators on functions. One operator is composition, TC' : (f, g) — fog,
where (fog)(x) = f(g(x)). This operator is linear in f for fixed g, but not in g
even for fixed nonlinear f. We call this operator the two-function composition
operator, or T'C for short, to distinguish it from the more-studied operator
g — fog for fixed f, which we call the (autonomous) Nemytskii operator
Ny. The chain rule, on differentiating = — f(g(z)), where z, f, and g may
all have values in Banach spaces, is a very important fact, but it is not di-
rectly about either 7'C' or N¢. To differentiate T'C’ will mean to approximate
(f+h)o(g+k)— fog, asymptotically as h and k approach 0 in suitable
senses, by a sum of linear operators of the functions h and k. The operator
TC will be treated in Chapter 8 and the Nemytskii operator in Chapters 6
and 7.

We will also consider solutions of certain ordinary differential equations
and integral equations, for functions possibly having values in Banach spaces,
and representing such solutions by way of nonlinear operators. A first intro-
duction is given in Section 1.2. A basic nonlinear operator giving solutions of
linear equations, the product integral, is developed in Chapter 9 and applied
to solving equations in Sections 9.11 and 9.12. Chapter 10 treats nonlinear
integral equations for possibly discontinuous functions.

A basic operator on functions on an interval [a, b] is the bilinear Riemann—
Stieltjes integral operator (f,g) +— fabfdg, to be treated in the following
section and then more fully in Chapters 2 and 3. Some general facts about
Banach algebras are reviewed in Chapter 4. Chapter 5 treats differentiability
in general Banach spaces.

The word “concrete” in the title is meant to convey that we consider not
only specific operators as mentioned but also specific function spaces, most
notably p-variation spaces, as will be mentioned in Theorem 1.4 and (1.20),
and frequently throughout most of the book.

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 1
in Mathematics, DOI 10.1007/978-1-4419-6950-7 1,
© Springer Science+Business Media, LLC 2011



2 1 Introduction and Overview

1.1 How to Define _/'g fdg?

Two classical ways of defining integrals |, 3 f dg for real-valued functions f and
g on an interval [a,b] with —oo < @ < b < 400 are the Riemann-Stieltjes
and Lebesgue—Stieltjes integrals. But, as will be seen later in this section and
in Chapter 2, there are multiple ways of defining such integrals. Relations
between them are given in Section 2.9. Different forms of integral can be
useful for different purposes.

The Riemann—Stieltjes integral is defined as follows. A finite sequence
k = {t;}1, for a positive integer n is called a partition of [a,b] if a =ty <

tp < -0 < tp, = b If {t;}1~, is a partition of [a,b] then an ordered pair
({ti}iy, {si},) is called a tagged partition of [a,b] if s; € [ti—1,1;] for i =
1,...,n. For a tagged partition 7 = ({;}1g, {si}i21), |7 := maxi<i<n(t; —

t;—1) is called the mesh of 7. Let f and g be real-valued functions on [a, b].
For a tagged partition 7 = ({t;}1, {si}l_;) of [a,b], the sum

Srs(f,dg;7) Zf 5) — g(ti—1)]

is called the Riemann—Stieltjes sum based on 7. The Riemann—Stieltjes inte-
gral of f with respect to g is defined and equals C' € R if for each € > 0 there
exists a § > 0 such that |C' — Srs(f,dg; 7)| < € for each tagged partition 7 of
[a,b] with mesh |7| < §. Then we let

b
(RS)/ fdg:=C= ‘li‘mOSRs(f, dg; 7).

Closely related to the Riemann—Stieltjes integral is the integral obtained by
replacing the limit as the mesh approaches 0 by the limit in the sense of
refinements of partitions, as follows. A partition x is a refinement of a partition
Aif A C k as sets. Similarly, a tagged partition 7 = (k, &) is a tagged refinement
of a partition A\ if x is a refinement of \. Now for f and g as before, the
refinement Riemann—Stieltjes integral of f with respect to g is defined and
equals C' € R if for each € > 0 there exists a partition A of [a,b] such that
|C'—Sgrs(f,dg; )| < € for each tagged partition 7 which is a tagged refinement
of A\. Then we let

b
(RRS)/ fdg:= liPSRS(f, dg;7) :=C.

If the Riemann—Stieltjes integral exists then so does the refinement Riemann—
Stieltjes integral with the same value, but not conversely (see Proposition 2.13
below and the example following it).

The following concept will be used to formulate sufficient conditions for
existence of integrals. Let f be any real-valued function on an interval [a, b]
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with —0o < a < b < 400 and let 0 < p < oo. If @ < b, for a partition
Kk ={t;}7_, of [a,b], the p-variation sum for f over x will be defined by

sp(fik) 5:i|f(fi) 7f(ti71)|p- (1.1)
i=1
The p-variation of f on [a,b] is defined as v, (f;[a,b]) :=0if a =b and
vp(f) = vp(f3 [a, B]) = sup s, (£ ) (1.2)
if a < b, where the supremum is over all partitions k of [a, b]. Then f is said to
be of bounded p-variation on [a,b], or f € Wy|a,b], if and only if v, (f) < +o0.

Let V,(f) := Vp(f;[a, b]) := v,(f; [a,b])*/P. A function of bounded p-variation
is clearly bounded. For any bounded real-valued function f on a set S let

[Fllsup = [ fllssup = supzes |[f(z)]. For 1 <p < oo let
e = 1fllape = VolF)s Ml = 1@+ 1 llsp- (1.3)
It is easily seen that || - ||(,) is a seminorm, and so || - ||,] is @ norm on W, [a, b],

using the Holder and Minkowski inequalities. Recall the Holder inequality for
finite sums: if p~' +¢' > 1 and 1 < p,q < oo, then for any nonnegative
numbers {a;, b; } 4,

iaibi < (zn:af)l/p(ibg)”q. (1.4)

i=1

This fact is well known for p~! + ¢~' = 1 and follows for p=! + ¢! > 1
since (3.1, a?)/P is a nonincreasing function of p. Recall also the Minkowski
inequality for finite sums: for any 1 < r < oo and any nonnegative numbers

{ai, b},

1/r

(Zn:(ari—bi)r) < (ia:)l/r+ (ib;)l/r. 1.5)

1= 1=

The best known case of p-variation is for p = 1. A function is said to be
of bounded variation iff it is of bounded 1-variation, and its total variation is
its 1-variation.

Let f € Whla,b] and let F(t) := v1(f;[a,t]) for a <t < b. Then as is well
known and easily checked, F' and F— f are nondecreasing with f = F—(F—f).
Conversely, if G is any nondecreasing function on [a,b], then v1(G;[a,b]) =
G(b) — G(a). For any two functions g and h, vi(g+ h) < v1(g) + v1(h). Thus,
f € Wila,b] if and only if f = G — H for two nondecreasing real-valued
functions G and H on [a, b].

From basic measure and integration theory, e.g. [53, Theorem 3.2.6], recall
that there is a 1-1 correspondence between nondecreasing functions g on (a, b,
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right-continuous on (a,b), and finite countably additive measures p on the
Borel sets of (a, b], given by u((c,d]) = g(d) — g(c), a < ¢ < d < b. The same
equations give a 1-1 correspondence between finite countably additive signed
measures g on the Borel sets of (a, b] and functions g of bounded variation on
(a, b], right-continuous on (a,b). Let p := pu, for the p corresponding to such
a g. Then the Lebesgue—Stieltjes integral is defined for a < b by

b
(L3) [ fagi= [ gam (1.6)

whenever the right side is defined as a Lebesgue integral, for example, for any
bounded, Borel measurable function f. For a = b, the integral is evidently O.
(Some other authors give definitions which differ as to the point a.)

Let h(t) := 1 9(t) for 0 < ¢t < 2. Then the Riemann-Stieltjes integrals
(RS) [§ hdh and (RRS) [¢ hdh are not defined. Clearly (LS) [3 hdh is defined
and equals 1. In this case the Riemann—Stieltjes integrals are remarkably weak.

On the other hand, recall that a real-valued function f on an interval [a, b]
is said to satisfy a Holder condition of order «, where 0 < o < 1, if for some
K < oo, |f(t)— f(s)| < K[t — s|* for any s,t € [a,b]. It is easily seen that a
function f on [a,b], Holder of order «, is of bounded 1/a-variation. Indeed,
this is a result of the bound

n

sija(fir) < KV (\ti — ti_l\“)w = KY%(b - a), (1.7)

i=1
valid for any partition x = {t;}_, of [a,b]. We have the following:

Proposition 1.1. If f and g: [a,b] — R are Hélder of orders o and (3 re-
spectively with o + [ > 1, then the Riemann—Stieltjes integral (RS) ffl’fdg
exists.

Proposition 1.1 is a special case of the following;:

Proposition 1.2. If f and g: [a,b] — R are continuous, f € W,a,b] and
g € Wyla,bl with1 < p <oo,1<q< oo, and p~' +q~' > 1, then the
Riemann—Stieltjes integral (RS) fs fdg exists.

Proposition 1.2, in turn, is a special case of Corollary 3.91 in light of
Definition 2.41 below.

If g is not of bounded 1-variation then | fl’ fdg is not a Lebesgue—Stieltjes
integral. If f is also not of bounded 1-variation, one cannot use integration by
parts to obtain a Lebesgue—Stieltjes integral. For any o with 0 < a < 1 there
exist functions g, Holder of order «, which are not of bounded 1-variation.
Examples can be given by way of lacunary Fourier series, e.g. in the proof
of Theorem 3.75. So in defining integrals ffl’fdg, neither the (refinement)
Riemann—Stieltjes nor the Lebesgue—Stieltjes integral is adequate in general.
If f and g are regulated functions, then there is an integral (originating in the
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paper [254] of W. H. Young) which works in the cases we have mentioned. A
function g on [a, b] is called regulated if for each t € [a,b), the limit g(t+) :=
lim,, | g(u) exists, and for each s € (a, b], the limit g(s—) := lim,; g(u) exists.
If g has bounded p-variation for some 0 < p < oo then g is regulated (as
will be shown in Proposition 3.33). For any regulated function g on [a,b],
let Atg(t) := g(t+) —g(t) if a < ¢t < b, and let A™g(s) = g(s) — g(s—)
if a < s < b. A tagged partition ({t;}7_o,{si}1,) is called a Young tagged
partition if t;—1 < s; < t; foreach i =1,...,n. Let f be any function on [a, b],
and let g be a regulated function on [a,b]. Given a Young tagged partition
7 = ({t:}g {5:}), the sum

Sys(f,dg;T)

= 3 { ) At oltn) + Flso) — gl )]+ £(E)A7g(00)

is called the Young-Stieltjes sum based on 7. The refinement Young—Stieltjes
integral of f with respect to g is defined and equals C' € R if for each € > 0
there exists a partition A of [a,b] such that |C' — Sys(f,dg;7)| < € for each
Young tagged partition 7 which is a refinement of \. Then we let

b
(RYS)/ fdg:= lilnSys(f, dg;7) :=C.

If the refinement Riemann—Stieltjes integral exists then so does the refine-
ment Young-Stieltjes integral with the same value, but not conversely (see
Proposition 2.18 below and the example following it). Let g be a nondecreas-
ing function on [a, b], right-continuous on [a, b), and let ;g be the Lebesgue—
Stieltjes measure on [a,b]. Then for any pg,-measurable function f on [a,b],
(RYS) [° fdg = (LS) [? f dg whenever both integrals exist (see Propositions
2.27 and 2.28 below). The next fact follows from Corollary 3.91:

Proposition 1.3. If f € W,[a,b] and g € Wyla,b] with 1 < p < oo, 1 <
g < oo, and p~' 4+ ¢~' > 1, then the refinement Young-Stieltjes integral
(RYS) ffl’ fdg exists, and there is a constant K, ,, depending only on p and
q, such that

b
(RYS) [ fd5] < Kl £l o

The integrals (A) [2 f dg have been defined for A = RS, RRS, and RYS
so far only when a < b. If a = b then we let [ f dg := 0 for each of the three
integrals and call any function on a singleton regulated.

Interval functions

The Lebesgue—Stieltjes integral is essentially the Lebesgue integral with re-
spect to a countably additive (signed) measure. Similarly, we can consider



6 1 Introduction and Overview

extended Riemann—Stieltjes integrals with respect to a function p defined on
sets, namely subintervals of a nonempty interval J, and thus to be called an
interval function on J. An interval function p on J with values in a vector
space will be called additive if p(AU B) = u(A) + u(B) whenever A, B are
disjoint subintervals of J and their union A U B also is an interval.

The following is a concrete variant of a general integral introduced by A.
N. Kolmogorov in [120]. Let J be a nonempty interval, open or closed at
either end. An ordered collection {A4;}" ; of disjoint nonempty subintervals
A; of J is called an interval partition of J if their union is J and s < t for
all s € A; and t € A; whenever ¢ < j. An interval partition which consists
only of open intervals and singletons is called a Young interval partition. If
{A;}7, is an interval partition of J then an ordered pair ({A; }7 1, {si} ;) is
called a tagged interval partition of J and {s;}!_; a set of tags for {A4;}7 if
s; € A; for i =1,...,n. An interval partition A is a refinement of an interval
partition B, written A O B, if each interval in A is a subinterval of an interval
in B.

Similarly, a tagged interval partition 7 = (A, §) is a tagged refinement of
an interval partition B if A is a refinement of B. Let f be a function on J
and let © be an additive interval function on J, both real-valued. For a tagged
interval partition 7 = ({4;}7 1, {si}{~,) of J, the sum

n

Sk(f.dwsT) = f(siu(Ai)

i=1

is called the Kolmogorov sum for f based on 7. The Kolmogorov integral of
f with respect to p is defined and equals C' € R if for each € > 0 there exists
an interval partition A of J such that |C' — Sk (f,1;7)| < € for each tagged
interval partition 7 of J which is a tagged refinement of A. Then we let

F fdu:=lim Sk (f,dw; T) = C.
J

The Kolmogorov integral can be related to the refinement Young—Stieltjes
integral as follows. An interval function p on [a,b] will be called upper con-
tinuous if p(A,) — wp(A) for any sequence of subintervals Ap, As,... of
[a,b] such that A, | A. For any regulated function g on [a,b], there ex-
ists an additive upper continuous interval function p, on [a,b] such that
1g((s,1)) = g(t—) — g(s+) and py({t}) = g(t+) — g(t—) for s <t in [a, b], set-
ting g(a—) := g(a) and g(b+) := ¢(b) in this case. For a = b let pugy({a}) := 0.
Let g be a regulated function on [a,b], and let ug be the corresponding addi-
tive upper continuous interval function on [a, b]. There is a 1-1 correspondence
between tagged Young partitions 7 of [a,b] and tagged Young interval par-
titions 7 of [a,b], with Sys(f,dg;7) = Sk (f,dug; 7). The existence of the
Kolmogorov integral with respect to an upper continuous additive interval
function depends only on Kolmogorov sums which are based on tagged Young
interval partitions, as shown in Proposition 2.25 below. Therefore
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b
(wys) [ 1ag = § fau,

[a,b]

if either side is defined. Note that in an integral (RYS) fgfdg, if for some
t € (a,b), g(t) has a value different from g(t—) or g(¢t+), the value g(¢) has no
influence on the value of the integral.

In this book we mainly use interval functions and the Kolmogorov integral.
The inequality of Proposition 1.3 extends to the Kolmogorov integral using
the p-variation for interval functions defined as follows. Let u be an additive
interval function on a nonempty interval J and let 0 < p < oco. For an interval
partition A = {A;}I; of J, let s,(p; A) := >, [(A;)[P. The p-variation of
won J is an interval function v, () = v,(u;-) on J defined by

vp(p; A) = Sup sp(p; A)

if A is a nonempty subinterval of J, where the supremum is over all interval
partitions A of A, or as 0 if A = 0. We say that p has bounded p-variation if
v,(11; J) < 0o. For a subinterval A C J, let Vj,(u1; A) := v,(11; A)/P. The class
of all additive and upper continuous interval functions on J with bounded
p-variation is denoted by AZ,(.J). The following analogue of Proposition 1.3
for the Kolmogorov integral is a special case of Corollary 3.95.

Theorem 1.4. Ifp € AZ,[a,b] and f € Wyla,b] with1l < p < 00,1 < ¢ < o0,
and p~1 4+ q¢~1 > 1, then the Kolmogorov integral %[a b] fdu exists, and there
is a constant K, , depending only on p and q such that

| £ Faul| < Kyl s Vo los 0, ).
[a,b]

In Chapter 2, integrals will be defined where integrands f (and for bilinear
integrals also g) and interval functions p can all have values in Banach spaces.

1.2 Some Integral and Differential Equations

Consider a linear integral equation
t
f(t):1+(RYS)/ fdh, 0<t<2,
0

with respect to a function h: [0,2] — R, and/or a linear Kolmogorov integral
equation
fO =1+ f fdu, 0<t<2, (1.8)
0,1]
where u(A) := 61(A) := 14(1) for any interval A C [0, 2] and h(t) := 1}1 ) (t).
Either equation gives f(1) = 1+ f(1), a contradiction. If instead we take the
integral equation
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ft)=1+ F fdp, 0<t<2,
(0,t)

then it has the solution f(¢t) = 1for 0 <t <1, f(t) =2 for 1 < ¢t < 2.
Equations of the given form can be solved rather generally; see Section 9.11.

Product integration

Consider a linear kth order ordinary differential equation

dkz(t)
dtk

dk=1a(t)
dtk—1

ug—1(t) + - up(t)x(t) = v(t), a<t<b, (1.9)

where for the present,  and the coefficients u; and v are real-valued. As is
often done in differential equations, one can write an equivalent first-order
linear vector and matrix differential equation

df(t)/dt = C(t) - f (1), (1.10)

where f(-) is the (k 4+ 1) x 1 column vector and C(-) is the (k +1) x (k+ 1)
matrix-valued function defined respectively by

) 0 0 0 0 0
() 0 0 1 0 0
o= @0 |aacp=]° ° O 1 0
260 5) 0 0 0 0 1
v —Up —Uq —Uu9 e —Uk—-1

with 20)(¢) := dJa(t)/dt?, v := v(t), and u; = u;(t) for j = 0,1,...,k — 1.

It is easy to check that for two 3 x 3 matrices A, B of the form of C, so that

k =2, we have AB = BA if and only if A = B. The same is true for any k& > 2:

consider the next-to-last row of the products. Thus commuting matrices will

be obtained only for differential equations with constant coefficients if £ > 2.
If (1.10) holds at a point ¢, then

ft+s)— f(t)=sC(t)- f(t)+o(s) as s |0, or

ft+s)=(I+sC(t) - f(t)+o(s) as s | 0, (1.11)

where I is the (k+1) x (k+1) identity matrix. Suppose that C(-) is continuous
on an interval [a,b] and let h(t) := [! C(s)ds, so that h is a C' function with

ha) = 0. Let a = tg < t; < -+ < t, = t be a partition of [a,?] where
a <t <b. Then (1.11) implies that approximately
f() = (I 4 h(tn) = h(tn-1)) - (I + h(t1) = h(to)) f(a) (1.12

)
for a fine enough partition. Taking a limit of such products (without the f(a)
factor) as the mesh of the partition goes to 0, we get a matrix called ﬂi([+dh),



1.3 Basic Assumptions 9

the product integral of h from a to t. The product integral will give us the
value of the solution of the differential equation (1.9) in terms of the values
of z(-) and its derivatives through order k — 1 at ¢t = a, via

t
7ty = (T +dn)) £(a).
a
If the increments of h commute then the product integral with respect to
h over an interval [a,t] is the exponential exp{h(t) — h(a)}, as follows from
Theorem 9.40 below and continuity of h. We will show in Section 9.12 that
f may have values in a Banach space X, and so h, as well as the product
integral with respect to h, will have values in the Banach algebra L(X, X) of
bounded operators from X into itself.

So far, h has been a C! point function. In Chapter 9, we will see how
the product integral can be defined for interval functions with values in any
Banach algebra, of bounded p-variation for 1 < p < 2. The product integral
will give, in Sections 9.11 and 9.12, solutions of integral equations, where the
integrals in the equations are Kolmogorov integrals, defined briefly in Section
1.1 and treated more fully in Section 2.3.

1.3 Basic Assumptions

Let K be either the field R of real numbers or the field C of complex numbers.
Let X,Y and Z be Banach spaces over K. The norm on each will be denoted
by || - ||. For intuition, have in mind the case X =Y = Z = K with ||z| = |z|
for all . Let B(,-) be a bounded bilinear operator from X x Y into Z, where
“bounded” means that for some M < oo,

1B(z,y)l| < Mllz|lyll (1.13)

for all z € X and y € Y. In the case X =Y = Z = K we will take
B(z,y) = ay. If (1.13) holds for a given M we will say that B is M-bounded.
If the three spaces X,Y, and Z are all different then by changing the norm
to an equivalent one on any one of the spaces by a constant multiple, we can
assume M = 1. For a fixed B we will write z-y := B(x,y). For later reference
we summarize some assumptions:

X,Y, Z are Banach spaces over K, (1.14)
XXY 3 (z,y) — zy € Z is 1-bounded and bilinear. ’
For example, let B be a Banach algebra over K with a norm || - ||, as treated

in Chapter 4. Then we can take X =Y = Z = B and - as the multiplication
in B. By an equivalent renorming of B one can take the multiplication to be
1-bounded, as will be seen in Theorem 4.8.
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Reversing the order of integrand and integrator

Under the assumption (1.14), we will be giving various definitions of integrals

b b
[ rds = [ Blrdg) and £ fdn = £B(7w),
a a J J

where —oo < a <b< 400, [: [a,b] = X, g: [a,b] = Y, J is a subinterval of
[a,b] and p is an interval function on [a,b] with values in Y. Then, for each
definition of integral [ fl’ f+-dg, we will have the corresponding definition

/abdf-g

where B(y,z) := B(z,y) is a bounded bilinear operator: ¥ x X — Z and the
integrals on the left are defined if and only if the integral on the right is.
The integrals fg f-dg with a < b will be defined as limits of certain sums, but
the sums for f and ¢ will in general not be symmetric in f and g, even if
X =Y and B(y,z) = B(xz,y). Likewise, given a definition of %[a,b] f-dp and
an X-valued interval function v on [a, b], we will write

Fdv-g = #B(dv,g) := F B(g,dv). (1.16)
J J J

/ " Blaf.g) / ' Blg.ap). (1.15)

1.4 Notation and Elementary Notions

Spaces of operators

Let X and Y be normed linear spaces. A linear function 7" from X into Y is
called a bounded linear operator iff

1T = sup{||Tz|: z € X, ||z|| <1} < oc. (1.17)

Then || T is called the operator norm of T. The set of all bounded linear
operators from X into Y will be called L(X,Y). It is easily seen to be a
normed linear space with the operator norm. If Y is a Banach space, then so
is L(X,Y).

Spaces of bounded functions
For a function f from a nonempty set S into a normed space X, let

[fllsup = [fllssup = sup{llf(@)]: = € S}.

Restricted to functions for which it is finite, i.e., bounded functions, || - ||sup
is called the sup norm. The normed space of all bounded X-valued functions
on X is denoted by £°°(S; X). Also, the oscillation of f on S is defined by

Oscs(f) == Osc (f;S) :==sup {|f(s) — f()]|: s,t €S}
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Holder classes

Let X, Y be normed spaces, let U be a subset of X with more than one
element, and let 0 < a < 1. A function f: U +— Y is said to be Hdlder of
order «, or simply a-Hélder, if

1y = 1fllonoa)
= sup { | f(@) = F@)/ Iz —yl|°: 2.y € U, 2 #y} < 00. (1.18)

An a-Holder function on U is clearly continuous on U and will sometimes
be called a-Hélder continuous. The class of all a-Holder functions from U
into Y is denoted by Ho(U;Y). In the case U = X =Y = R we write
Ha = Ho(R;R).

Banach spaces of functions

Let S be a nonempty set, and let X be a Banach space over K. A set F of
X-valued functions on S is a vector space over K if it is a vector space with
respect to pointwise operations on S, that is, for f,g € F, a scalar r € K, and
any s € 9,

(rf)(s) =rf(s) and  (f+g)(s) = f(s) +g(s)

For example, the set X*° of all X-valued functions on S is a vector space. If
Fc X% and || - || is a norm on F, then (F, || - ||) will be called a Banach space
of X-valued functions on S iff F is a vector space and (F, || - ||) is a Banach
space. If also X = K then (F, || - ||) will be called a Banach space of functions.

Intervals

An interval in R is a set of any of the following four forms: for —co < u < v <

(u,v) :={t eR: u<t <o},

[u,v) :={teR: u<t<wv}, with—oo<u,

(u,v] :={teR: u<t<wv}, withv <400, and

[u,v] :={teR: u<t<wv}, with —oco<u<wv<+oo.

For each of the four cases, if the interval is nonempty, u is called its left
endpoint and v its right endpoint. For any u € R, [u,u] = {u} is a singleton
and (u,u] = [u,u) = (u,u) = 0. An interval is called bounded if it is empty or
its left and right endpoints are finite. An interval will be called nondegenerate
if it contains more than one point. Let J be an interval in R. The class of
all subintervals of J will be denoted by J(J). The subclass of J(J) consisting
of nonempty open intervals and singletons will be denoted by J,s(J). If J =
[a,b] then we write J[a,b] and J,s[a,b]. For example, if a < b, Jps[a,b] =
{(u,v),{u},{v}: a <u<v<b}.
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An interval A will be called right-open at v or in symbols A = [-,v) if
A = [u,v) or (u,v) for some u < v. Similarly, A will be called right-closed at
v, or A = [-,v], if J = [u,v] for some u < v or A = (u,v] for some u < v. An
interval A will be called left-open at u or A = (u,-] if A = (u,v) or (u,v] for
some u < v, and A will be called left-closed at u, or A = [u,-], if A = [u,v]
for some u < v or A = [u,v) for some u < v. For a < u < v < b, any of
the four intervals [u,v], (u,v], [u,v) or (u,v) will be denoted by [u,v]. Here
[—o0,v] or [u,+oc] will always mean (—oo,v] or [u,+00), respectively. For
two disjoint nonempty intervals A and B, A < B will mean that s < t for all
seAandteB.

Point partitions

Let (S, <) be any linearly ordered set containing more than one point. Then
a point partition k = {t;}_, of S is a finite sequence of elements of S such
that (i) to < t1 < -++ < tn, (i7) if S has a smallest element a, then to = a,
and (7i7) if S has a largest element b, then ¢, = b. Let PP (S) denote the set
of all point partitions of S.

Thus for a nondegenerate interval J C R, k = {t;}7_, C J is a point
partition of J if tg < t1 < -+ < t,,, and if J = [a, b], a closed bounded interval,
then to = a and ¢, = b. At the beginning of Section 1.1 point partitions of
the closed interval J = [a,b] were defined and called partitions. Most of the
further terminology related to point partitions was already given near the
beginning of Section 1.1 and is repeated here for the reader’s convenience.
For k := {t;}}_, € PP[a,b] with —oco < a < b < 400, the mesh of k is
|k| 1= maxj<i<n(t; — ti—1). A point partition & is a refinement of a point
partition X if A C k as a set. Let k = {t;}}, be a partition of [a,b], and
let s; € [ti—1,t;] for @ = 1,...,n. Then 7 = ({t;}[g, {si}],) is called a
tagged partition of [a,b], and T is a tagged refinement of a point partition
A if k is a refinement of \. We will also say that the tagged partition 7
consists of the tagged intervals ([ti—1,t:], s:), i = 1,...,n. If a tagged partition
T = ({ti}1 g, {si},) is such that s; € (t;—1,t;) for i = 1,...,n, then 7 is
called a Young tagged point partition. The mesh |7| is defined as |&|.

Interval partitions

Let J be a nonempty interval in R. Recall the terminology defined in the sub-
section “Interval functions” of Section 1.1. Let IP (J) be the set of all interval
partitions of J. If J is a bounded, nondegenerate interval [to,tx] and A =
{A;}, is a Young interval partition {{to}, (to,t1),{t1},..., (tk=1,tx), {tx}}
of J, then {(t;—1,t;)}%_, sometimes will be written instead of A and we denote
by ({(ti—1,t:)}¥ 1, {u;}*_|) a corresponding tagged Young interval partition.
(The singletons {¢;} with their uniquely determined tags ¢; are omitted from
the notation. Here n = 2k + 1.) Similarly, if J is left-open and/or right-open
the same notation will be used where now {to} & A and/or {t;} & A.
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Unconditional convergence

A sum ), z; of elements z; of a normed space Z with norm || - | is said to
converge unconditionally in Z to S if and only if for every € > 0 there is a finite
set E of values of j such that for every finite set A D E, [|S =37, 4 2]l <e
If Z is complete, then ; 2j converges unconditionally to some limit if and
only if for every € > 0 there is a finite set E such that for every finite set B

of positive integers disjoint from E, || 37, p 2| <e.
p-variation
Let (S, <) be a linearly ordered set containing more than one point, (X, || - ||)

a normed space over the field K=R or C, and 0 < p < oco. If f: § — X and
k= {t;}I" is a point partition of S, let s,(f;x) := >, || f(t;) — f(tiz1)|]?
be the p-variation sum for f over k. Then the p-variation of f is defined by

vp(f) = vp(f;9) :=sup {sp(f;k): & € PP(S5)}. (1.19)

If S is a singleton then let the p-variation of f be v,(f;S) :=0.

Let V,,(f) := Vo(f;9) := vp(f;9)'/?, let W,(S; X) be the set of all func-
tions f: S — X such that v,(f) < oo, and let W,(S) := W, (S;R). In the
case S = [a,b] and X = R, we recover the notion already defined by (1.2). If
1 < p < oo we define

ey = Wfllsm = Vo(F58), -l = -l + 1+ llsup- (1.20)
Just as for real-valued functions on a closed interval, || - || is a seminorm
and || - [|[] is a norm on W,(S; X).

Remark 1.5. It is easily seen that the supremum in the definition of v, (f)
is unchanged by restrictions (i¢) and (ii¢) in the definition of a point partition
of S.

Let J be a nonempty interval. An interval function on J with values in X
is any function from subintervals of J to X. Let p be an interval function on J
with values in X and let 0 < p < oo. For an interval partition A = {4;}7, €
IP (J), let

p
)

i) =2 (U ) (U 4))

where a union over the empty set of indices is defined as the empty set. The p-

variation of p on J is an extended real-valued interval function vy, (1) = vy (u; -)
on J defined by

vp(p; A) := sup {sp(u; A): A€IP(A)} < +o0

if A is a nonempty subinterval of .J, or as 0 if A = (). The class of all interval
functions on J with values in X such that sup{v,(u; A): A € I3(J)} < oo is
denoted by Z,,(J; X) and Z,(J) := Z,(J; R).
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Just before Theorem 1.4, definitions of s, and v, for an interval function
1 were given in case p is additive. In that case, the definitions are easily seen
to agree. In general, however, they do not. The definitions just given will be
the ones used for general p, e.g. multiplicative p in Chapter 9.
Ifl<p<oolet

il = sup{vp(ps A)VP: A€ 3(I)}. (1.21)
By Hoélder’s and Minkowski’s inequalities ((1.4) and (1.5), respectively), it is
easily seen that on Z,,(J;R), | - || ) is a seminorm.

Classes of measurable functions

Let (£2,S, 1) be a measure space. A subset B of {2 is a p-null set if there
is an A € S such that B € A and p(A4) = 0. We say that a statement
holds u-almost everywhere, or a.e. (u), if it holds outside of a p-null set. The
completion of u is the extension of u to a measure on the smallest o-algebra
including S and containing all p-null sets, e.g. [53, §3.3]. Let (X, || - ||x) be
a Banach space. A function f: 2 — X is p-measurable if for every Borel
set B C X, f~1(B) is measurable for the completion of p. For 1 < p < oo,
LP(2;X) = LP(2,S, 1; X) denotes the set of all u-measurable functions f
from {2 into X such that

1/p
1 llp = ILfllxlp == (/;f@ﬁ”@du@ﬁ> < o0. (1.22)

As usual, LP($2; X) := LP(2,S, p; X) is the set of all p-equivalence classes of
functions in £P(£2; X). A function f: 2 — X is called p-essentially bounded
if

HfHOO::igfsup{”f(w)HX: we€ N\N} < oo, (1.23)

where the infimum is taken over all g-null sets V. The set of all u-essentially
bounded functions from {2 into X is denoted by £ (£2; X) := L>(£2, S, u; X),
and L®(£2;X) = L>®(£2,8, 1; X) is the set of all p-equivalence classes of
functions in £>(§2; X).

It is easy to check that since |||, is a norm on LP(£2, S, u; R) (Minkowski’s
inequality for integrals, e.g. [53, Theorem 5.1.5]), it is also a norm on
LP(£2,8, pu; X) for 1 < p < co. Completeness also follows as for real-valued LP
e.g. [53, Theorem 5.2.1], so (L?(£2, S, 11; X),| - ||p) is a Banach space.

If (2 is the set of positive integers, u is the counting measure, and X = R,
then L£P can be identified with L? and is called ¢7. That is, /P for 1 < p < oo
is the Banach space of sequences = {x;};>1 of real numbers with the norm

1/p
ol = (3 kesl?) ™ i p < oo and [l = sup fayl.
j>1 i=1

A useful generalization of the spaces £P(£2; X) is the class of Orlicz spaces
defined as follows. Recall that a set C' in a vector space is called convez iff
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whenever u,v € C and 0 < a < 1, we have au + (1 — a)v € C. Then a real-
valued function f on C'is called convezif f(au+(1—a)v) < af(u)+(1—a)f(v)
for all u,v € C and 0 < a < 1, and g: C — R is called concave iff —g
is convex. The class of all functions @: [0,00) — [0,00) that are strictly
increasing, continuous, convex, unbounded and 0 at 0 will be denoted by CV.
Note that @(u) = uP, u > 0, is in CV if and only if p > 1.

For @ € CV, the space L?(2,S,11; X) := L?(2; X) of all y-measurable
functions f: 2 — X such that for some ¢ > 0,

/ &(|f]l/) du < oo,
2

is called an Orlicz space. Then L*(2,S,p; X) := L?(2; X) is the set of all
p-equivalence classes of functions in £?(£2; X). L?(£2; X) is a Banach space
with the Luxemburg norm

1 £llo = inf {c > 0: /Qqﬁ(||f||/c) du<1}, (1.24)

e.g. [52, Theorem H.5]. If £2 = N, S is the class of all subsets of 2, and pu is
equal to 1 on each singleton, then the Orlicz space £?(£2, S, i; R) is called an
Orlicz sequence space and is denoted by ¢¢.

Let the field K be R or C. If (£2,S, ) is a finite measure space, then
L°(2;K) := L°(£2, S, 11; K) denotes the linear space of all y-equivalence classes
of p-measurable functions from (2 to K, metrized by the metric

do(f.g) = /Q\f—g|/<1+|f—g\>du.

It is well known that L under dy is a topological vector space, and that for x
nonatomic it is not locally convex. A sequence { f,,} of p-measurable functions
converges to a p-measurable function f in p-measure if for each € > 0,

nli_)rrolou({w € 2: |falw) — fw)| >€}) =0.

Convergence in LY(2;K) with respect to the metric dy is equivalent to con-
vergence in pg-measure.






2

Definitions and Basic Properties of Extended
Riemann—Stieltjes Integrals

2.1 Regulated and Interval Functions

Regulated functions

Let X be a Banach space, and let J be a nonempty interval in R, which may
be bounded or unbounded, and open or closed at either end. Recall that an
interval is called nondegenerate if it has nonempty interior or equivalently
contains more than one point. Let J be the closure of J in the extended real
line [—o00, 00]. A function f on J with values in X is called regulated on J, just
as for real-valued functions in Chapter 1, if the right limit f(¢+) := limg|; f(s)
exists in X for ¢ € J not equal to the right endpoint of J, and if the left limit
f(t—) == limyy; f(s) exists in X for ¢ € J not equal to the left endpoint of J.
If J={a} = [a,a] is a singleton these conditions hold vacuously and we say
that f is regulated. The class of all regulated functions on J with values in X
will be denoted by R(J; X).

Let a < b throughout this paragraph (defining quantities f_, fi, and A).
For a regulated function f on J = [a, b], define a function F (t) == f(t—)for
t € (a,b] or f(a) if t = a € J. Similarly define f"(t) := f(t+) for ¢ € [a,b)
or f(b)ift =b € J. Define AT f on J by (AT f)(t) := f(t+) — f(t), called the
right jump of f at ¢, for all ¢ € J except the right endpoint. Similarly, define
a function A~ f on J by (A~ f)(t) := f(t) — f(t—), called the left jump of f
at t, for all t € .J except the left endpoint. Also, let A*f := ATf 4+ A~ f,
called the two-sided jump, on the interior of J. For a regulated function f on
J = [a,b], let ATf(t) = ATf(t)ift € [a,b),or 0if t =a ¢ Jort=b
AT f(t) == A f(@t)ift € (a,b],or 0ift=b¢ Jort=a;and

AL () = AT f(t) + AT F(t) (2.1)
Atf(a) ft=acJ,or0ift=a¢ J;
= { ATf(t) if t € (a,b);
A=f(b) ift=be J,or0ift=>b¢ J.

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 17
in Mathematics, DOI 10.1007/978-1-4419-6950-7_2,
© Springer Science+Business Media, LLC 2011
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The definition of Af is made so that some later formulas will not need to
have special endpoint terms.

A step function from an interval J into a Banach space X is a finite sum
Z;n:l La¢j)xj, where x; € X and A(j) are intervals, some of which may be
singletons. Clearly a step function is regulated. The next fact shows that a
function is regulated if and only if it can be approximated uniformly by step
functions.

Theorem 2.1. Let X be a Banach space and —oco < a < b < +oo. The
following properties are equivalent for a function f: J := [a,b] — X:

(@) f € R([a,b]; X);

(b) for each € > 0, there exists a Young interval partition {(t;—1,t;)}", of
[a,b] such that Osc (f; (ti—1,t:;)) <€ for each i € {1,...,n};

(¢) f is a uniform limit of step functions.

Proof. (a) = (b). Let € > 0. By definition of R(J; X), if J = (a,b], f(a+)
exists, and if J = [a, b), f(b—) exists. Thus there exist a; > a and b; < b such
that Osc(f;(a,a1)) < € and Osc(f;(b1,b)) < e. So it suffices to consider the
case that [a,b] is a closed, bounded interval [a,b] (specifically, [a1,b1]). For
each s € (a,b), choose 0 > 0 such that A := (s — ds, 5+ d5) C [a,b] and the
oscillation of f over the open intervals (s — ds, s) and (s, s+ ds) is less than e.
For the endpoints, choose 0, and 0, € (0, b—a) such that Osc (f; (a,a+d,)) < €
and Osc (f; (b —0p, b)) < €. Letting A, := [a,a+ 0,) and Ap := (b — 0p, b], the
sets {As: s € [a,b]} form a cover of the compact interval [a, b] by relatively
open sets. Therefore there is a finite subcover Ay, Ay, , ..., As,, of [a,b] with
a=8) <8 < -+ < 8n =Db. Take tg := sg, t1 € As, N As; N (S0, 81), ta :=
S1y.-- at2m72 = Sm—1, tom-1 € Asm,l N Asm N (Smflysm)a and tom = Sm-
Thus (b) holds with n = 2m + 1.

(b) = (c). Given € > 0, choose a Young interval partition {(t,_1,¢;)}_; of
J as in (b). Define a step function f. on J by fc(t) := f(s;) with s; € (t;—1,t;)
if t € (t;—1,t;) for some i € {1,...,n} and f(t;) := f(t;) for i € {0,...,n} if
t; € J. Then ||fc(t) — f(t)|| < e for each ¢ € J. Since € is arbitrary, (c) follows.

(¢) = (a). Given € > 0, choose a step function f. such that || fc(¢)— f(t)] <
e for each ¢ € J. Then for any s,t € J, ||[f(t) — f(s)|| < 2e + || fe(t) — fe(s)]].
Since f. is regulated, the right side can be made arbitrarily small for all s, ¢
close enough from the left or right to any given point of .J, proving (a). The
proof of Theorem 2.1 is complete. O

The following is an easy consequence of the preceding theorem.

Corollary 2.2. If f is regulated on [a, b] then f is bounded, Borel measurable,
and for each € > 0,

card {u € [a,b]: either HALbﬂf(u)H > € or HA@’bﬂf(u)H > e} < 0.
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Proof. By implication (a) = (b) of Theorem 2.1, there is a Young interval
partition {(t;_1,t;)}7, of [a,b] such that Osc(f; (ti—1,t;)) < 1 for each i =
1,...,n. Let t € [a,b] and let ¢ be such that ¢ = ¢; or t € (t,_1,%;). Then
[f @] <14 maxi<icn [|f(ti-1+)]| +maxo<i<n [|f ()], proving the first part
of the conclusion. The third part also follows from Theorem 2.1(b) since each
jump can be approximated arbitrarily closely by increments of f. It then
follows that f is continuous except on a countable set, and so it is Borel
measurable, completing the proof. O

Interval functions

Let X be a Banach space with norm | - ||, let J be a nonempty interval in R,
possibly unbounded, and let J(J) be the class of all subintervals of J. Any
function p: J(J) — X will be called an interval function on J. The class of
all X-valued interval functions on .J is denoted by Z(.J; X), and it is denoted
by Z(J) if X = R. An interval function p on J will be called additive if
u(AUB) = p(A)+ u(B) whenever A, B € J(J) are disjoint and AUB € J(J).
If 11 is an additive interval function then clearly () = 0. An additive interval
function g on J is uniquely determined by its restriction to the class J,4(J),
i.e. the class of all open subintervals and singletons of J.

For intervals as for other sets, A, T A will mean A; C Ay C --- and
U2, A, = A, while A,, | A will mean A; D Ay D --- and N2, 4, = A, and
A, — A will mean 14, (t) — 14(t) as n — oo for all ¢ € R.

Definition 2.3. 1. An interval function p on J will be called upper continu-
ous if u(Ay,) — p(A) for any A, Ay, As, ... € J(J) such that A4,, | A.

2. An interval function g on J will be called upper continuous at 0 if
w(Ay) — () for any Ay, As,... € J3(J) such that A, | 0.

If J is a singleton then the conditions of Definition 2.3 hold vacuously and
each interval function on J is upper continuous as well as upper continuous
at (.

In this section we establish relations between the class of additive upper
continuous interval functions on J and classes of regulated functions on J. But
first, here is an example of an interval function which is not upper continuous.

Example 2.4. Let J be a nondegenerate interval. The Banach space of all
real-valued and bounded functions on J with the supremum norm is denoted
by ¢2°(.J). Recall that for Lebesgue measure A on J, L*°(J, \) is the Banach
space of A\-equivalence classes of A-essentially bounded functions with the es-
sential supremum norm. For an interval A C J, let u(A) := 14. Then for 14
as a member of £>°(.J) or of L°(J,\), p is an additive interval function on J,
but not upper continuous at (.

For a regulated function h on [a, b] with values in X there is a correspond-
ing additive interval function pup, := jup,[4,5) 00 [a, b] defined by
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;Lh’[[mbﬂ((u,v)) = h(v=) — h(u+) for a <u <wv <D,

fin fa b ({u}) = A@bﬂh(u) for u € [a,b], (2.2)

if @ < b, and pp [q,q)({a}) = pin,[a,q) (@) := 0 if @ = b. For a < b we have
P, (ap)({0}) = A(ia’b]h(b) = A" h(b). It follows that if h on (a,b] is right-
continuous on (a,b) then for a < ¢ < d < b we have uy((c,d]) = h(d) — h(c).
Thus the definition (2.2) of uj just given extends the one given earlier for the
definition (1.6) of the Lebesgue—Stieltjes integral.

Notice that pp does not depend on the values of h at its jump points
(points where it has a non-zero left or right jump) in (a,b). In the converse
direction, for any interval function p on [a,b], define two functions R, , and
L, on [a,b] by

w®)  ift=ac [a,b]
Ryua(t) = { p([a,t]) if t € (a,b], (2.3)
a,t)) ift |
Lya(t) := { E%abﬁ)) 1ftf[l[7€)a o]

(Recall that if 4 is additive, p(@) = 0.) If p is upper continuous then R, ,
and L, , are both regulated point functions on [a,b], as will be shown in
Proposition 2.6 when a < b. The converse is not true as the following shows:

Example 2.5. Let a < b, p([u,v)) := u((u,v]) := 0 and u([u,v]) := 1 for
a <u <wv<b and p((u,v)) ;== —1 if also u < v. Then p is an additive
interval function on [a,b], R, 4 = 1(a4 and L, . = 1) are regulated, but
is not upper continuous at (). For h = Ry, o or Ly, o, [t # jth.

For € J, we will say that the singleton {«} is an atom of p if u({x}) # 0.
The following gives a characterization of additive upper continuous interval
functions on J. In particular, such interval functions cannot have more than
countably many atoms.

Proposition 2.6. Let J be a nondegenerate interval and let p € Z(J;X) be
additive. The following five statements are equivalent:

(a) p is upper continuous;
(b) u is upper continuous at (;
(¢) u(A,) — 0 whenever open intervals A, | 0, and

card{u € J: ||ju({u})]| > €} <oo  for all e > 0; (2.4)

(d) u(Ay) — p(A) whenever intervals A, T A;
(e) u(Ayn) — p(A) whenever intervals A, — A # 0.

If J = [a,b] then the above statements are equivalent to each of the following

two statements:

(f)Ru,a is regulated, R, q(x—) = p([a,z)) for z € (a,b], and R, (z+) =
1([a, z]) for x € [a,b);
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(9) Ly,a is regulated, L, o(x—) = p(Ja,z)) for x € (a,b], and L, o(z+) =
ulla,a]) for z € [a,1).

Proof. (a) < (b). Clearly, (a) implies (b). For (b) = (a), let intervals A,, | A.
Then A,, = B, UAUC,, for intervals B, <A < C,, with B,, | 0 and C,, | 0.
So u(A,) — u(A) by additivity.

(b) = (c). The first part of (c) is clear. For the second part, suppose there
exist € > 0 and an infinite sequence {u;} of different points of J such that
ln({u;})|| > € for all j. Then there are a u € J and a subsequence {u; }
such that either uj | w or u; T u as j/ — oo. In the first case, by additivity,
u({ugr ) = p(, uy)) — p(r 030)) — 0 2 ' — 00, because both (u, uy] | §
and (u,u;) | 0. This contradiction proves (2.4) in the case uj | u. The proof
in the case u;s T u is symmetric.

For (¢) = (b), let intervals A,, | §). Then for some u € J, for all sufficiently
large n, either A,, is left-open at u, or A,, is right-open at u. Using additivity,
in each of the two cases p(A,) — 0 follows by (c).

For (b) = (e), let intervals A, — A # 0. If A = (u,v) then {u} <
A, < {v} for n large enough. For such n, there are intervals C,, and D,, with
{u} < C,, < A, < D, < {v} and C,, U A, UD, = A. Also for such n, we
have either C,, = §) or C,, = (u,-], and either D,, = () or D,, = [-,v). Clearly
Cn, — 0.If N :={n: C, # 0} is infinite, there is a function j — n(j) onto
N such that C¢;y | 0. Thus u(Cp) — 0. Similarly p(D,) — 0. Therefore
w(Ay) = p(A) — u(Cr) — u(Dy) — p(A). Similar arguments apply to other
cases A = (u,v], [u,v), or [u,v].

Clearly, (e) implies (d). For (d) = (b), let intervals A4,, | . Then A; = B,U
A, UC, for some intervals B,,,C,, with B,, < A, <Cp,and B, 1 B, C, 1 C
for some intervals B, C' with A; = B U C'. Since p is additive, u(A,) — 0.

(b) & (f) < (g). The implications (b) = (f) and (b) = (g) are clear. We
prove (f) = (b) only, because the proof of (g) = (b) is similar. Let intervals
A, | 0. Then for some v and all sufficiently large n, either A, is left-open
at u € [a,b), or A, is right-open at u € (a,b]. By assumption, in the first
case we have lim,, (A4,) = Ry o(u+) — R, o(u) = 0 and in the second case we
have lim,, (An) = Ry,a(u—) — Ry a(u—) = 0. The proof of Proposition 2.6 is
complete. O

The class of all additive and upper continuous functions in Z(J; X') will be
denoted by AZ(J; X). For the next two theorems, recall the definition (2.2)
of the interval function pu; corresponding to a regulated function h.

Theorem 2.7. For any requlated function h on a nonempty interval [a,b],
the interval function py, is in AZ(Ja,b]; X), and the map h v pup, is linear.

Proof. We can assume that a < b. Additivity is immediate from the definition
of up, as is linearity of h — . For upper continuity it is enough to prove
statement (c) of Proposition 2.6. Let open intervals A,, | (). Thus there exist
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{u,v,: m > 1} C [a,b] such that for all large enough n, either A, = (v,,u)
with v, T wor 4, = (u,v,) with v, | w. Then up(A,) = h(u—) —h(v,+) — 0
as n — oo in the first case and pp(A4,) = h(vp,—) — h(u+) — 0 as n —
oo in the second case. Since p({t}) = Aﬁabﬂh(t) for t € [a,b], card{t €
[a,b]: ||u({t})|| > €} < oo for all € > 0 by Corollary 2.2. Thus p is upper
continuous by Proposition 2.6, and Theorem 2.7 is proved. O

Theorem 2.8. For an additive p € Z([a,b]; X) with a < b, the following
statements are equivalent:

(a) v is upper continuous;

(b) = pn on Ia,b] for h =R, q;

(0" = pn on Ia,b] for h =L, q;

(¢) = pp onIa,b] for some h € R([a,b]; X) with h(a) =0 if a € [a,b] and
h(a+) = 0 otherwise.

Proof. (a) = (b): suppose that an additive interval function p on [a,d] is
upper continuous. Let h := R, ,. Then by (a) < (f) of Proposition 2.6, and
by the definition of R, 4, h is regulated and right-continuous on (a,b), and
prn = poon all intervals [a, t] and [a,t), t € [a,b]. Since p and py, are additive,
= pp on J[a,b]. A proof that (a) = (V') is similar.

The implications (b) = (¢) and (b') = (c¢) are immediate. The implication
(¢) = (a) follows from Theorem 2.7, proving the theorem. O

By the preceding theorem, for each u € AZ([a,b]; X) with a < b there is
a regulated function h on [a, b] such that p = up. The following will be used
to clarify differences between all such h.

Definition 2.9. For any intervals A C J and Banach space (X, ||-||), co(4) :=
co(A, J) := co(A, J; X) is the set of functions f: J — X such that for some
sequence {t,}2°, C A, f(tn) — 0asn — oo and f(t) =0 if t # t,, for all n.

Notice that if a < b and f € ¢o((a,b),[a,b]; X)) then f is regulated on
[a, b] with = fJ(rb) =0 on [a,b].

Proposition 2.10. Let g,h € R([a,b]; X). Then pgy = pp on JIa,b] if and
only if for some constant ¢ and ¢ € co((a,b)) = co((a,b),[a,b]; X), g —h =
¢+ on [a,b]. Moreover, if 1y = pp, on Jla,b] and g(a) = h(a) then ¢ = 0.

Proof. We can assume that a < b. Since ¢(s+) = ¢(t—) = 0fora < s <t <,
the “if” part holds. For the converse implication suppose that pg = pp,. Let Dy
be the set of all points ¢ € (a,b) such that either A™g(t) # 0 or ATg(t) # 0.
Define Dy, similarly. Let D := D, U D, and let ¢ := g(a) — h(a). Define ¢ on
[a,b] by ¥(t) := g(t) — h(t) — c for t € D and 0 elsewhere. Since pg = p5, on
Jla,b], g(u—) = ¢+ h(u—) and g(v+) = ¢ + g(v+) for a < v < u < b. Thus
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g—h=con [a,b]\D and g—h = ¢+ on D. By Corollary 2.2, ¥ € ¢o((a,b)),
completing the proof of the converse implication. O

The regulated function h in Theorem 2.8(¢) can be chosen uniquely if it
satisfies additional properties. For a < b, let D([a,b]; X) be the set of all
h € R([a,b]; X) such that h is right-continuous on (a, b) and either h(a) =0
ifa € Ja,b] or h(a+) =0if a & [a,b]. Thus h € D([a, b]; X) need not be right-
continuous at a, just as R, , is not if {a} is an atom for p € AZ([a, b]; X).

Corollary 2.11. Let a < b and let X be a Banach space. The mappings
D([a,b]; X) 3 h — p:= pp, € AZ([a,b]; X) (2.5)

and

AZ([a,b]; X) > p— h:=R, 4 € D([a,b]; X) (2.6)

are one-to-one linear operators between the vector spaces AZ([a,b]; X) and
D([a,b]; X). Moreover, the two mappings are inverses of each other.

Proof. If h € D([a,b]; X) then py, € AZ([a,b]; X) by Theorem 2.8(c) = (a). If
tg = pin, on Ja, b] for some g, h € D([a, b]; X) then h(z) —g(x) = un([a, z]) —
tg([a, z]) for each = € (a,b], and so g = h on [a,b]. Thus the mapping (2.5)
is one-to-one. It clearly is linear.

If p € AZ(Ja,b]; X) then R, , € D([a,b]; X) by Proposition 2.6(f). By
the same proposition, if R, , = R,, on [a,b] for some p,v € AZ([a,b]; X)
then 1 = v on J[a, b]. Thus the mapping (2.6) also is one-to-one and linear,
proving the first part of the conclusion.

To prove the second part of the conclusion, first let h € D([a,b]; X). By
(2.3), (2.2), and Proposition 2.6(f), if t € (a,b] then we have R,,, .(t) = h(t).
Also, if a € [a,b] then R, o(a) = 0 = h(a). Thus the composition of (2.5)
with (2.6) maps h € D([a,b]; X) into itself. Since both maps are one-to-one
and (2.6) is onto, the proof of the corollary is complete. O

Next is a property of an upper continuous additive interval function similar
to the property in Theorem 2.1(b) for regulated functions. For an interval
function p on [a,b] and an interval J C [a, b], let

Osc(p; J) :=sup {||u(A)||: A€ I[a,b], AC J}. (2.7)
In the case J = [a, ], we also write ||u|lsup = Osc(y;[a,b]).

Corollary 2.12. Let X be a Banach space, p € AZ([a,b]; X) with a < b and
€ > 0. There exists a Young interval partition {(t;—1,t;)}"_, of [a,b] such that
Osc(p; (ti—1,t:)) < € for each i =1,...,n. In particular, p is bounded.
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Proof. Let h := R, , be the function from [a,b] to X defined by (2.3). By
implication (a) = (f) of Proposition 2.6, h is a regulated function on [a, b],
and so by implication (a) = (b) of Theorem 2.1, there exists a Young in-
terval partition {(t;—1,t;)}", of [a,b] such that Osc(h;(ti—1,t;)) < e for
each ¢ = 1,...,n. By implication (a) = (b) of Theorem 2.8, for an inter-
val A C (ti—1,ti), u(A) = pp(A), and so ||[u(A)]| < e, proving the first part
of the conclusion. The second part follows similarly because h is bounded by
Corollary 2.2, completing the proof of the corollary.

2.2 Riemann—Stieltjes Integrals

Suppose that the basic assumption (1.14) holds. Let f, h be functions defined
on an interval [a,b] with —co < a < b < 400 and having values in X,Y,
respectively. If a < b, given a tagged partition 7 = ({¢;}7, {s:}7=;) of [a, ],
define the Riemann—Stieltjes sum Srs(7) = Srs(f,dh;T) based on 7 by

Srs(f,dh;T) = Zfsz ti) — h(ti—1)].

The Riemann—Stieltjes or RS integral (RS) ffl’ f-dh is defined to be 0 if a = b

and otherwise is defined if the limit exists in (Z,] - ||) as
b
(RS)/ fdh = \hﬁlo Srs(f,dh; ). (2.8)

The refinement Riemann—Stieltjes or RRS integral (RRS) fg f-dh is defined
to be 0 if @ = b and otherwise is defined as

b
(RRS) / fdh = lim Sgs(f, dh:7) (2.9)

provided the limit exists in the refinement sense, that is, (RRS) [° f-dh := A
if for every e > 0 there is a point partition X of [a, b] such that for every tagged
partition 7 = g) €) such that & is a refinement of A, ||Srs(f,dh;7) — Al < e.

Integrals [, dh-f for both the RS and RRS integrals are defined sym-
metrically via (1.15). If a < b, the Riemann—Stieltjes sum based on a tagged
partition 7 = ({t;}1—y, {si}i=1) of [a,b], with the integrand and integrator
interchanged, will be denoted by

n

Srs(dh, f;7) == [h(t:) = h(ti-1)]-f (s:).

i=1

Then the integral ffl’ dh-f is defined in the sense of RS or RRS if and only
if the limit (2.8) or (2.9), respectively, exists with Srs(f,dh;7) replaced by
SRS(dh7 f7 T)'
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Proposition 2.13. The refinement Riemann-Stieltjes integral extends the
Riemann—Stieltjes integral.

Proof. For a = b, both integrals are 0. For a < b, and a partition A, a refine-
ment £ of A has mesh |k| < |A|, so the conclusion holds. O

Example 2.14. Let f be a real-valued function on [a,b] and let £, := 1}y
be the indicator function of [¢, b] for some a < ¢ < b. For any tagged partition
7= ({t:} o, {si}}y) of [a,b], we have Spg(f, dle;T) = f(s;) for t,o1 <c<t;
and s; € [t;_1,t;]. The integral (RS) [° f df, exists and equals f(c) if and only
if f is continuous at c. Taking ¢ to be a partition point, it follows that the
integral (RRS) [? f df, exists and equals f(c) if and only if f is left-continuous
at ¢. Therefore (RRS) [° 1[4,c) dl. exists and equals 1, while the same integral
in the Riemann—Stieltjes sense does not exist. On the other hand, the integral
(RRS) [’ ¢, dl, also does not exist.

Two functions f, h on an interval [a, b] will be said not to have common
discontinuities if for each ¢ € [a,b], at least one of f and h is continuous at
t. Also, f and h will be said to have no common one-sided discontinuities on
[a, b] if at least one of f and h is left-continuous at each t € (a,b] and at least
one is right-continuous at each t € [a,b).

Proposition 2.15. Assuming (1.14), for any functions f and h from [a,b)
into X and Y, respectively, we have:

(a) If (RS) [° f-dh exists then f and h have no common discontinuities;
(b) If (RRS) [ f-dh exists then f and h have no common one-sided discon-
tinuities.

Proof. For (a) suppose that the integral (RS) [° f-dh exists. For each t € [a, b]
and a partition k = {x;}} of [a, b], there is an index i such that ¢ € [z;_1, 4],
where we can take ¢ to be unique for partitions with arbitrarily small mesh.
Subtracting two Riemann—Stieltjes sums based on the partition £ with small
enough mesh || and with all terms equal except for the ith term, one can
conclude that ||[f(y}) — f(y!)]-[h(x;) — h(z;—1)]|| is arbitrarily small for any
yi,yi € [xi—1, ;). Thus either f or h must be continuous at .

The proof of (b) is similar except that one needs to restrict to partitions
containing a point ¢ € [a, b]. O

When f or h is continuous, the RS and RRS integrals coincide if either
exists, as we will show in Theorem 2.42. Some classical sufficient conditions
for existence of the two integrals are expressed using the total variation or the
semivariation of the integrator. Let X, Y, and Z be Banach spaces related by
means of a bounded bilinear operator B from X X Y into Z as in assumption
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(1.14) and let h: [a,b] — Y with —0co < a < b < +00. The semivariation of
h on [a,b] is defined by

w(h; [a,b]) :=wg(h; [a,b]) := sup {H ixz[h(tz) - h(ti—l)}H : (210)

{t:i¥io € PPla,8], {mi}iy © X, max o] <1},

where PP [a,b] is the set of all point partitions of [a,b]. Then h is said to
be of bounded semivariation on [a,b] if wp(h;[a,b]) < +o00. As the notation
wp(h;[a,b]) indicates, the semivariation depends on the Banach spaces X,
Y, and Z and the bilinear operator B: (z,y) — x-y. Recall that the total
variation of h on [a, b] is the 1-variation of h on [a,b], that is,

v(h; [a,b]) :=sup {s1(h;K): Kk € PP[a,b]}

= sup { 3 [In(t:) = h(tin)]|: {1i}izg € PPa8]}.

The total variation v(h; [a, b]) does not depend on X, Z or B. It is clear that
wp(h;[a,b]) < v(h;la,b]) < 4o00. Also, if X =Y', Z = R and B(z,y) =
x(y), then wg(h;[a,b]) = v(h;[a,b]). However in general, it is possible that
wp(h;[a,b]) < oo while v(h; [a,b]) = +00, as the following example shows:

Example 2.16. For eacht € [0, 1], let h(t) := 1jg 4. Then h is a function from
[0,1] into Y = Z = £°°[0, 1], the Banach space of real-valued and bounded
functions on [0, 1] with the supremum norm. For a point partition {¢;}/, of
[0,1] and for any finite sequence {z;}? ; C X = R of real numbers in [—1, 1],
we have

H zn:fvz[h(tz) — h(ti—1)]

n
= H E :xi]‘(ti—hti]
sup ‘
1=1

Thus h has bounded semivariation on [0, 1], with w(h;[0,1]) = 1. Also, h has
unbounded p-variation for any p < co. Indeed, if 0 < p < oo and k = {t;}7_,
is a point partition of [0, 1], then

= max |z;| < 1.
sup i

Y Z—
sup n.

Sp<h7 H) = Z ||1(ti—lvti]
=1

Since n is arbitrary, v, (h;[0,1]) = +o00. The function h is not regulated on
[0, 1] since it clearly does not satisfy condition (b) of Theorem 2.1. Moreover,
for a real-valued function f on [0,1], the integral (RS) fol fdh exists if and
only if f is continuous. Indeed, if f is continuous, then given € > 0, there is
a 0 > 0 such that |f(t) — f(s)| < e whenever s,t € [0,1] and |s — t| < J.
Let 7 = ({t;}0, {si}1) be a tagged partition of [0,1] with mesh |7| < 4.
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For each ¢t € [0,1] there is an ¢ € {1,...,n} such that either ¢ € (t;_1,1;], or
t € 10,¢1]. In either case |Srs(f,dh; 7)(t) — f(t)] = |f(si) — f(t)] <€, and so
(RS) f& fdh exists and equals f. Now, if f is not continuous then for some
t € [0,1], the difference |Sgrs(f,dh;7)(t) — f(t)| cannot be arbitrarily small
for all tagged partitions with small enough mesh, proving the claim.

Now we are prepared to prove the following:

Theorem 2.17. Assuming (1.14), if f or h is of bounded semivariation and
the other is regulated, and they have no common one-sided discontinuities,
then (RRS) [? f-dh eists.

Proof. First suppose that h has bounded semivariation on [a, b] and f is reg-
ulated. Given e > 0, by statement (b) of Theorem 2.1, there exists a partition
A = {z}}, of [a,b] such that

Osc(f; (z1—1,21)) < € forl=1,... k. (2.11)

Since f and h have no common one-sided discontinuities, there exists a se-
quence p = {uj—1,v: 1 =1,...,k} C (a,b) such that for each I = 1,... k,
Zl—1 < up—1 < v <z,

min {Osc(f; [21—1, wi-1]), Osc(h; [z1-1, wi—1]) } < €/k (2.12)

and
min { Osc(f; [vr, z1]), Osc(h; [vi, 1)) } < €/k. (2.13)
Let 7 = ({t;}]0,{sj}]21) be a tagged refinement of A U p. For each j =
L...,m, let 7 = ({tji}ilo,{sji}i2,) be any tagged partition of [t;_1,%;].

Then U,7; is an arbitrary tagged refinement of 7. If t;_1 € {zo,...,2k-1}
then

f(s5)[h(t;) — h(tj-1)] — Srs(T)) =
[f(s5) = f(t5)]-[n(t;) = h(t;—1)]
+ Z [f(t5) = F(sj0)]- [h(tji) = h(ti-1)]

The first product on the right side, say U;, and the i = 1 term, say Vj, by
(2.12), have the bound

1U; 1+ Vil < 4(e/k) max{][| f [lsup, [|72]|sup}- (2.14)
At most one of t;_1 and tj is a z;. If t; € {z1,..., 2} then

f(s5)[h(t;) — h(tj—1)] — Srs(r)) =
[f(s5) = f(tj—1)]-[h(t;) — h(tj—1)]

+Z [F(tj—1) = fs50)] - [h(tji) = h(tji-1)]-
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The first product on the right side and the ¢ = n; term have the same
bound as in (2.14) by (2.13). We apply the preceding 2k representations with
the bounds (2.14). We bound the sum of the remaining terms for all j by
max;=1_._x Osc(f; (2121, z1))wr (h; [a, b]), and using (2.11) we get the bound

[Srs(T) = Srs(Ujm)|| < ewn(h; [a,b]) + 8e max{|| flsup, 2]l sup}-

Since € > 0 is arbitrary, the integral (RRS) [ f-dh exists.

Now suppose that f has bounded semivariation and h is regulated. Given
€ > 0, choose a partition A = {z;}F_ of [a, b] such that (2.11) with & instead of
f holds. Then choose a sequence p = {u;—1,v;: | =1,...,k} such that (2.12)
and (2.13) hold. Again let 7 = ({t;}7",{s;}72;) be a tagged refinement of
AU u, and for eachj =1,....m, let 7j = ({t;i}:20, {sji}i21) be a tagged
partition of [t;_1,t;]. If ¢; ¢ {zl, ..., 2k}, then summing by parts we have

f(sj)[h(t;) — h(tj—1)] — Srs(r)) =
[f(s5) = f(s50)]-[h(t;) — h(tj—1)]

n;—1

+Z (s001) — F(s50)]-[P(t;i) = h(t;)].

If also tj_1 € {20,...,2k—1}, then for the first product on the right side, say
T;, by (2.12), we have the bound

17511 < 2(e/ k) max{]| flsups [|2]|sup}- (2.15)

The norm of the sum of the terms 7} for which neither ¢;_; nor ¢; is a 2; has
the bound ewp(f;[a,b]) by (2.11) with h instead of f. If t; € {z1,..., 2k},
then summing by parts we have

f(s5)-[h(t;) — h(tj—1)] — Srs(7;) =
[f(85) = f(sjn,)]-[h(t;) — Ah(t;-1)]

n;—1

+ Z 3]77,-}-1 (Sﬂ)] . [h(t]z) — h(t]‘_1>] .

The first product on the right side has the same bound as in (2.15) by
(2.13). Applying the preceding representations for each j = 1,...,m, using
the bounds (2.15) and (2.11) with A instead of f, we get the bound

[Srs(7) = Srs(Ujm)|| < 4emax{|fllsup, [Bllsup} + 2ews (£ [a, b])-

As in the first part of the proof the integral (RRS) [ 3 f-dh exists, proving the
theorem. o



2.3 The Refinement Young-Stieltjes and Kolmogorov Integrals 29

2.3 The Refinement Young—Stieltjes and Kolmogorov
Integrals

Let f: [a,b] — X and h € R([a,b];Y). Recall from Section 1.4 that for a point
partition {¢;}7, of [a,b] with a < b, a tagged partition ({¢;}1,{s:}" ;) is
called a Young tagged point partition if t,_1 < s; < t; for each 1 = 1,... n.
Given a Young tagged point partition 7 = ({t;}},{s:}}_;), define the
Young—-Stieltjes sum Sygs(f,dh; ) based on 7 by, recalling the definition (2.1),

Sys(f,dh; )

= Z (f'Ai,b]h) (ti) + Z f(si)-[h(ti=) = h(ti—1+)]
- - (2.16)

= S {UF At ti) + £l [blti=) = hltiaH)] + [F-A7H)(E) -

The refinement Young—Stieltjes or RYS integral (RYS) fg f+dh is defined as

0Oif a =b or as ,

(RYS)/ f-dh = lim Sys(f,dh;T)

if a < b, provided the limit exists in the refinement sense. The integral
(RYS) [ df-h is defined, if it exists, via (1.15).

Proposition 2.18. Let f: [a,b] — X and h € R([a,b];Y). If a < b, given
a Young tagged point partition T = (k,§) of [a,b], the Young—Stieltjes sum
Sys(f,dh;T) can be approzimated arbitrarily closely by Riemann—Stieltjes
sums Sgrs(f,dh;T) based on tagged refinements T of k such that all tags &
of T are tags of 7. Thus, if (RRS) f{lj f-dh exists then so does (RYS) fg f-dh,

and the two are equal.

Proof. The last conclusion holds if a = b with both integrals defined as 0, so
let a < b. For a Young tagged point partition 7 = (,&) = ({zi}1 o, {vi}71)
of [a,b], take a set p = {wj—1,v;}7; C (a,b) such that zp < up < y1 <
v < xp < < Xpeg < Upeq < Yp < Uy < Ty Let 7= (KU p, Kk UE),
where each z;, i« = 1,...,n, is the tag for both [v;,x;] and [z;,u;]. For i =
1,...,n, letting u;—1 | z;—1 and v; T x;, it follows that the Riemann—Stieltjes
sums Sgs(f,dh; T) converge to the Young—Stieltjes sum Sygs(f, dh;7) and the
conclusions follow. |

Example 2.19. As in Example 2.14, for a < ¢ < b, let ¢, be the indica-
tor function of [¢,b] and let f be a real-valued function, both on [a,b]. For
each Young tagged point partition 7 = (k,&) such that ¢ € &k, we have
Sys(f,dl.;7) = f(c). Therefore the integral (RYS) [’ fdl, exists and has
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value f(c). In particular, (RYS) [?¢,dl, exists and has value 1, while the
RRS integral does not exist, as shown in Example 2.14. More generally, for
any real number 7, let /7 (z) := £.(x) for x # ¢ and £%(c) := r, so that % = /..
Then (RYS) [° f /7 exists and has value f(c) for any r.

In fact, the RYS integral fg fdh does not depend on the values of the
integrator h at its jump points in (a,b). This is because the value of the
Young—Stieltjes sum (2.16) does not depend on the values of h at jump points
in the open interval (a,b). The same is not true for the RRS integral. Indeed,
by changing the value of the integrator h at a jump point ¢ of both f and
h one can make h discontinuous from the left or right at ¢ and so destroy
the necessary condition of Proposition 2.15. The RS integral, like the RYS
integral, does not depend on values of the integrator at its discontinuity points.
This holds because the RS integral is defined only under restrictive conditions.
Specifically, by Proposition 2.15, if (RS) [? f dh exists and h has a jump at
t € (a,b) then f must be continuous at t. For u € R, let h,, := h on [a, t)U(t, ]
and hy, (t) := u. Then for two Riemann-Stieltjes sums we have

Sas (003 (5,6)) = S (s .6) = { )~ FCIO =0 S

where s’ € [t — 4,¢] and s” € [t,t + §] for § := |k|. Due to continuity of f at ¢
the preceding difference can be made arbitrarily small if the mesh || is small
enough.

Theorem 2.20. Assuming (1.14), if f or h is of bounded semivariation and
the other is requlated, then (RYS) [° f-dh exists.

Proof. We can assume a < b. First suppose that h has bounded semivariation
on [a, b]. Given € > 0, by statement (b) of Theorem 2.1, there exists a partition
A = {z}F_, of [a,b] such that

Osc(f; (z1—1,21)) < € forl=1,... k. (2.17)

Let 7 = ({t;}70,{5j}721) be a Young tagged point partition which is a
refinement of \. For each j = 1,...,m,let 7j = ({tji }.20, {sji }.2;) be a Young
tagged point partition of [t;_1,%;]. Then U;7; is a Young tagged refinement
of 7 and

Sys(f,dh; ) — Sys(f,dh; U;T;)

= 5 { U ss) — Fs50)] - i) — bty )]

2 [FGs) = 7)) - [(tyi) = bt -

Let tji—1 < wj2i—1 <vj2 <y fori=1,.. njand j=1,...,m. Consider
sums



2.3 The Refinement Young-Stieltjes and Kolmogorov Integrals 31

2n;

Zx”- (vr) = h(v,—1)],

where z;92; = f(s;) — f(sjz) and xj 2,41 = f(s;) — f(tj:) for i = 1,...,n;
except that for i = nj, ;2,41 = 0. Letting vj0;—1 | tj;—1 and v; 2 T tji, by

(2.17), we get the bound
|Sys(f,dh;7) — Sys(f,dh;U;Ty)|| < 2ewp(h;[a,b]).

Given any two Young tagged point partitions 7 and 72 of [a,b], there exists
a Young tagged refinement 73 of both and

[Sys(m1) = Sys(72)|| < [|Sys(71) — Sys(73)|| + [[Sys(73) — Sys(72)]|-

Thus by the Cauchy test under refinement, (RYS) [’ f-dh exists.

Now suppose that f has bounded semivariation and h is regulated. With
the same notation for Young tagged point partitions 7 and 7;, j = 1,...,m,
we have

Sys(f,dh;7) — Sys(f, dh; U;T;)

m

Z Fs)] - [h(t=) = h(tia )] + Y dj,

where for each j = 1,...,m, ]
= (fATR)(tj-1) + f(sj0) [h(t;=) = h(tj—1+)] + (f-ATh)(t))
—Sys(f,dh; 7))
= f(sj1)-[h(t;—) — h(tj—1+)] — f(sjn; ) h(ti—) + f(sj1)-h(tj—1+)

20 {1 (t50) = Flss)hltsim) + [F(s5000) = FE)hltset) |
= > {0 = Py} ltio) = bt )]

HF(s541) = L] (i) — ()]}

By Theorem 2.1(b), given € > 0 one can choose a partition A\ = {z}F_; of
[a,b] such that (2.17) with h instead of f holds. If the Young tagged point
partition 7 is a refinement of )\, then by approximations as in the first half of
the proof, we get the bound

|Sys(f,dh; ) — Sys(f,dh; Ujm)|| < 3ews (f; [a, b)),

As in the first part of the proof the integral (RYS) [? f-dh exists by the Cauchy
test under refinement, proving the theorem. O
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The Kolmogorov integral

Let f be an X-valued function on a nonempty interval J, which may be
a singleton, and let p be a Y-valued interval function on J. For a tagged
interval partition 7 = ({A4;}7,,{s:}?,) of J, define the Kolmogorov sum
Sk (J,T) = Sk(f,du; J,T) based on T by

S (f,dus J,T) = Zﬂsi)'u(Ai). (2.18)

For an additive interval function p on J and an interval A C J, the Kolmogorov
integral 4 f-dp is defined as 0 if A =0, or if A is nonempty, as the limit

£ fdp = lImSk(f,du; A, T)
A T

if it exists in the refinement sense, that is, %A fdu =z € Z if for every € > 0
there is an interval partition B of A such that for every refinement A of B
and every tagged interval partition 7 = (A,&), [|Sk(f,du; A, T) — z|| < e.
Integrals of the form %A dv-h are defined, if they exist, via (1.16).

If A = {a} = [a,a] is a singleton then ({a}, {a}) is the only tagged interval
partition of A, and so the Kolmogorov integral 4 J-dp always exists and
equals f(a)-u({a}). Note that the Kolmogorov integral over a singleton need
not be 0, whereas for the integrals with respect to point functions considered
in this chapter, such integrals are 0.

Theorem 2.21. Let f be an X-valued function on a nonempty interval J,
and let p be a Y-valued additive interval function on J. For A, Ay, As € 3(J)
such that A = A1 U As and Ay N Ay = ), %A f-du exists if and only if both
%Al f-du and %AQ f-du exist, and then

Frdp = Ffdut F fdu (2.19)
A Ay Az

In particular, if the integral f , f-dp is defined, then 3(J) 3 A, f-dp is
a Z-valued additive interval function on J.

Proof. We can assume that A; and Ay are nonempty. Let 4 J+du be defined
for a given A € 3(J) and let B be a nonempty subinterval of A. To show that
£ g f-dp is defined we use the Cauchy test. Given any two tagged interval
partitions 77, 73 of B, let 7/, 7, be extensions of 77, 7o, respectively, to
tagged interval partitions of A having the same subintervals of A\ B and tags
for them. Then

Sk(B,T) = Sk(B,T2) = Sk(A,T) - Sk(A, T,).

By assumption, the norm of the right side is small if 7{ and 75 are both
refinements of a suitable partition B of A. Taking the trace B of B on B,
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it follows that the norm of the left side is small for tagged interval partitions
71, 7o which are refinements of Bg. Thus the integral 5 f-dp exists by the
Cauchy test.

Let A, Ay, Ao € 3(J) be such that A = A;UA3 and AjNAs = ). Let 7; and
75 be tagged interval partitions of Ay and As, respectively. Then 7 := 77 U7,
is a tagged interval partition of A and

Sk(A,T) = Sk(A1,Th) + Sk (A2, To).

Thus if the two integrals on the right side of (2.19) exist then the integral on
the left side exists, and the equality holds. The converse follows from the first
part of the proof, proving the theorem. O

The following shows that the interval function , f-du, A € 3(J), is
upper continuous if f is bounded and p is upper continuous in addition to the
assumptions of the preceding theorem.

Proposition 2.22. Let f be a bounded X -valued function on a nonempty
interval J, and let p be a Y -valued upper continuous additive interval function
on J. If the integral £ ; f-du is defined, then 3(J) > A F, f-du is a Z-

valued upper continuous additive interval function on J.

Proof. The interval function %A f-du, A € 3(J), is additive by Theorem 2.21.
Let Ay, As,... € 3(J) be such that A, | (), and let s, € A, for each n. Since
f is bounded and g is upper continuous, it is enough to prove that

D, = F f-dp— f(sn)pu(An) =0 asn — oo. (2.20)
An

Let J = [a,b]. For some u € J and all sufficiently large n, either A, is left-
open at u € [a,b) or A, is right-open at u € (a, b]. By symmetry consider only
the first case. Let ¢ > 0. There exists a tagged interval partition 7y of (u,b]
such that any two Kolmogorov sums based on tagged refinements of 7, differ
by at most €. Let ng be such that A,,, is a subset of the first interval in 7y, and
let n > ng. Choose a Kolmogorov sum based on a tagged interval partition
7, of A, within € of %An f-du. Let 73 and 75 be two tagged refinements of 7,
which coincide with 7! and (A, {s,}), respectively, when restricted to A,,
and are equal outside of A,,. Then the norm of D,, does not exceed

| # £an = Sic(An, TD| + [[Sxc (b, To) = Sic((,B]. B)|| < 26
An

Since this is true for each n > ng, (2.20) holds, proving the proposition. O

The following is a consequence of Proposition 2.6 and the preceding propo-
sition.
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Corollary 2.23. Let f be a bounded X -valued function on an interval J :=
[a,b] with a < b, and let p be a Y-valued upper continuous additive interval
function on J. If the integral fﬁJ f-du is defined, then for each u,v € J such
that u < v,

lim % f dM %ﬂa,v) fdu7 hmtlu %Havtﬂ fdM = % fdu7

tTv

[a,]
Wm £ fedp =F, 5 fdu,  lmgy fp o frdp = a@ f dp.
tlu ) [0,0]

Next we show that in defining the Kolmogorov integral  ; f-du with re-
spect to an upper continuous additive interval function p it is enough to take
partitions consisting of intervals in J,(.J) (open intervals and singletons). We
can assume that J is nondegenerate. First consider a closed interval J = [a, b]
with a < b. For a point partition {¢;} of [a,b], the collection

{{to},(to,t1),{tl},(tl,tg),...,(n L), {tn}} (2.21)

of subintervals of [a, 8] is called the Young interval partition of [a,b] associated
to {t;}'_o. A tagged Young interval partition of [a,b] is a set (2.21) together
with the tags to, s1, t1, S2, --., Sn, tn, Wwhere t,_1 < s; < t; fori=1,....n
For notational simplicity the tagged Young interval partition will be denoted
by ({(tiot ) Yy, {5} ).

Now a Young interval partition of any nonempty interval J is any interval
partition consisting of singletons and open intervals. For a closed interval this
coincides with the previous definition. A tagged Young interval partition of any
interval J will be a Young interval partition together with a member (tag)
of each interval in the partition. A tagged Young interval partition of any
nondegenerate interval is given by specifying the open intervals in it and their
tags, just as when the interval is closed. Let {t;}}_, be a partition of [u,v]
with v < v, so that u =ty < t; < --- < t, = v. Then the associated Young
interval partition of [u, v] is the set (2.21) if [u, v] = [u,v], or is the set (2.21)
except for the left and/or right singletons {u} or {v} respectively if [u,v] is
a left and/or right open interval. Given a Young interval partition (2.21) of
[a,b] and any subinterval [u,v] of [a,b], the trace Young interval partition of
[u, v] is the one formed by nonempty intervals obtained by intersecting each
subinterval in (2.21) with (u,v) and adjoining the endpoints {u} and/or {v}
if Ju,v] is a left and/or right closed interval.

Let J = [a,b] with a < b, let f be an X-valued function on J, and let u
be a Y-valued additive interval function on J. For a tagged Young interval
partition 7 = ({(¢;—1,t:) "y, {si}f ) of J, let

= Zf si)pl(tion, ) + ) f(t)-u({ty 0T).
=0
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Assuming that g is upper continuous, this sum can be approximated by

Riemann-Stieltjes sums as follows. Let h := R, , be the function defined
by (2.3) and let {u;—1,v;}"; C (a,b) be such that tp < ug < 1 < v1 <
1 < - < tpo1 < Upo1 < Sy < Uy < by Letting k= J N {10,

7= (kU {uj—1,v: 1, kU {s;},) is a tagged partition of [¢,d] C J, where
c=aif a € J, or ¢ = ug otherwise, and d = b if b € J, or d = v, other-
wise, and each t; for i = 1,...,n — 1 is the tag both for [v;, ¢;] and for [t;, u,].
Next, as in the proof of Proposition 2.18, letting w;—1 | t;—1 and v; T t;
for each i = 1,...,n, the Riemann—Stieltjes sum Sgrs(f,dh;T) converges to
Sys(f,du; J,T). Thus we have proved the following:

Lemma 2.24. For f, u, h, J and T as above, the sum Sys(f,du; J,T) can be
approximated arbitrary closely by Riemann—Stieltjes sums Srs(f,dh; ) based
on tagged partitions T of subintervals of J such that all tags of T are tags

of T.

Recall that the class of all Y-valued additive and upper continuous interval
functions on a nonempty interval J is denoted by AZ(J;Y). Now we can show
that in defining the Kolmogorov integral with respect to an additive upper
continuous interval function it is enough to take Young interval partitions.

Proposition 2.25. Let J be a nondegenerate interval, let p € AZ(J;Y),
and let f: J — X. The integral 3€J f-du is defined if and only if the limit
limy Sys(f,dup; J,T) exists in the refinement sense, and then the integral
equals the limit.

Proof. Tt is enough to prove the “if” part. Let J = [a,b] and let € > 0. Then
there are a z € Z and a Young interval partition B of [a,b] such that for
any Young interval partition )} which is a refinement of B and any tagged
Young interval partition 7 = (),€), ||z — Sys(f,du; J,T)|| < e. Let A be a
refinement of B consisting of arbitrary subintervals of [a,b]. Let {u;}7_, and
{vj}jLo be the sets of endpoints of intervals in A and B, respectively. For
each i € {0,...,n} define a sequence {t;i }r>1 as follows. If {u;} is a singleton
in A then let ¢;;, := wu; for all k. If an interval [-,u;] is in A let t; | wy,
or if some [u;,-] € A let t; T u;, where in either case t;; are not atoms of
. This can be done by statement (¢) of Proposition 2.6. For k large enough,
a=top <ty < --- <tpr =0b. Then there is a unique Young interval partition
Vi of [a,b] associated to {t;x}I,. Since each singleton {v;} equals {u;} € A
for some 7, Yy, is a refinement of 5. The intervals in )y converge to the intervals
in A as k — oo, except for singletons in ), which are not atoms of pu, and
hence do not contribute to sums. Let n be a set of tags for A. Then each tag
s of 7 is eventually in the interval of )} corresponding to the interval of A
containing s. For such k, to form a set 7 of tags for ), take n and adjoin to
it, for each 7 (if any exist) with {u;} ¢ A, a t;; with pu({t;x}) = 0.

Thus there are Young-Stieltjes sums Sys(f, dy; J, (Vk, 7)) converging to
Sk (f,dw; J,(A,n)), proving the theorem in the case J = [a,b]. If J = (a,b]
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and/or J = [a,b) then the proof is the same except that in the first case,

(up,c] € A for some ¢ and we define to; := up = a for all k, while in the
second case, [d, u,) € A for some d and we define ¢, := u,, = b for all k. The
proof of Proposition 2.25 is complete. O

For the next statement recall that R, , is defined by (2.3).

Corollary 2.26. Let J = [a,b] with a <b, let p € AZ(J;Y), let h:= R, 4,
and let f: J — X. Also for each t € [a,b], let

h(t) ifted, f@)ifted,
h(t):=<{ hla+) ift=agJ, and f(t):=L0 ift=a¢J, (2.23)
h(b—) ift=be J, 0 ift=be.J.

Then ¥, f-du = (RYS) [P f-dh if either side is defined.

Proof. By Proposition 2.6(f), h is regulated, and so h is well defined. By
Theorem 2.8(b), pt = pup defined by (2.2). Since there is a one-to-one cor-
respondence between tagged Young partitions 7 of [a,b] and tagged Young
interval partitions 7 of J with Sys(f, dh; 7) = Sys(f,dun; J,T), the conclu-
sion follows by Proposition 2.25. O

Given a regulated function h on [a, b], by Theorem 2.7 there is an additive,
upper continuous interval function pp = iy (4,5 corresponding to h defined
by (2.2) if a <boras0if a ="0. Let

b

%fdh = [%]f'duh,[a,b]a (2.24)
a a,b

provided the Kolmogorov integral is defined.

Proposition 2.27. Let h be a Y-valued regulated function on [a,b], and let
f: la,b] = X. Then 3‘;2 f-dh = (RYS) [} f-dh if either side is defined.

Proof. We can assume that a < b. Since there is a one-to-one correspondence
between tagged Young partitions 7 and tagged Young interval partitions 7°
with Sys(f,dh;7) = Sys(f,dpn;a,b],7), the conclusion again follows by
Proposition 2.25. O

In the special case that the interval function p is a Borel measure on
[a, b], we will show that the Kolmogorov integral 3@[& bl Jf du agrees with the
Lebesgue integral | (a,p)  dpt whenever both are defined.
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Proposition 2.28. Let p be a finite positive measure on the Borel sets
of [a,b], and let [ be a real-valued p-measurable function on [a,b]. Then
%[a 0] Jdp = [iqp) fdu whenever both integrals exist.

Proof. We can assume that a < b. Suppose that the two integrals exist and let
e > 0. Since p is an additive and upper continuous interval function on [a, b],
by Proposition 2.25, there is a Young interval partition A of [a, b] such that if
{(tiz1,ti)} 1, {si}71) is a tagged Young partition which is a refinement of
A, then

| FERT) + 3 Flsn(Tur) - ¥ fdul<e  (225)

where T; := {t;} for i = 0,...,n and Ty,4; := (t;—1,t;) for i = 1,...,n. Then
{To,...,To,} is a decomposition of [a,b] into disjoint measurable sets. For
i=1,...,n,let m; :=inf{f(s): s € T4;} and M; := sup{f(s): s € Ty1s}.
Letting f(s;) | m; and f(s;) T M; in (2.25) for each i = 1,...,n, we get that
(2.25) holds with each f(s;) replaced by m;, or each f(s;) replaced by M;.
Therefore, it follows that

—e <> ST + > mip(Toss) — [3&] fdp
i=0 i=1 a,b
< fdp— F fdu
la,b] [a,b]
< Zf(fi)M(Ti) + ZMiN(TnJri) - [3@] fdu <e
i=0 i=1 a,b

Since € is arbitrary, fgfdu = 3@[& ] fdu. The proof of Proposition 2.28 is
complete. O

Corollary 2.29. For a regulated real-valued function f on [a,b] and a real-
valued function h on [a,b], right-continuous on [a,b), if (LS) [° fdh ezists
then so does 3(52 fdh and the two integrals are equal.

Proof. We can assume that a < b. Since (LS) [? f dh exists, h is of bounded
variation, and so h = h™ — h™, where h™ and h~ are nondecreasing. By
Theorem 2.20, (RYS) [° fdht and (RYS) [P fdh~ exist. Thus by Proposi-

tion 2.27, %Zfdh+ and %Zfdh’ exist. Since h is right-continuous at a,
P fap)({a}) = 0. The conclusion then follows from (2.24), the obvious lin-
earity of h — pp, (Theorem 2.7), and Proposition 2.28. O

The following is a change of variables theorem for Kolmogorov integrals.
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Proposition 2.30. For an interval J, let 6 be a strictly increasing or strictly
decreasing homeomorphism from an interval J onto 0(J). Let pn € Z(6(J);Y)
be additive and upper continuous, pf(A) = u(0(A)) for A € 3(J), and let
f:0(J)— X. Then

F f-du=F fob-dp’

() J
if either side is defined.

Proof. The statement follows from the one-to-one correspondence between
tagged interval partitions of J and 6(.J), and equality of corresponding Kol-
mogorov sums. O

The Bochner integral

Next we define the Bochner integral of a Banach-space-valued function with
respect to a measure and compare it to the Kolmogorov integral. Let .S be a
nonempty set, A an algebra of subsets of S, and (X,| - ||) a Banach space.
An A-simple function f: S — X will be a function f:= )" | z;14, for some
x; € X, A; € A, and finite n. If p is a subadditive function from A into [0, oo},
f will be called p-simple if p(A;) < oo for each i.

To define the Bochner integral, for a p-simple function f = Y7 | @1y,
and A € S, let (Bo) [ fdu := >0 ziu(A; N A). It can be shown that
(Bo) [ f du is well defined for p-simple functions, just as for real-valued func-
tions. If (X, d) is any metric space, then the function (z,y) — d(x,y) is jointly
continuous from X x X into [0,00). If (X, d) is separable, then d(-,-) is also
jointly measurable for the Borel o-algebra on each copy of X (e.g. [53, Propo-
sitions 2.1.4, 4.1.7]). If X is not separable, the joint measurability may fail
(e.g. [53, §4.1, problem 11]). If (S, S, i) is a measure space and (X, | - ||) is a
Banach space, then a p-measurable function f from S into X will be called
pu-almost separably valued if there is a closed separable subspace Y of X such
that f~1(X \ Y) is a p-null set.

Definition 2.31. Let (S, S, 1) be a measure space and let X = (X, || - ||) be
a Banach space. A function f: S — X will be called Bochner u-integrable
if there exist a sequence of p-simple functions {fx}r>1 and a sequence of u-
measurable real-valued functions g > ||f — fx|| such that limy_, o fS grdp =
0.

Theorem 2.32. Let f: S — X be Bochner p-integrable. Then

(a) f is p-almost separably valued and measurable for the completion of u;
(b) For each A € S the limit

lim [ frdu (2.26)
k—oo [ 4

exists and does not depend on the choice of {fr} satisfying the definition.
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Proof. (a): Let {fix}r>1 and {gx }x>1 be as in Definition 2.31. Taking a subse-
quence, we can assume that [ g dp < 47F for all k. Then there is aset B € S
with p(B) = 0 such that for s ¢ B, gi(s) — 0, and so fr(s) — f(s). The set
of finite rational linear combinations of elements in the union of ranges of all
[ is countable, so its closure is a separable subspace of X, in which f(s) takes
values for s ¢ B. Thus f is p-almost separably valued and measurable for the
completion of y, since each fi is y-measurable, e.g. [53, Theorem 4.2.2]. Also,

i [ 7~ fulldu =0, (2.27)
k—oo S

where the Lebesgue integrals are well defined.

(b): For g and h p-simple, and any measurable A C S, |[(Bo) [4[g—h] dy| <
Js lg = bl dp. Tt follows that that if the Bochner integral of f exists then the
limit (Bo) [, fr dp exists and does not depend on the sequence of p-simple
functions {fi} satisfying (2.27). So the theorem is proved. ad

If f is Bochner p-integrable, the limit

(o) [ fau= pim [ idu (2.28)

is called the Bochner integral with respect to p of f over the set A € S.

Proposition 2.33. Let (S, S, i) be a measure space and (X, || -||) a separable
Banach space. Let f be a p-measurable function from S into X. Then f is
Bochner p-integrable if and only if [ | f|| dp < co. Moreover, if f is Bochner
w-integrable, then

o) [ rau] < [ 1510 220

Proof. Suppose that f is Bochner p-integrable, and let {f} be a sequence
of p-simple functions satisfying Definition 2.31. By (2.27), for some k large
enough, we have [ ||f — frl|dp < 1, and then [||f||dp < 14 [||felldp < oc.
Moreover, for each k, we have

[@o) [ saul < wo) [ 17 = o+ [ 15l

Letting k — oo on the right side, the first term tends to zero by (2.28) and
the second term tends to the right side of (2.29) by (2.27), proving (2.29).

For the converse implication, we can assume that [ || f[| dp < 1. Let {z;}52,
be a dense sequence in X. For k =1,2,..., let Ay :={s € S: | f(s)|| > 1/k}.
Then p(Ag) < k < oo. If s & Ay, set gi(s) == 0. If s € Ay, let gr(s) := z;
for the least j such that ||z; — f(s)|] < 1/k. Then g; is measurable and
lgr(s)ll < 2[[f(s)] for all s € S, s0 [lgxlldp < 2. Also, [[(gr — f)(s)]| < 1/k
for all s, so by dominated convergence, with
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1(gx = NIl < (1/k)1a(s) + Lac () F (I < £ ()]

for all s, [|lgr — fl|dp — 0 as k — oo. Let hgr(s) := gr(s) if gr(s) =0 or z;
for some j < r; otherwise let hg,.(s) := 0. Then hg, is a u-simple function and
1hir ()N < llgx(s)]| for all s, so by dominated convergence, [ ||hkr—gi|| dpp — 0
as r — o00. Let fr = hy, for r large enough so that [ | hg — gkl dp < 1/k.
Then [ ||fx — flldu — 0 as k — oo, so f is Bochner p-integrable. a

We show next that for a regulated function the Bochner and Kolmogorov
integrals both exist and are equal.

Proposition 2.34. Let X be a Banach space, f an X -valued requlated func-
tion on [a,b], and p a finite positive measure on the Borel sets of [a,b]. Then
(Bo) [q,5 [ dp and %[a p J dp both exist and are equal.

Proof. We can assume a < b. The range of f is separable, so we can assume
that X is separable. Since f is bounded by Corollary 2.2, the Bochner integral
(Bo) [P fdp exists by Proposition 2.33. The Kolmogorov integral %[ab] fdp
exists by Theorem 2.20, Corollaries 2.11 and 2.26, and Proposition 2.27 with
Y =7 =R and B(x,y) = yz, v € X, y € R. To show that the two integrals
are equal, let ¢ | 0. By Theorem 2.1 and the definition of &, there exists a

nested sequence {\}x>1 of Young interval partltlons e = {(tF_ th) k) of
[a, b] such that for each k > 1, max; Osc(f; (t¥ |, t¥)) < e and for any tagged

1—17 "%

Young partition 7 = (g, {Sz}n(k))

F fdu— SYs(f,du;Tk)H < €.
[a,b]

For each k > 1, fix a tagged partition 7, and let

n(k) n(k)

fr = Zf M oy + Zf )y (2.30)

Then for each k > 1, fi is a p-simple function, [i, y fr du = Sys(f, dp; 7i) and
I f — fellsup < €x. Thus the two integrals are equal, proving the proposition.
O

We will need the following extension of Lebesgue’s differentiation theorem
to the indefinite Bochner integral.

Theorem 2.35. Let A be Lebesque measure on [a,b] and let f: [a,b] — X be
Bochner A-integrable. Then for A-almost all t € (a,b),

fdx— (Bo)/

[a,s]

lim
s—t t — S

[(Bo) Fax| = ro.

[a.t]
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Proof. By (2.29), it is enough to prove that for A-almost all ¢ € (a, b),

lim = ||f f®)|dx=o, (2.31)

wl0 U

where A; = [t — u,t] or Ay = [t,t + u]. By Theorem 2.32(a), f is A-almost
separably valued. Let {z,} be a countable dense set in f([a,b] \ N) for some
A-null set N C [a,b]. By the Lebesgue differentiation theorem (e.g. Theorem
7.2.1 in Dudley [53]), we have

it [ 7=l ar = 16) ]

ul0 U

for almost all ¢ € (a,b) and for all n. For any ¢ ¢ N such that this holds for
all n, it follows that

1
fmsup - /Hf )] a < timsup ¢ /AHffa:an)\Jern—f(t)H
= 2|z, — f@)l

for all n. Given € > 0, one can choose n such that ||z, — f(t)|| < €¢/2, proving
(2.31) for M-almost all t € (a,b). a

*The Bartle integral

Next we define the Bartle integral of a vector-valued function with respect to
an additive vector measure and compare it to the Kolmogorov integral. As
in the basic assumption (1.14), let X, Y, and Z be three Banach spaces and
B(-,): X xY — Z, z-y = B(x,y), a bounded bilinear operator with norm
< 1. Let S be a nonempty set, let A be an algebra of subsets of S, and let u
be a finitely additive function from A into Y. The semivariation of p over a
set A € A is defined by

w(p; A) = wp(p; A) = sup{H > aip(Ai)
7

where the supremum is taken over all partitions {4;} of A into finitely many
disjoint members of A and all finite sequences {z;} C X satisfying ||z;| < 1.
As the notation wg(u; A) indicates, the semivariation depends on the Banach
spaces X and Z and the bilinear operator B: (x,y) — z-y. We say that u has
bounded semivariation if wg(u) = wp(p;S) < co. The variation of p over a
set A € A is defined by

o( 4) = sup { 3 (A0},
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where the supremum is taken over all partitions {4;} of A into finitely many
disjoint members of A. (The variation v(u; A) does not depend on X, Z,
or B.) We say that p has bounded variation if v(p) := v(p;S) < oo. The
semivariation wp(y;-) is a monotone, subadditive function on A, while the
variation v(y;-) is a monotone, additive function on A. It is clear that if
A€ Athen 0 < wp(pu;A) < v(u;A) < 4o0. Also, if X =Y’, Z =R, and
B(z,y) = z(y), then wg(u) = v(u). However, in general, it is possible that
wp(w;+) is not additive and that wp(p; A) < oo while v(u; A) = +o00, as the
following examples show:

Example 2.36. (a) Let A be the algebra generated by subintervals of [0, 1],
and let A be Lebesgue measure. Let u be the extension to A of the additive
interval function of Example 2.4 having values in L*°([0,1], \), that is, for
A € A, u(A) is the equivalence class containing 14. Then p is an additive
function from A to Z =Y = L. For a set A € A, a finite partition {4;} of A
into finitely many disjoint sets in A and for any finite sequence {z;} C X =R
of real numbers in [—1, 1], we have

|5l =[S

Thus g has bounded semivariation, with w(u; A) = 1 for A(4) > 0 and
w(p; A) = 0 otherwise. Thus w(y;-) is not additive. Also, x4 has unbounded
variation. Indeed, if A € A and A(A4) > 0, then one can take a countable par-
tition {B;} of A into disjoint sets each with A(B;) > 0. Then for n > 1, the
sequence {A;}I; defined by Ay := By,...,Ap—1:= By—1 and A,, := Up>, By,
is a finite partition of A and

= max |z;| < 1.
o0 3

n n—1
Dol A)lloo = D~ 1Billos + 1lusnmilloc = 7.
=1

i=1

Since n is arbitrary, v(u; A) = +o0. It is easy to see that the extension to A
of the interval function p of Example 2.4 with values in £°°[0, 1] has the same
properties.

(b) Let H be a real Hilbert space, X = R, and Y = Z = L(H, H), the
Banach space of bounded linear operators from H into itself, with xz-y := xy.
Let S be a set and A an algebra of subsets of S. Then a finitely additive
projection-valued measure will be a function from A into Y whose values are
orthogonal projections onto closed linear subspaces (which may be {0} or H)
such that if A and B in A are disjoint, then p(A U B) = u(A) + p(B), where
w1(A) and u(B) are projections onto orthogonal subspaces. It is easily seen that
w(p; A) = 1 if u(A) is a projection onto a non-zero subspace, since otherwise
w(p; A) = 0. If ||u(A;)|| = 1 for infinitely many disjoint subsets A; of a given
set A, then clearly v(u; A) = +00, so p has unbounded variation.

Let 4 be an additive Y-valued function on an algebra A of subsets of S. A
function will be called p-simple if it is w(u)-simple. It is convenient to define an
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“outer” form of w(y;-) on all subsets of S as follows. If B C S, then w*(u; B)
is defined to be the infimum of w(u; A) over all A € A such that B C A. Then
w*(p;-) agrees with w(u;-) on A and w*(u;-) is a monotone and subadditive
function on the class of all subsets of S. We say that a subset B of S is a u-null
set if w*(u; B) = 0. Notice that this definition agrees with the one given in
the case when p is a measure on a o-algebra. The definition of a u-essentially
bounded function (see Section 1.4) extends to the present case using the new
meaning of p-null sets. A sequence of functions { fx}r>1 from S to X will be
said to converge in outer u-semivariation to a function f: S — X if for each
e >0, w*(p; By) — 0 as k — oo, where By := {z € S: || fe(z) — f(z)] > €}
For a p-simple function f = """ | 2,14, for some n < oo, z; € X, and 4; € S,
the indefinite integral I(f,du) is defined by

IF40A) = [ = Y antan )

for each A € §. The indefinite integral of a p-simple function is independent
of the representation in its definition.
The following definition is due to Bartle [11, Definition 1].

Definition 2.37. Assuming (1.14), let A be an algebra of subsets of S and
let p: A — Y be an additive function. A function f: S — X is called Bartle
p-integrable over S if there is a sequence { fx}x>1 of y-simple functions from
S to X satisfying the following conditions:

(a) the sequence {f;} converges in outer p-semivariation to f;

(b) the sequence {I(fr,du)} of indefinite integrals has the property that for
any € > 0 there is a § > 0 such that if A € A and w(y; A) < 4§, then
1 (fx dp)(A)|| < € for all k > 1;

(c) given € > 0 there is a set A € A with w(u; A.) < oo and such that if
Be Aand B C S\ A. then || I(fg,du)(B)|| < € for all k> 1.

We show next that uniformly for A € A, the sequence {I(fx,dp)(A)}r>1
converges to a well-defined limit

(Ba) [ o= Jim (5 dp)(A),

which will be called the Bartle integral of f over the set A.

Proposition 2.38. If f is Bartle p-integrable then for each A € A the se-
quence of indefinite integrals {I(fy,dp)(A)}r>1 in condition (b) converges in
the norm of Z uniformly for A € A and the limit does not depend on the
sequence of p-simple functions { fx}x>1 satisfying the conditions of Definition
2.37.

Proof. Tf w(p,-) = 0, then I(fx,du) = 0 and the conclusion holds. Assume
that w(u, ) # 0. Let {f%} be a sequence of p-simple functions satisfying the
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conditions of Definition 2.37 and let ¢ > 0. Take ¢ as in condition (b) and
A € A with w(p; Ae) # 0 as in (¢). By condition (a) there is a positive
integer K such that w(p;Up,m) < 9 for each n,m > K., where Uy, € A
and Up,m D {x € St ||fm(z) — fu(x)]] > (e/w(u; Ae))}. Let A € A and let
n,m > K.. Then we have

H fA fn'd,u_ Afmdﬂ“

= [H(fn = fm,du)(A)]

< (o = foms ) (AN Up) | + [ (fr = foms dp) (AN Uy oy 1A
I (fr = fons dp) (AN UL, N A
2¢ + 2¢ + (e/w(p; Ae))w(p; ANUy, ,, N Ae) < 5e.

IN

This proves the existence and the uniformity of the limit.

To prove the second part of the conclusion, let { fi}, {gx} be two sequences
of p-simple functions satisfying the conditions of Definition 2.37, and let € > 0.
We can and do assume that for each &k > 1, fi and g have constant values
on the same sets, that is for some partition {AF} of S, fi = >, xflAf and
9 = > yflAf. For the two sequences {fx}, {gx}, take the minimum of two
values of 0 as in condition (b) and the union of two sets A, with w(p; A¢) # 0 as
in (¢). By condition (a), there is an integer K. > 0 such that w(u; Ug) < 0 for
each k > K., where U, € Aand Uy, D {x € S || fru(x) —gr(2)| > ¢/w(p; Ac)}.
Let A € A. Then for each k > K,

H Ja fredp — /Agk'dHH

11(fr = gr dp) (A)]]

(e = gr, dp) (AN Uk + (. — gx, du) (A N UE 0 A
HIL(fre = gr, d) (AN U N A

2e + 2e + (e/w(u; A))w(p; ANUE N Ae) < Be.

IN

IN

This proves the second part of the conclusion of Proposition 2.38. O

For the vector measure p of Example 2.36(a) with values in L*°([0, 1], A),
a function f: [0,1] — R is Bartle p-integrable if and only if there exists a
sequence {fx}r>1 of real-valued and p-simple functions on [0,1] such that
I/t — flleo — 0 as k — oo. Indeed, if fj are p-simple functions satisfying
condition (a) of Definition 2.37, then for A € A, [4 fx du = frla. Thus if f
is Bartle p-integrable then by the preceding proposition, (Ba) [4 fdu = fla
and [|fr — fllec — 0 as k — o0, since w(u; A) = 0 implies A(A) = 0. The
converse is clear by checking the conditions of Definition 2.37.

If 1 is the vector measure A — 14 as in Example 2.36(a) but with values
in £2°[0, 1], then a function f: [0,1] — R is Bartle u-integrable if and only if
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f is regulated on [0, 1] as follows. The argument of the preceding paragraph
gives that f: [0,1] — R is Bartle p-integrable if and only if there exists a
sequence {fi}r>1 of real-valued and p-simple functions on [0, 1] such that
Il fx — fllsup — 0 as k — oo, since in the present case w(u; A) = 0 implies that
A is empty. Moreover, each u-simple function is a step function, and so f is
regulated on [0, 1] by Theorem 2.1.

Proposition 2.39. Let A be an algebra of subsets of a set S, and let p be a
Y -valued additive function on A with bounded semivariation. If f: S — X is
p-essentially bounded and there is a sequence of p-simple functions converging
to f in outer p-measure, then f is Bartle p-integrable and

|Be) [ ] < sl s). (232

Proof. Let {fr}r>1 be a sequence of p-simple functions which converge to f
in outer p-measure. Let € > 0, let M := || || + 2¢, and let N be a p-null set
such that {x € S: [|f(2)]| > ||flloc + €} C N. Then for each k > 1,

{zes: fu@)|>M}c{xesS: |fulx)— f(x)] >e UN. (2.33)
For each k > 1, let fM := fy1a,, where Ay, :={z € S: || fi(z)|| < M}. Then

{z €S |fif(x) - f@)ll > ¢}
ClzesS: fxlx) = f(@)| > epU{z € S |[fi(z)]| > M.

Since w* (u; -) is monotone and subadditive, by (2.33) it then follows that con-
dition (a) of Definition 2.37 holds for the sequence { f};>1 of yu-simple func-
tions. Since the norm of each value of each p-simple function f,i” is bounded
by M, it follows that for each k > 1 and any A € A,

(i dp) (A < Mw(p; A), (2.34)

proving condition (b). Condition (¢) holds trivially because w(u;S) < oc.
Therefore the function f is Bartle py-integrable. The bound (2.32) follows from
(2.34) and Proposition 2.38 because € is arbitrary. The proof of the proposition
is complete. O

Each additive interval function p: Jla,b] — Y extends to an additive
function i on the algebra Ala, b] generated by subintervals of [a, b]. We show
next that if & has bounded semivariation, then any regulated function on [a, ]
is Bartle u-integrable and the Bartle integral agrees with the Kolmogorov
integral in this case.

Proposition 2.40. Assuming (1.14), let p be a Y-valued additive interval
function on [a,b] such that fi is of bounded semivariation, and let f be an X -
valued regulated function on [a,b]. Then (Ba) [i,y f-dii and f[a p J-dp both

exist and are equal.
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Proof. By Theorem 2.1, f is bounded and is a uniform limit of step functions,
and so it is Bartle u-integrable by Proposition 2.39. Let ¢; | 0. By Theorem 2.1
once again, there exists a nested sequence {\;}r>1 of Young partitions A\, =
{Ag; = (tF l,tf)}?:(ﬁ) of [a, b] such that for each k > 1, max; Osc(f; Ag;) < €g-
As in the proof of Proposition 2.34, for each k > 1, fix a tagged partition
TR = ({Aki}?:(’;), {s k}n(k)) and let fj be defined by (2.30). Then for each k > 1,

fr is a step function, [i, ) fe dit = Sys(f, dp; ), and || f — fillsup < €. By
Proposition 2.38, we have

(Ba) f-dip = lim fedfi = lim Sy (f, dp; 7i). (2.35)

[a,b] k=00 Jla,b]

For any k > 1 and any tagged refinement 7 = ({4;}, {z;}) of 7%, we have

| Sys(f,du; 7) — Sys(f, dp; 7o) |

S (e - s € visint

=1 l'jeAki

Thus the Kolmogorov integral %[a b f-du exists and equals the Bartle integral
(2.35), completing the proof. ]

2.4 Relations between RS, RRS, and RYS Integrals

By Propositions 2.13 and 2.18, we have

b
(RS) / f-dh —> (RRS) / £-dh "% (RYS) / #-dh. (2.36)

Here — means that existence of the integral to the left of it implies that

of the integral to the right of it, with the same value, and €% means that
the implication holds for h regulated. In this section we consider the question
under what conditions on f and h the two arrows in (2.36) can be inverted.
By Proposition 2.15, if the Riemann—Stieltjes integral exists then the in-
tegrand and integrator cannot have common discontinuities. This condition
is also sufficient for the first arrow in (2.36) to be inverted (Theorem 2.42).
A necessary condition for the existence of the refinement Riemann—Stieltjes
integral is that the integrand and integrator cannot have common one-sided
discontinuities. This condition is also sufficient if the integrand and integrator
satisfy suitable p-variation conditions, as we will show in Corollary 3.91. Thus
it is tempting to guess that the second arrow in (2.36) is invertible provided
f and h have no common one-sided discontinuities. However, Example 2.44
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below shows that this is not true in general. We end this section with a re-
sult giving a general sufficient condition for the second arrow in (2.36) to be
invertible (Proposition 2.46).

The following definition of full Stieltjes integral defines it as the (RYS)
integral provided condition (b) holds.

Definition 2.41. Let f and h be regulated functions on [a,b] with values
in X and Y, respectively. We say that the full Stieltjes integral (S) fg f-dh
exists, or f is full Stieltjes integrable with respect to h over [a, b], if (a) and
(b) hold, where

(a) (RYS) [P f-dh exists,
(b) if f and h have no common one-sided discontinuities, then (RRS) [° f-dh
exists.

Then let (S) [0 f-dh := (RYS) [° f-dh.

By (2.36), whenever the two integrals in (a) and (b) exist, they have the
same value. Next we prove a relation stated above between RS and RRS
integrals.

Theorem 2.42. Let f and h be bounded functions from [a,b] into X and Y
respectively. The integral (RS) [? f-dh exists if and only if both (RRS) [ f-dh
exists and f, h have no common discontinuities. Moreover, if the two integrals
exist then they are equal.

Proof. Propositions 2.15 and 2.13 imply the “only if” part. For the converse
implication suppose that the integral (RRS) /, é’ fdh exists and the two func-
tions f, h have no common discontinuities. Given ¢ > 0, there exists a partition
A = {2 }JL, of [a,b] such that

b

Sws(f. s (1,) ~ (RES) [ fan

a

<€/2 (2.37)

for each tagged partition (k, £) such that k is a refinement of A\. Then choose a
0 > 0 such that for each interval A; := [z; -4, 2z;+6]N[a,b], j =1,...,m—1,

Osc (f;4;)Osc(h; A4j;) < €e/(2m).

Let d := mini<j<m(z; — zj—1) and let 7 = ({@;i}l, {vi}’ ;) be a tagged
partition with mesh |7| < d Ad. Then each interval [x;_1, z;] contains at most
one point of A. For j = 1,...,m—1, let i(j) be the index in {1,...,n—1} such
that z; € (251, %i(j]- Let (x,&) be the tagged partition of [a,b] obtained
from 7 by replacing each tagged interval ([z;;)—1, Zi(j)]; %i(j)), s = 1,...,m—1,
by the pair of tagged intervals ([z;(;)—1, 2], 2;), ([25, Ti(j], 25) if 25 < @4(5), or
by the tagged interval ([2;(;)—1, Zi(;)], 2;) otherwise. Then & is a refinement of
A and
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HSRS fa dh T) - SRS(fa dh’ (’@6))“

m—1

Z y’(ﬂ ZJ H Hh Z(J h( Li(g)— || < 6/2

This in conjunction with (2.37) implies that (RS) [? f-dh exists and equals
(RRS) [° f-dh. The proof of Theorem 2.42 is complete. o

In view of the preceding theorem the notion of the full Stieltjes integral
can be extended as follows:

Corollary 2.43. Let f and h be regulated functions on [a,b] with values in
X and Y, respectively. The full Stieltjes integral (S) ffl’ f-dh exists if and only
if (a), (b) of Definition 2.41 and (c) hold, where

(¢) if f and h have no common discontinuities, then (RS) [0 f-dh eists.

Moreover, whenever two or more of the integrals in (a), (b), and (c) ewist,
they have the same value.

The following shows that there are regulated functions f,h: [0,1] — R
having no common discontinuities such that the integral f& fdh exists and
equals 0 as a refinement Young-Stieltjes integral but it does not exist as a
refinement Riemann—Stieltjes integral.

Example 2.44. The functions f and h will be defined on [0, 1] and equal to
0 everywhere outside countable disjoint subsets A and B, respectively. Let B
be the union of the sets {i/p: ¢ =1,...,p— 1} over the prime numbers p > 5,
p € {5,7,11,...}. Define the set A recursively along prime numbers p > 5
by choosing irrational points a, ; in each interval ((i —1)/p,i/p),i=1,...,p,
different from all such points previously defined. For each prime p > 5, let
flap2;) == h(2j/p) == 0 and f(apz2;—1) = h((2j —1)/p) == 1//p for j =
1,2,... and 2j < p. The functions f and h each converge to 0 along any
1-1 enumeration of the sets A, B, respectively. Thus f and h are regulated
and have no common discontinuities. The integral (RYS) [; f dh exists and
equals 0; in fact, all its approximating Young-Stieltjes sums equal 0. For
any partition of [0, 1] there are Riemann—Stieltjes sums which are 0. For the
partition x, := {i/p}’_, of [0, 1], for each prime p > 5, consider the Riemann—
Stieltjes sum

[p/2]-1

> o [{(25) o ()

+Hapan () ~n(2=)]} = %.

Since S, — 1/2 as p — o0, the Riemann—Stieltjes integral does not exist. The
refinement Riemann—Stieltjes integral also does not exist by Theorem 2.42.
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Lemma 2.45. For regulated functions f and h on [a,b] the following two
statements hold:

(1) If at each point of [a,b) at least one of f and h is right-continuous, then
the integral (RR.S) fg f-dh exists whenever in its definition the Riemann—
Stieltjes sums converge for tagged partitions ({x; Yo, {vi}f_y) with tags
Yi € (xi—hxi]; 1=1,...,n.

(2) If at each point of (a,b], at least one of f and h is left-continuous, then
the integral (RRS) fg f-dh exists whenever in its definition the Riemann—
Stieltjes sums converge for tagged partitions ({z;}1—q, {vi}i—) with tags
Yi € [I’ifl,fﬂi), 1= 1,...,77,.

Proof. We prove only (1) because a proof of (2) is symmetric. Thus we have

that there is an A € Z with the following property: given € > 0 there exists a
partition A = {z;}* of [a,b] such that

[Srs(f.dh; (5,€) — Al <e (2.38)
for each tagged partition (k,&) = ({;}1—g, {yi}1,) such that x is a refine-
ment of A and y; € (z;—1, 7] fori=1,...,n. Chooseaset ( = {u;}7, C (a,b)
such that z;_; <u; < zjfor j=1,...,m and

 max Osc (f; [zj—1,u;]) Osc (h; [zj-1,u;]) < €/m. (2.39)
<jsm

Suppose that (k,&) = ({@i}l o, {vi}-;) is a tagged partition of [a,b] such
that x is a refinement of A U (. Define & := {t;}1, by t; := y; for ¢ odd,
t; = x; for i even. Define &, := {s;}" | by s; := y; for i even, s, := x; for i
odd. Also, let & := {x;},. Then letting S(&) := Sgrs(f,dh; (x,§)), we have
S(f) + S<£T> = S(&e) + S(fo) Thus

18(6) = Al < [[S(&r) = Al + [[S(6e) — Al + [|S(&) — Al| (2.40)

By (2.38) with ¢ = &, the first term on the right does not exceed e. If
each ¢; in & is not x;_; then the same bound holds for the second term on
the right. Otherwise, let I, be the set of indices i € {1,...,n} such that
ri_1 =1y; =t; € &. Thus for each i € I, i must be odd, so t;_1 = x;_1 = t;.
Let J C {0,...,n} be the set of indices i such that x; € A. For i € I, if
i—1 ¢ J then we can and do replace the two tagged intervals ([x;—2, x;—1], ti—1)
and ([x;—1,2;],t;) by the tagged interval ([a;_2,x;], x;—1) without changing
the Riemann—Stieltjes sum and where now the tag is in the interior of the
interval and the partition is still a refinement of k. For ¢ € I, ifi—1 € J
then if we replace t; (= x;-1) by x;, we change the sum by at most ¢/m for
each i by (2.39), and since there are at most m such values of i, we change the
total sum by at most e. Therefore it follows by (2.38) that ||S(&) — A < 2e.
Similarly one can show that the last term in (2.40) does not exceed 2e, so
[S(¢) — A < 5e. Since € is arbitrary, the integral (RRS) [° f-dh exists and
equals A, proving the lemma. o
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Proposition 2.46. Let regulated functions f, h on [a,b] be such that f is
left-continuous on (a,b] and h is right-continuous on [a,b), or vice versa. If
(RYS) [ f-dh ezists then so does (RRS) [ f-dh, and the two integrals have
the same value.

Proof. We can assume that neither f nor h is identically 0, since if one is, the
conclusion holds. We prove the proposition when f is left-continuous on (a, b]
and h is right-continuous on [a,b). A proof of the other case is symmetric.
In that case by (1) of Lemma 2.45 and since f is left-continuous on (a, b,
it is enough to prove the convergence of Riemann—Stieltjes sums based on
Young tagged partitions of [a, b]. To this aim we show that differences between
Riemann—Stieltjes and Young—Stieltjes sums based on the same Young tagged
partition can be made arbitrarily small by refinement of partitions. Let ¢ > 0.
By definition of the refinement Young—Stieltjes integral there exists a partition
A = {z;}]L, of [a,b] such that

b
Sys(f,dh;7) — (RYS)/ f-dh]| <e (2.41)

for any Young tagged partition 7 = (k,§) such that k is a refinement of
A. Choose a set ¢ = {vj_1,u;: j = 1,...,m} C (a,b) such that for each
j=1,....,m, Zj—1 <vj—1 <u; < zj,

max(|[allsupOse (f; [uj, 2;]); [ fllsupOsc (h; [2j-1,vj-1])) < €/(2m).  (2.42)

Let (k,&) = ({zi}i—g, {vi}-,) be a Young tagged partition of [a,b] such that
k is a refinement of AUC. Then Sgs(f, dh; (k,&))—Sys(f,dh; (k,&)) = S1+Sa,
where

Syi= > [fwi) = f(@a)]- [h:) = h(ia)],
i? (2.43)
Sy = Z [f (@) = f(ya)]- [M(i—) — h(zio1)].

i=1

Let ¢ = {y,}?, be another set of tags for x such that z;_; < y, < =z; for
i=1,...,n. By (241) with 7 = (k,&) and 7 = (k, ), we get the bound

H i [F(W)) — F(y)]-[P(zi—) — h(ziz1)] H < %.

Letting y} 1 «; for i = 1,...,n, it follows that in (2.43), ||S2| < 2e. Let J C
{0,...,n} be the set of indices ¢ such that z; € A\, and let T := {0,...,n}\ J.
To bound ||S7|| define a partition x' = {z;}" of [a,b] by x} := z; if i € J
and take any 2 € (2;,y;+1) if ¢ € I. Then &’ is a refinement of A and (x/, &)
is a Young tagged partition. Let ¢’ = {y}}"_; be another set of tags for x’
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defined by y; :=y; if i € J and y} := z; if i € I. By (2.41) with 7 = (+/,&)
and 7 = (k',&’), we get the bound

|32 [rwo) = rt@0): [nai-) = ()] < 2e.
iel
Letting «} | ; for i € I, it follows that the sum of all terms in S7 with ¢ € I
does not exceed 2e. By (2.42), the norm of each term of Sy with ¢ € J does

not exceed €/m, and the norm of the total sum of such terms does not exceed

e. Therefore in (2.43), ||S1]| < 3e. The proof of Proposition 2.46 is complete.
0O

2.5 The Central Young Integral

L. C. Young [244] defined, up to endpoint terms given by Young [247], an
integral which we will call the central Young integral, or the C'Y integral.
The idea of the C'Y integral is to use the RRS integral, avoiding its lack of
definition when f and h have common one-sided discontinuities by taking a
right-continuous version of f and left-continuous version of h, or vice versa,
and adding sums of jump terms to restore the desired value of [ f-dh. For
regulated functions the CY integral extends the RYS integral, as will be
shown in Theorem 2.51, and thus in turn the RRS integral by Proposition
2.46.
Define functions fJ(rb) and f&a) on [a,b] with a < b by

®)(3) = {f+(a:) = f(a+) == lim. o f(2) ifa <z <D,
+ : f(b) i — b,

e J-(@) i= (o) =ty £(2) if b
(a) ._ _(x) == f(z—) = lim,15 f(2) if a <2 <D,
f2 (=) = { f(a) if x =a.

Recalling the definitions of A, A~, and A* in and before (2.1), the CY
integral has two equivalent forms, defined next:

Definition 2.47. Assuming (1.14), let f and h be regulated functions on
[a, b] with values in the Banach spaces X, Y respectively. If a < b define the
Y] integral

b b
b a
(Yl)/ fedh = (RRS)/ PR =S AL fAE R
e “ [a,b]

= (RRS) / b FP.an — (AT f-ATh)(a) (2.44)

+[f-ATR)(b) = > ATfA*R
(a.b)
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if the RRS integral exists and the sum converges unconditionally in Z as
defined in Section 1.4. If a = b define the Y; integral as 0. Similarly, if a < b
define the Y5 integral

b b
() [ gt = (RRS) [ 7?4 3 A A
a CLb [a,b]
— (RRS) / F9.anY 4 [f-A1h)(a) (2.45)

HATFATH(D) + Y ATFAER
(a,b)

if the RRS integral exists and the sum converges unconditionally in Z. If
a = b define the Y5 integral as 0.

Integrals (Y}) fab df-h, j = 1,2, are defined symmetrically, if they exist, as
n (1.15).

It will be shown that the Y] integral exists if and only if the Y5 integral
does, and if so, the two integrals have the same value. This will be done
by giving an alternative representation of the two integrals in terms of the
refinement Young StleltJes integral. To this aim, for a < b we define the

functions f “®) and f @ on [a, b] respectively by
fla) ifx=a, fla) ifz=aq,
F0@) = § fla=) itz € (a,h), and  f"V(2) = { fla+) if 7 € (a,D),
f) ifx=hb, fb) ifx=hb.

(2.46)

Proposition 2.48. Assuming (1.14) and a < b, for regulated functions f and
h on [a,b] with values in X and 'Y, respectively,

(Y1) / f-dh = RYS/ £ dh = 3" At fAER (2.47)

(a;b)

and

YQ/fdh— RYS/f(“b)thrZA f-A*h (2.48)
(a,b)
if either side is defined, where the right side is defined if the refinement Young—
Stieltjes integral exists and the sum converges unconditionally in Z.

Proof. We prove only (2.47) because a proof of (2.48) is symmetric. By Propo-
sitions 2.18 and 2.46, the refinement Riemann—Stieltjes integral in (2.44) exists
if and only if it exists as a refinement Young—Stieltjes integral, and then both
have the same value. Let 7 = ({z;}1, {vi}?,) be a Young tagged partition
of [a,b]. Then
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Sys(f, a0\ 7) =37 Flyit) [hwi—) — h(zia+)] + [f1-ATh] (a)

i=1

n—1

+3 [ A%R] (2)

= Sys(f*V, dh; ) + [ATf-ATh](a) — [f-A7R] (D).

Therefore (RYS) [2 f{".dn') exists if and only if (RYS) 2 £\*".dh does.
Also, (2.47) holds, proving the proposition. ]

The following statement relates the two refinement Young-Stieltjes inte-
grals in (2.47) and (2.48) with the integral (RYS) 2 f-dh.

Lemma 2.49. For regulated functions f and h on [a,b] with a < b, the fol-
lowing three statements are equivalent:

(a) (RYS) [P f-dh exists;

(b) (RYS) [° £\*".dh and (RYS) [P[f\" = f]-dh both emist;

(c) (RYS) f(fb -dh and (RYS) [°[f — £Y)-dh both exist.

If any one of the three statements holds then
(RYS) / f-dh = (RYS) / FOdn = 3" AT fAFR
(ab)

(RYS) / FOdn+ 3 AT f AT,
(ab)

(2.49)

where the two sums converge unconditionally.

Proof. We prove only the implication (a) = (b) and (2.49) because the con-
verse implication follows by linearity of the RYS integral and a proof of the
rest is symmetric. Thus suppose that (a) holds. It is enough to show that
(RYS) [, [f(a -b) — f]-dh exists and equals the sum in (2.49). First we show
that the sum in (2.49) converges unconditionally. Let € > 0. By definition of
the refinement Young—Stieltjes integral there exists a partition A of [a, b] such
that

Sys(f, dh7) — (RYS) / " (2.50)

for any Young tagged partition 7 = (., &) of [a, b] such that x is a refinement
of A. Let ¢ = {u;}JL; C (a,b) be a set disjoint from A. Choose a refinement
k= {ti}{—o of A such that each u; is in (t;(;)—1,%i(j)), j = 1,...,m, for some
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¢ ={sitisy and & = {s{'}iL, by u; = sj;) < sj(;) <ty for j=1,....m
and take any s; = s/ € (t;,_1,t;) for the other indices i. By (2.50) with

7= (k&) and 7 = (k,&"), we get that

|32 (760) = 10 i) = ]|

= [|Svs(f, dhs (r,€) = Sys(f, dh, (5, €"))]| < 2.

Letting s;’(j) L uj, tiy L uj and t;;-1 T uj for j = 1,...,m, as is possible,
it follows that || >, At f-A%h| < 2¢ for any finite set ¢ C (a, b) disjoint from
A. Thus the sum in (2.49) converges unconditionally in Z.

Now to prove the existence of (RYS) [°[ ia’b) — f]-dh notice that for any
Young tagged partition 7 = ({£;}1" o, {si}1,) of [a, D],

ISvs(£1 = f,dhs) = > At f.A%h|
(a,b)

< Z A f(si)- [n(ti=) — h(tioi+)] ||

n—1
| S arpath =Y 1at path)m)

(a,b) i=1
Using (2.50) and the unconditional convergence just proved, one can make

the right side arbitrarily small by way of refinements of partitions, proving
the lemma. O

Now we are ready to prove the equality of Y7 and Y5 integrals.

Theorem 2.50. Let f € R([a,b]; X) and h € R([a,b];Y). Then (Y1) [° f-dh
= (Ya) [P f-dh if either side is defined.

Proof. We can assume that a < b. Suppose that the Y5 integral exists. Hence
by Proposition 2.48, the refinement Young—Stieltjes integral (RYS) /. fl’ f(_a’b) -dh
exists and (2.48) holds. Then by Lemma 2.49 applied to f = f(f’b), the integral
(RYS) [ fi*").dh exists and

b b
(RYS) / FPdn = (RYS) / £Pdh = 3 At At

(a;b)

where the sum converges unconditionally. Also, by linearity of unconditional
convergence, the sum

SOATFAER =Y Aff AR - Y AT AR

(ab) (a,b) (a.b)
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converges unconditionally. Therefore the right side of (2.47) is defined, proving
the existence of the Y7 integral and the relation, by (2.48),

n/fdh—(RYS)/ FVdh+ 3" AT FA%R

(a;b)

b
(RYS) / FeD.dan = 3 At pARR (y1>/ fdh.
(ab) @

A proof of the converse implication is symmetric and we omit it. O

Since the Y7 and Y5> integrals have been shown to coincide for regulated
functions f and h, if either is defined, we now define the central Young integral,
or CY integral, by

b b b
(CY)/ fdh = (Yl)/ fdh = (Yg)/ f-dh. (2.51)

The CY integral extends the RYS integral, as the following shows.

Theorem 2.51. Assuming (1.14), for f € R(]a,b]; X) and h € R([a,b];Y)
the following hold:

(a)if (RYS)/ f-dh em’sts then so does (CY) [? f-dh, and the two are equal;
(b) letting f = [f(ab + f - b)]/2 (cf. (2.46)), if a < b and (CY) [ f-dh eists

then so does (RYS)[® f-dh, the sum Danlf — f]-A%h converges uncon-
ditionally in Z, and

(CY) / f-dh = (RYS) / fah+ > [f = f]-A*h. (2.52)

(a;b)

Proof. For (a), suppose that (RYS) fg f-dh exists. By the implication (a) =
(b) and relation (2.49) of Lemma 2.49, the right side of (2.47) is defined. Hence
the CY integral exists and equals the RYS integral, proving (a).

For (b), suppose that (CY) [’ f-dh exists. By Proposition 2.48, the right
sides of (2.47) and (2.48) are defined. By linearity, (RYS) [ f-dh exists and
the sum Z(mb) [f— f]-A%h converges unconditionally in Z. Then (2.52) follows
by adding (2.47) and (2.48). O

If a function f has values at its jump points in (a, b) which are normalized,
that is, f = f = [f(a 2 +f @ b)]/2, then by the preceding theorem (CY) [? f-dh
and (RYS) [ f-dh both exist or both do not. In general the equivalence is not
true, as the following shows:
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Proposition 2.52. There exist functions f and h on [0,1], where [ €
¢0((0,1)) (¢f. Definition 2.9) and h is continuous, for which (Yz) f& f dh exists,

while (RYS) [L1f — V] dh and hence (RYS) [} fdh do not exist.

Proof. Let f(t):= k=Y/?if t = 1/(3k) for k = 1,2,..., and f(t) := 0 other-
wise. Let h(1/(3k +1)) := 0 and h(1/(3k — 1)) := k=2 for k =1,2,.... Let
h(0) = h(1) := 0 and let h be “linear in between,” i.e., linear on each closed
interval where h is so far defined only at the endpoints. Since h is continuous
and fﬁo) =0, (Y2) [y fdh exists and is 0. Since f&o’l) = 0, it is enough to
show the nonexistence of the integral (RYS) [3 f dh. Let A = {u; }ito be any
partition of [0,1]. Take the smallest m such that ¢, := 1/(3m + 1) < uy. If
Km = AU {t;n} then the contribution to any Young—Stieltjes sum based on
Km coming from [0, ,,] is 0. For n > m, consider partitions

Fn = km U{1/(Bk+1),1/B3k—1): k=m+1,...,n}.

We form a Young—Stieltjes sum based on k, by letting it be the same as one
for Ky, on [tm, 1], and by evaluating f at 1/(3k) for k = m + 1,...,n. Then
the part of our Young—Stieltjes sum for x,, coming from [0, ¢,,] is

k_Z;l / (3%) [h <3k1—1) - <3k1+ 1)]
<o (57) ~ (573)

— Z k—l/Qk—l/Q = 0
k=m+1

as n — oo. Thus two Young-Stieltjes sums for (RYS) fol f dh, both based on
refinements of \, differ by an arbitrarily large amount. So (RYS) [y f dh does
not exist. O

2.6 The Henstock—Kurzweil Integral

A gauge function on [a, b] is any function defined on [a, b] with strictly positive
values. Given a gauge function 0(-) on [a,b] with a < b, a tagged partition
({zitieo, {yitiz,) of [a,b] is d-fine if y; — 6(y;) < xi1 <y <@ < yi + 0(yi)
fori =1,...,n. Let TP(d,[a,b]) be the set of all j-fine tagged partitions of
[a,b].

Lemma 2.53. Let §(-) be a gauge function defined on an interval [a,b] with
a <b. Then:
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(a) TP(4,[a,b]) is nonempty, i.e. there exists a tagged partition

= ({witito, {yitisi) € TP(S, [a,b]).

(b) For any finite set F' C [a,b], ¢ can be chosen so that F' C {z;}1,.
(¢) In (b), ¢ can instead be chosen so that F C {y;}1",.

Proof. (a): The system of open intervals {(y — d(y),y + 6(y)): y € [a,b]}
is an open cover of [a,b]. Since [a,b] is compact, there is a finite subcover
{Ji == (yi —6(i),yi +(y;)): i =1,...,n} of [a,b] such that any n — 1 of
the J; do not cover [a,b]. Since y; for i = 1,...,n are distinct, we can assume
that y1 < -+ < yn. Also, J;NJip1 # O fori=1,....,n—1, J;NJ; =0 for
li—jl>1,4,j=1,...,n,a € J; and b € J,. Hence one can find numbers
a=1z9<w <---<x, =bsuch that z; € J;NJ;y; fori=1,...,n—1 and
Y; € [xim1, @] for i = 1,...,n. Thus ({2}, {vi}",) € TP(4,a,b]), proving
(a).

(b): We can assume that F' C (a,b). Let F = {fj}?zl where a < & <
<o <& < b Let & :=a and &1 = b. By part (a), each interval [£;,&;41],
j=0,1,...,k, has a J-fine tagged partition. Combining these, we get one for
[a, b], proving (D).

(c): Given a finite set F' C [a,b], [a,0] \U,cr(y —6(y)/2,y +6(y)/2) is a
finite union of closed subintervals [a;,b;] of [a,b]. Each of these subintervals
has a d-fine tagged partition. Also, [a, b] \U] [a;,b;] is a finite union of disjoint
intervals (which may be open or closed at either end). Decomposing such
intervals into smaller ones, we obtain a set of such intervals each containing
exactly one y € F and included in (y — 6(y),y + 6(y)). Putting together the
tagged partitions of each [a;, b;] and the tagged intervals indexed by y € F,
we get a d-fine tagged partition of [a, b] in which each y € F is a tag, proving
(¢). a

Definition 2.54. Assuming (1.14), let f : [a,b] — X and h : [a,b] — Y.
If a < b, the Henstock—Kurzweil integral, or HK integral, (HK) ffl’ f-dh is
defined as an I € Z, if it exists, with the following property: given ¢ > 0 there
is a gauge function §(-) on [a,b] such that ||Sgs(f,dh;7T) — I|| < e for each
o-fine tagged partition 7 of [a,b]. If a = b, let (HK) [ f-dh := 0. The integral
(HK) [7df-h is defined, if it exists, via (1.15).

Proposition 2.55 (Cauchy test). Leta <b, f: [a,b] = X, and h: [a,b] —
Y. The Henstock—Kurzweil integral (HK) fg f-dh is defined if and only if given
€ > 0 there is a gauge function §(-) on [a,b] such that

[Srs(f,dh;m1) = Srs(f,dh; )| < € (2.53)

for each 71,12 € TP(0,]a,b]).
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Proof. To prove the “if” part, for each n > 1, choose a gauge function §,,(-)
on [a,b] such that (2.53) holds with e = 1/n for each 7,7 € TP(d,,[a,d]).
Replacing 6, by min{d1,...,d,}, we can assume that 67 > d > ---. For
n =12 ..., let S, := Sgs(f,dh;7,) for some 7, € TP(d,,[a,b]). Then
{Sn: n > 1} is a Cauchy sequence in Z, and hence convergent to a limit I.
Given € > 0 choose an n such that n > 2/e and ||I — S, || < €¢/2. Let § := dy,.
Then for each 7 € TP(4, [a,b]),

|1 = Srs(f,dh;7)|| < I = Sall + [|Sn — Srs(f,dh; 7)|| < €/2+1/n <.

Thus (HK) [° f-dh is defined. Since the converse implication is clear, the proof
is complete. O

Proposition 2.56. Let f : [a,b] — X and h: [a,b] = Y. Let a < ¢ < b.
Then (HK) [° f-dh exists if and only if (HK) [S f-dh and (HK) [° f-dh both
exist, and then we have

(HK) /bf~dh — (HK) /Cf~dh+(HK) /bf~dh. (2.54)

The proof of this property is easy once we observe the following:

Lemma 2.57. For any gauge function 6(-) on [a,b] and ¢ € [a,b], there is a
gauge function ¢§'(-) on [a,b] such that 6’ <& and each §'-fine tagged partition
has ¢ as a tag, in the interior of its interval in the relative topology of [a,b].

Proof. Suppose that a < ¢ < b and () is a gauge function on [a,b]. Let
0'(¢) := d(c), and let ¢'(z) := min{d(z), |c — x|/2} for = € [a,b] \ {c}. For
a ¢'-fine tagged partition ({x;}7 o, {yi}i=y) of [a,b], ¢ = y; € (wi—1,2;) if
c€lxi—,x;)N(a,b),c=y1 <z ifc=a,orc=y, >x,_1 if c=h. O

Proof of Proposition 2.56. Suppose that I := (HK) [ f-dh and I :=
(HK) [? f-dh both exist. Given e > 0, take gauge functions d;(-) on [a, ¢] for
I, and €/2, and d02(+) on [¢,b] for Ir and €/2. By the preceding lemma, there
is a gauge function §(-) on [a,b] such that § < §; on [a,¢), § < d2 on (c,b],
0(¢) < min{d1(c),d2(c)}, and ¢ is a tag for each d-fine tagged partition of
[a,b]. Let 7 = ({&:i}1 o, {yi}_1) be a d-fine tagged partition of [a,b] and let
¢ =y; for somei € {1,...,n}. Writing f(y;)-[h(a;) —h(zi—1)] = f(y:)-[P(y:) —
h(xzi—1)] + f(yi)-[h(z;) — h(y;)], we have Sgrs(f,dh;7) = Sgs(f,dh;m) +
Srs(f,dh; 1) for suitable 7y € TP(d1,[a,c]) and 72 € TP(d2,]c,b]). Thus
|I, + I — Sgrs(f,dh;7)|| < e, proving the existence of (HK) [° f-dh and
relation (2.54).

Now suppose that I := (HK) [? f-dh exists. Let §(-) be a gauge function
on [a,b] for I and ¢/2. By the preceding lemma we can and do assume that
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¢ is a tag for each o-fine tagged partition of [a,b]. Let 01(-) and d2(+) be the
restrictions of §(-) to [a,c] and [c, b], respectively. Let 71,71 € TP(d1,[a,c])
and let 7o € TP(d2,[c,b]). Then 7/ := 7 Ume and 7”7 := 75 U o are two d-fine
tagged partitions of [a, b], and

|Srs(f,dh;m]) — Srs(f,dh; )| = ||Srs(f,dh;7") = Srs(f,dh;7")|| < e

Thus (HK) [; f-dh exists by the Cauchy test. Similarly it follows that
(HK) [? f-dh exists. Since 71 Uy € TP(6,[a,b]) for each 71 € TP(8y,[a,c])
and 72 € TP(d2,[c,b]), (2.54) holds. O

The Henstock—Kurzweil integral shares some elementary properties with
other Stieltjes-type integrals considered above, as will be shown in Theorems
2.72 and 2.73. Essentially the next statement says that the H K integral exists
if and only if corresponding improper integrals exist. Proposition 2.76 will
show that this property is not shared by the RRS, RYS, or CY integral.

Proposition 2.58. Assuming (1.14), let f: [a,b] — X and h: [a,b] — Y
with a < b. The integral (HK) [° f-dh is defined if and only if the integral
(HK) [ f-dh is defined for each x € (a,b) and the limit

b
lifn {(HK)/ f-dh+ f(a)-[h(x) — h(a)}} (2.55)
exists. Also, the integral (HK) ffl’ f-dh is defined if and only if (HK) [} f-dh
is defined for each x € (a,b) and the limit

i {015) [ J-ah+ F010000) - i)

zTb
exists. In either case, the limit and the integral over [a,b] are equal.

Proof. We prove only the first part of Proposition 2.58 because a proof of
the second part is symmetric. Suppose that I := (HK) [° f-dh is defined.
Then I(z) := (HK) /b f-dh is defined for each x € (a,b] by Proposition
2.56. Given € > 0, let §(-) be a gauge function on [a,b] such that any two
Riemann—Stieltjes sums based on J-fine tagged partitions differ by at most e.
For x € (a,a+d(a)], by Proposition 2.56 and Lemma 2.53(a), there is a d-fine
tagged partition 7, of [a, z] such that the Riemann—Stieltjes sum based on 7,
is within € of (HK) [ f-dh. Also, let 7 be any J-fine tagged partition of [z, b]
and o, := ({a,z},a). Let 1 and 72 be two tagged partitions of [a,b] which
coincide with 7, and o, respectively, when restricted to [a, z], and which both
equal 7 when restricted to [z,b]. Then 7y and 72 are d-fine and

|1 1) = Sa)lbte) — hial] < | 1K) [ = Sns(s, dhsrs)

+ ||Srs(f,dh; 71) — Srs(f,dh; 72) |
< 2e.
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Since z € (a,a + 0(a)] and € > 0 are arbitrary, the limit (2.55) exists and
equals I. Thus the “only if” part of the proposition holds.

To prove the converse implication we need the following auxiliary state-
ment, sometimes called Henstock’s lemma.

Lemma 2.59. Supposea <b andI := (HK) ffl’ f-dh is defined. Given e > 0,
let 0(+) be a gauge function on [a,b] for I and ¢, and let ({z;}1 o, {vi}ly) be
a 0-fine tagged partition of [a,b]. Then for any subset J C {1,...,n},

| (st i) - rm) [ pand e o0
ieJ Ti—1

Proof. Let k :=cardJ’ for J' := {1,...,n}\ J, and let ¢ be an arbitrary
positive number. By Proposition 2.56, for each i € J’, there is a d-fine tagged
partition 7; of [z;_1, ;] such that

< €/k.

Sps(f,dh; ) — (HE) /x f-dh

Let 7:= ;e Ti UU;e;({mim1,%i}, i). Then 7 is a d-fine tagged partition of
[a,b], and the left side of (2.56) is equal to

b

[t nr) — k) [ a3 {snstranmn) - ) [ pan)

ic€J’

which is less than e + €. Since € is arbitrary, (2.56) holds. a

Continuation of the proof of Proposition 2.58. Suppose that the limit
(2.55) exists. Let I be its value. Then I(z) := (HK) [° f-dh is defined for
each z € (a,b).

Given € > 0, we will construct a gauge function 6(-) on (a,b] such that
for each = € (a,b), a + §(x) < z and |[I(x) — Sgs(f,dh; )| < e for any
o-fine tagged partition 7% of [z,b]. Suppose we have such a gauge function
0(+) on (a,b]. Define §(a) so that || — I(x) — f(a)-[h(x) — h(a)]|| < € for any
z € (a,a+0(a)]. Let 7 = ({x;}1y, {vi }7- ) be a d-fine tagged partition of [a, b].
Then by construction of §(-), we have that y; = a, 7" = ({z;}71, {vi}1s)
is a d-fine tagged partition of [x1, ], and

|1 = Srs(f.dh;7)|| < [|[I(21) — Srs(f,dh; 7|

|| = I(21) = f(a)-[h(z1) = h(a)]]|
< 2e.

Thus the integral (HK) [° f-dh is defined and equals I.
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To construct the desired gauge function d(-) on (a, b, let {u,: n >0} be a
decreasing sequence of numbers such that ug = b and lim,, . u, = a. Given
€ >0, let 61(-) be a gauge function on [uy,ug) for (HK) [, f-dh and €/2. For
n > 2, let 0,(-) be a gauge function on [un, u, 2| for (HK) [;/*~ f-dh and
€/2". For z € (u1,ug] define §(z) so that 0 < §(z) < §1(z) and uy < z — 6(2).
For z € (un,un—1] with n > 1, define 6(z) so that 0 < 6(z) < d,(z) and
Up < z—0(2) < 24 0(2) < tp—g. Thus §(-) is defined on (a,d]. Let = € (a,b)
and let 77 = ({@i}%0, {v:}72,) be a d-fine tagged partition of [z, b]. For each
n > 1,let I, := {i: y; € (un,un-1]}, and let J,, := Uey, [xi-1,2:]. By
construction, 7% restricted to J, is a d,-fine tagged partition of J,. Since
J1 C (u1,uo] and J,, C (up,un—2) for each n > 2, by Lemma 2.59, for each
n>1,

| Z{f@i)'[h(%)—h(wi—l)}—(HK)/flf-dh}H < o

icl, i —
Thus , -
H(HK)/ f-dh = Sgs(f,dh )| < 3 e/2m =
x n=1
As noted earlier, this completes the proof of Proposition 2.58. O

Proposition 2.60. Let h be a real-valued function on [a,b]. If (HK) [2 f dh
exists whenever [ =1y for an interval J, then h is regulated on [a,b].

Proof. Suppose not. Then we can assume that for some uy | ¢ € [a,b), the
h(uy) do not converge. If h(uy) are unbounded let € = 1. If they are bounded
let € := 37! [limsup,, ., h(up) — liminfy_ h(ug)]. Let fo := 1(.,. Take a
gauge function &(-) on [a,b] for € and (HK) [? f.dh. By Lemma 2.57, there
exist a gauge function ¢’ < § and a ¢’-fine tagged partition 7 of [a, b] with ¢
as the tag for an interval [x;_1,2;] and ¢ < ;. For all k large enough we have
ur < x;. Then take a §'-fine tagged refinement 74, of 7 where ¢ is the tag for
[zi—1,ux], by Lemma 2.53(a) for [uy, ;]. The corresponding Riemann—Stieltjes
sums

Srs(fe,dh; ) = h(b) — h(uz)

vary by more than 2¢ as k — oo, a contradiction. O

Suppose a continuous function f: [a,b] — R is differentiable everywhere
on (a,b). It may be that f’ is not Lebesgue integrable, e.g. if [a,b] = [0, 1],
f(z) = a?sin(mr/2?), 0 < # < 1, f(z) = 0 elsewhere. Between 1910 and
1920, Denjoy and Perron (see the Notes) defined integrals such that for every
such f/) [7 f'(t)dt = f(x) — f(a), a < 2 < b. The next fact shows that the
later-invented Henstock-Kurzweil integral has this property:
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Theorem 2.61. Let f be a continuous function from [a,b) to R having a
derivative f'(x) for a < x < b except for at most countably many x. Then
(HK) [T f'(t) dt exists and equals f(x) — f(a) for a < x <b.

Proof. The statement follows from Theorems 7.2 and 11.1 of Gordon [84]. O

For another example, f(z) := 2?sin(e'/®), 2 # 0, f(0) := 0, satisfies the
conditions of Theorem 2.61 although f’ has very wild oscillations.

*2.7 Ward—Perron—Stieltjes and Henstock—Kurzweil
Integrals

Before defining the Ward—Perron—Stieltjes integral we need to define what
are called major and minor functions. Given two real-valued functions f, h on
[a,b], we call M a major function of f with respect to h if M(a) =0, M has
finite values on [a, b], and for each = € [a, b] there exists §(x) > 0 such that

M(z) > M(z) 4+ f(x)[h(z) — h(z)] if =<z <min{bz+d(x)}, (2.57)
M(z) < M(x) + f(x)[h(z) — h(z)] if max{a,z—4d§x)}<z<z 7
Thus for a major function M there exists a positive function dps(-) = §(+) on
[a, b] which satisfies (2.57). Let U(f, h) be the class of all major functions of
f with respect to h, and let

[ inf{M(®): M eU(f,h)} if U(f,h)#D,
uitm '_{+oo it U(f.h) =0

A function m is a minor function of f with respect to h if —m € U(—f, h).
Let L(f,h) be the class of all minor functions of f with respect to h. Thus
m € L(f,h) provided m(a) = 0, m has finite values on [a, b], and there exists
a positive function 6(-) = d,,() on [a,b] such that

m() < m(r) + [(@)h() ~h)] <z <mindb bS], o g

() + f(z)[h(2) = h(z)] if max{a,xz—d(x)} <z <.

_ Jsup{m(b): m € L(f,h)} if L(f h)#0,
L(f’h)'_{oo it £(f.h) =0.

Then the following is true:

Lemma 2.62. L(f,h) <U(f,h).
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Proof. The statement is true if either of the sets L£(f,h) or U(f,h) is empty.
Suppose that £(f,h) and U(f,h) are nonempty. Let m € L(f,h) and M €
U(f,h). Also, let 0 := &, Adpr and w(x) := M (z) — m(z) for z € [a,b]. By
(2.57) and (2.58), for each z € (a,b], it follows that

>w(x) if = <z<min{bz+d(x)},
w(z) <w(z) if max{a,z—0(z)} <z <a.

Therefore inf {M(z): M € U(f,h)} — sup {m(z): m € L(f,h)} is a non-
decreasing function of x. Then the statement of the lemma holds because
m(a) = M(a) = 0. O

Now we are ready to define the Ward—Perron—Stieltjes integral.

Definition 2.63. If U(f,h) = L(f,h) is finite then the common value will
be denoted by (W PS) ffl’ fdh and called the Ward—Perron—Stieltjes integral,
or the W PS integral.

Note that if @ = b then U(f,h) = L(f,h) = 0, and so the integral
(WPS) [2 fdh equals 0. First we show that the Ward-Perron—Stieltjes in-
tegral extends the refinement Riemann—Stieltjes integral.

Theorem 2.64. If (RRS) [° f dh exists then so does (W PS) [° f dh, and the
two are equal.

Proof. We can assume that a < b. For a < u < v < b, let M(u,v) be
the supremum of all Riemann—Stieltjes sums Sgs(f,dh; ) based on tagged
partitions 7 of [u,v], with M (u,u) = 0. Then

M{(u,y) = M(u, ) + f(2)[h(y) = h(z)] if  w<z<y,

M(u,y) < M(u,2) + f(2)[h(y) - h(x)] if u<y<aw (2.59)

Suppose (RRS) 2 fdh exists and € > 0. Then there exists A = {z;: j =
0,...,m} € PP [a,b] such that

b b
(RRS) / fdh —e < Sps(f.dh;7) < (RRS) / fdh+e (2.60)

for each tagged refinement 7 of A. For each x € (a,b], let j(x) be the largest
integer such that z;(,) < . Let M(a) := 0, and for each x € (a,b] let

J()
M(.’E) = Z M(zj_l, Zj) + M(Zj(x), .’L‘),

j=1

where the sum over the empty set is 0. Define a positive function §(-) on [a, b]
by 0(x) := min{z — 2j(), 2j@z)+1 — T} if © € (2j@), Zj(2)41), 0(a) = 21 — a,
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0(b) :=b—zm—1, and 6(z;) :=min{z; — zj_1,2j41 — 2z} for j=1,...,m—1.
By (2.59), the functions M and ¢ so defined satisfy (2.57). Hence M is a
major function of f with respect to h. By (2.60), it follows that M(b) <
(RRS) ffl’ fdh + €. Similarly one can define a minor function m such that
m(b) > (RRS) [? f dh—e. Since e is arbitrarily small, this proves the theorem.

O

Next is the main result of this section, which says that the Henstock—
Kurzweil and Ward-Perron—Stieltjes integrals coincide.

Theorem 2.65. The integral (WPS)[° f dh exists if and only if (HK)[° f dh

exists, and then their values are equal.

Proof. We can assume that a < b. Suppose (WPS) ffl’fdh is defined. Then
given € > 0, there exist a major function M € U(f,h) and a minor function
m € L(f,h) such that

b
M) — e < (WPS)/ Fdh < m(b) +e (2.61)
Let ¢ := dpr Ay, and let 7 = ({17, {sz} * ;) be any é-fine tagged partition
of [a, b], which exists by Lemma 2.53(a). By (2.57), we have
M(t) ~ M(s) 2 fls) Bt — (50, .
M (si) = M(ti—1) = f(si)[h(s:) = h(ti-1)] '

for each i = 1,...,n. Adding up the 2n inequalities (2.62), we get the upper
bound M (b) > S(;( ) for the Riemann—Stieltjes sum Ss(7) := Srs(f,dh; 7).
Similarly, using (2.58), we get the lower bound Ss(7) > m(b). By (2.61), it
then follows that

b b
(WPS)/ fdhfe<55(r)<(WPS)/ fdh+e

Thus (HK) [° f dh exists and has the same value as the (W PS) integral.

Now suppose (HK) ff;fdh is defined. Given € > 0 there exists a gauge
function 6(-) such that for each J-fine tagged partition 7, the Riemann—
Stieltjes sum Ss(7) := Sgrs(f, dh; ) has bounds

(HK) /bfdh — € < Ss(7) < (HK) /b fdh+e (2.63)

For each z € (a,b], let §,(-) be the gauge function 0(+) restricted to the interval
[a, 2], and m(z) := inf {Ss, (7): 7 € TP(6s,[a,2])}, M(x) :=sup {Ss,(7): 7 €
TP(s,[a,2])}. Let m(a) = M(a) := 0. Then m(x) and M(z) have fi-
nite values for each =z € (a,b]. Let © € (a,b) and z € (z,x + 0(z) A
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b]. Then for each 7 = ({a = to,....twm = x},{s:}y) € TP(dz,[a,x]),
({to, .. tm, 2z}, {s1,- -+, Sm,x}) € TP(d.,[a, z]). Thus

S5, (1) + f(@)[1(2) — h(2)] < M(2)

for any 7 € TP(dy, [a,z]). Thus the first inequality in (2.57) holds. Similarly
one can show that the second one and (2.58) also hold. Therefore m and M

are minor and major functions respectively. By Lemma 2.62, the definitions
of L(f,h) and U(f,h), and (2.63), it then follows that

(HK)/bfdh—egm(b) < L(f.h) < U(f,h) < M(b) < (HK)/bfdh+e.

Since € > 0 is arbitrary, L(f,h) = U(f,h) and equals the HK integral. The
proof of Theorem 2.65 is complete. O

Next we show that for integrators in the class ¢o((a, b)) = ¢o((a, b), [a,b]; R)
with @ < b (cf. Definition 2.9), the Henstock-Kurzweil and Ward—Perron—
Stieltjes integrals differ from the refinement Young—Stieltjes, central Young,
and Kolmogorov integrals.

Proposition 2.66. For f € R[a,b] and any h € cy((a,b)) if a < b or h €
Rla,al, i.e. h is any function {a} — R if a = b,

b

b
(ryS) [ gan=(cY) [ fah= + Fdugu =0

[a,b]

Proof. This follows from the definitions of the integrals because p = hgf)

Ai’b]h = fnjap) = 0 if @ < b and pyp, [q,q) = 0.

O

We will show in Proposition 2.68 that the analogous statement for the
Henstock—Kurzweil integral does not hold.

Lemma 2.67. For each h € co((a,b)) with a < b there exists a right-
continuous [ € Rla,b] such that A~ f =h on (a,b).

Proof. Let h =}, ¢ilie,y. Foreachi > 1, let fi(x) := 0if x € [a, §)U[& 404, D]
for some §; > 0, let f;(&) := ¢;, and let f; be linear on [§;,&; + d;]. If §; — 0
fast enough as i — oo so that each (&;, & +0;) contains no &; with |¢;| > |¢;|/2,
then f := )", fi converges uniformly on [a,b] and f has the stated properties.

O

Proposition 2.68. There exist h € ¢o((0,1)) and f € R[0,1] such that
(HK) [y fdh is undefined.
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Proof. For k odd, k = 1,3,. —1,n = 1 vy let h(k/2m) = 1/27/3
and h = 0 elsewhere. Then h € cO(( ) y Lemma 2.67, take a right-
continuous f € R[0, 1] such that A~ f(k/2") = /2"/3 fork=1,3,...,2" -1
andn=1,2,....

Let 0(+) be any strictly positive function on [0, 1]. By the category theorem
(e.g. Theorem 2.5.2 in Dudley [53]), there is an interval J = [¢,d] C [0, 1] of
length e for some € > 0 such that d(y) > € for a dense set S of y in J, and the
endpoints of J are not dyadic rationals. So, all tagged partitions of J with
tags in S are d-fine.

For r = 1,2,..., let M(r) be the set of all binary rationals k/2" in J for
integers n, 1 < n < r, and odd integers k > 1. As n — 400, the number of
such k/2" for a fixed n is asymptotic to 2" te. For a given r write M (r) =
{xgj,l};-”:l where x1 < x3 < -+ < T9;,—1 for some m = m(r). For each j €
{1,...,m—1}, choose x3; € (x2j_1,%2j+1) which is not a dyadic rational, and
let zg := ¢, xay, := d, recalling that J = [e,d]. For each j € {1,...,m}, choose
Y2j—1 € SN (x2j—2,22j—1) and y2; € SN (x25-1,22;) close enough to xa;_1 so
that [[f(y2;) — f(y2j-1) — A7 f(w2j-1)]h(w2-1) < 1/|M(r)[, where [M(r)| =
card (M(r)). Then ¢, := ({z;}3%, {y;}32,) is a o-fine tagged partition of .J
and

— Srs(f,dh; G) ZA F(@aj—1)h(z2;-1)| < 1.

Since the latter sums are unbounded as r increases, so are the former
Riemann—Stieltjes sums. Then combining (. with a d-fine tagged partition
of [0,¢] (if 0 < ¢) and a Jd-fine tagged partition of [d,1] (if d < 1), which
exist by Lemma 2.53(a), we get unbounded Riemann—Stieltjes sums for é-fine
tagged partitions of [0, 1]. Since the gauge function 6(-) on [0, 1] is arbitrary,
(HK) [y f dh does not exist. a

Under some restrictions on the integrator, the Henstock—Kurzweil integral
will be shown to extend the refinement Young-Stieltjes integral. Note that
in the following, h may be a function R, , as in Proposition 2.6(f), right-
continuous on (a,b) but not necessarily at a, so the RYS integral can be
replaced by the Kolmogorov integral according to Corollary 2.26.

Theorem 2.69. Suppose f and h are regulated on [a,b], and if a < b, h
is right-continuous or left-continuous on (a,b). If (RYS) [2 fdh exists then
(HK) [° f dh ezists and has the same value.

Proof. We can assume that a < b and h is right-continuous on (a, b) by sym-
metry. Given € > 0, let A = {2;}}]., be a partition of [a,b] such that for any
Young tagged refinement 7 of A,

b
Sys(f,dh;7) — (RYS) / fdh‘ <e (2.64)
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Recall A, , f defined before (2.1) and f{"* defined in (2.46). Then Af, , f =

J(ra’b) — f on [a,b]. By Lemma 2.49 we can assume that (2.64) holds also for f

replaced by fia’b) or by Aab)f, taking A as a common refinement A = A’ U\’

of partitions A" for fj_a’b) and €/2, and \" for AE’; b)f and €/2. So it suffices to

prove the theorem for fj_a’b) and for A;;’b)f.

Define a gauge function §(-) on [a, b] as follows: if ¢ & A, let () := min; [t—
zj|/2. Then any 6(-)-fine tagged partition must contain each z; as a tag. For
J=0,...,m, define §(z;) such that §(z;) < min,;»; |z; — z;{/3 and

m

1/ 1l oo Z {Osc(h; [z — 6(2),2;)) + Osc(h; (zj—1, 2zj—1 + 2(5(zj_1)])} < e

j=1
(2.65)
Let 7= ({t:}1¢, {s:}7—1) be any 4(:)-fine tagged partition of [a, ] and let

n

Ss(1) := Srs(f,dh; 1) = Zf(sz) [A(ti) = h(ti-1)] (2.66)

i=1

be the Riemann—Stieltjes sum based on 7. We can assume that s; = t; = s;41
never occurs, since if it did, the ith and (i+1)st term in Ss(7) could be replaced
by f(si)[h(ti+1) — h(ti—1)], and we would still have a Riemann—Stieltjes sum
based on a §(-)-fine tagged partition equal to Ss(7). Since the tags {s;}7,
must contain the points of A, for each index j € {0,...,m} there is an index
i(j) € {1,...,n} such that z; = s,). Let p := {i(j): j = 0,...,m} C
{1,...,n}. For j =1,...,m — 1, by definition of 4(-), we must have

We also have i(0) =1, s; = 29 = o = a and i(m) = n, Sy = 2m =t, = b.
Now consider the case that f is right-continuous on (a,b), which holds
when f = ia’b). We will show that one can find a Young—Stieltjes sum, based
on a refinement of A\, which is arbitrarily close to the Riemann—Stieltjes sum
Ss(7). To this aim we will replace the values h(t;) in Ss(7), i =1,...,n —1,
by values h(z;) at continuity points z; of h, close to ;. Then the Young—
Stieltjes sum terms f(x;)ATh(x;) will be 0. Define a Riemann-Stieltjes sum
T by, for each i = 1,...,n — 1 such that ¢; < s;41, replacing ¢; in Ss5(7) by a
slightly larger x; > t; which is a continuity point of A with x; < s;41. Then
|T — Ss5(7)| < €. Define another Riemann—Stieltjes sum U equal to T except
that for each i such that s;11 = ¢, and 1 < i < n — 1, we replace s;11 by
vi+1 and t; by x; with t; < x; < y;41 < t;+1, where z; is a continuity point
of h and y; 1 — t; is as small as desired. Since f is right-continuous on (a, b),
we can make |[U — T'| < e. In either case we can assume that s; < ¢; < z; <
8i+20(s;) fori=1,...,n—1. Let 2y := a and x,, := b. Let y; := s; for each
i=2,...,n—1for which y; was not previously defined. Thus y;(;) = s;(;) for
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j=1,....,m—1by (2.67). Choose any y; € (a,t1) and y, € (x,—1,b). Let
V := Sys(f,dh;() be the Young—Stieltjes sum based on the Young tagged
point partition ¢ := (§,m) = ({@:}1—g, {vi}7=1)- Then

vV -Ul
= |f(a)ATh(a) + f(y1)[h(z1) — h(a+)] = f(a)[A(z1) — h(a)
+ F(O)ATRD) + f(yn)[P(0—) = h(zn-1)] = F(O)[R(b) = Pzn-1)]|
= [f(y1) = F(@)][h(z1) = hlat)] + [f (yn) = FON[A(b=) = h(zn-1)]] < 2e

by (2.65). Now let r := AUE = {w}}_, a partition of [a, b] with k = m+n—1.
Each interval (x;_1,x;) for ¢ = 2,...,n — 1 contains z; if i = i(j) € p,
and otherwise contains no z; and becomes an interval (u;_i,u;) for some
[. In the latter case let v; := y;. In the former case we have for some I,
U—g = i1 < 2; = w—1 < x; = w. Choose any vj_1 = w; with y;_» <
v—1 < w1 and v = rj with w—1 < v; < w;. Let W := Sys(f,dh; (k,0))
be the Young—Stieltjes sum based on the Young tagged point partition (k, o),
where o := {v;}}_,. Then

W VI = | 3 { () ~ b)) + F:)Ahz)
 Fh@igy =) = b)) = £ ) i =) = M1l |
< 3 |17w) — FCNh(E) ~ b))
3 (105) ~ £l ) — b)) < 2e

by (2.65). Here W is a Young—Stieltjes sum based on the Young tagged refine-
ment (k,0) of A, so |[W — (RYS) [° fdh| < e. Thus |Ss(7) — (RYS) [° fdh| <
Te. The conclusion follows when f is right-continuous on (a, b).

Next consider the case that f € c¢o((a, b)) (cf. Definition 2.9), which holds
when f = AE;,b)f' There is a set of tags {w;}7., for the partition A = {2;}7,
such that (A, {w;}7",) is a Young tagged point partition of [a, b] and f(w;) = 0
for all j. Thus by (2.64),

m—1
’ 3 F(z)A"h(z) - (RYS) /bfdh’ <e (2.68)
=1 @

By (2.67), t; € A only for ¢« = 0 and n. For any set v C {1,...,n — 1},
consider partitions £ = {w/}}_,, k = m +n — 1, of [a,b] consisting of A, ¢;
for i € v, and for each ¢ € {1,...,n — 1} \ v, a continuity point of h close to
t;. Let I(1) < -+~ < I(n — 1) be such that {u;;}7—;" are the u; not in \. Let
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o = {u}F_, be a set of tags for x such that (k,0) is a Young point partition
of [a,b] and f(v;) = 0 for all . Then from (2.68) and (2.64) we obtain

‘Zf(ti)A‘h(ti) < 2. (2.69)
i€V

Consider also partitions (k,o) defined in the same way except that for
¢c{l,...,n—1},ifi € £\ pand i is even, i ¢ p implies I(i — 1) = I(¢) — 1.
We take u; = u(;) to be a continuity point of A a little larger than ¢;, while
uy(4)—1 is a continuity point of h a little smaller than ¢;_1 and vy = t;—1. For
each i = 1,...,n — 1 such that ;) is not yet defined, let it be a continuity
point of h near t;, which is then true for all i = 1,...,n — 1. Let f(v;) =0
for other [ as before. For even i € £\ p, letting w;(;) | t; and wy—1 T ti1, it

follows that

‘ STt )B(t) — h(tia—)): i€ €\ p, i even}’ < 2.
The same holds likewise for i odd. Thus

|3 At vt - At ]| < e

i€§\p

With v ={i—1: i€ &\ p}in (2.69) this gives
| > Fttn)nt) — bt < 6e.
1€E\p

If s; = t;—1 then i € p by (2.67). Thus

‘ Z {f<t1_1>[h<tl) — h(ti_1)}2 ti—l = S;, 1= 2, ey — 1}’ S Ge.

Here f(t;—1) could be replaced by f(t;—1) — f(yi), where t;—; < y; < t; and
f(y;) = 0. So the Riemann—Stieltjes sum (2.66) differs by at most 6e from the
Riemann—Stieltjes sum

S = Z f(wi)[h(t;) — h(ti-1)],

where w; := y; if t;_ 1 = s; and i = 2,...,n — 1, w; := s; otherwise. Then
ti1 <w; <t;fori=2,...,n—1. The rest of the proof follows as in the case
when f is right-continuous and t; < s;41 foralli=1,...,n—1,sothat U =T
and y; = s; for all i = 2,...,n — 1. The proof of Theorem 2.69 is complete.

O
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The following gives a partial converse to the preceding theorem. We say
that the Young-Stieltjes sums for f and h are unbounded on any subinterval
of [a,b] with a < bif for all a < ¢ < d < b, sup{|Sys(f,dh;7)|} = +00, where
the supremum is taken over all Young tagged partitions 7 of [¢, d]. Then the
sums based on partitions which are refinements of any given partition of [c, d]
are also unbounded.

Proposition 2.70. Let a <b. Given [ left- or right-continuous on (a,b) and
h € Rla,b], suppose that the Young—Stieltjes sums for f and h are unbounded
on any subinterval of [a,b]. Then (HK) [° f dh does not exist.

Proof. Suppose that (HK) [° f dh exists. Let 6(-) be a gauge function and I
a number such that for any J-fine tagged partition ({z;}1, {v:},) of [a, b],

] Z Fly)h(as) — hzio)] — 1] < 1. (2.70)

By the category theorem (e.g. Theorem 2.5.2 in Dudley [53]), there are an
interval [¢, d] and a positive integer m such that §(x) > 1/m for all z in a dense
set S in [, d]. Replacing [c, d] by a subinterval of itself, we can assume that 0 <
d—c < 1/m and that ¢,d € S. Thus every tagged partition ({& 1}, {n; le)
of [c, d] with tags n; € Sfor j =1,..., kis §-fine. Take a §-fine tagged partition
as in (2.70), where we can take some y; = ¢ < y; = d by Lemma 2.53(c). We
can also take x; = ¢ and xy = d, as follows. If initially y; = ¢ < x;, then let

x, =x,forr=0,1,....i—landy. ==y, forr=1,...,i—1. Let 2} :== y} := ¢

-
and for r =i,...,n, let y/,, ==y, and z} ., := x,. Then ({z}}4", {y/}I1")
is a d-fine tagged partition of [a,b] giving the same sum as in (2.70). We can
take d as some x; likewise. Let k be the resulting -fine tagged partition of
[a,b]. We show next that the part of  corresponding to [c, d] can be replaced
by a tagged partition of [¢, d] such that the corresponding Riemann—Stieltjes
sum is arbitrarily large and the resulting tagged partition of [a, b] is d-fine.

For any M < oo, by assumption, there is a Young tagged partition 7 =
({tj}fzo, {sj}?zl) of [e,d] such that |Sys(f,dh; )| > M. Since h is regulated,
there exist v; < t;, j = 1,...,k, and u; > t;, j = 0,...,k — 1, such that
i1 <wuj_1 <s;<v;<tjforj=1,...,kand

k—1
()[R (uo) = h(c)] + Z Ft5)[h(u;) = h(v))]

k

+ D fs9)h(v) = hluj—1)] + f(d)[R(d) — h(vr)]| > M.

j=1

Now since f is right- or left-continuous, and S is dense, we can replace s;
by some 5; € S as close to s; as desired, making a small change in the sum.
Likewise we can replace ¢; by some t; € S, where u;_1 < s < v; <t <y for
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each j =1,...,k—1. Recall that c,d € S; the endpoints ¢y, {; are not replaced.
We thus obtain a Riemann—Stieltjes sum X' for a J-fine tagged partition ¢ of
[c,d] with |X| > M. Then joining ¢ with the J-fine tagged partitions of [a, (]
(if a < ¢) and [d,b] (if d < b) given by the fixed tagged partition x, we
get unbounded Riemann-Stieltjes sums for -fine tagged partitions of [a, b],
contradicting (2.70). a

Ward [238] stated and Saks [201, Theorem VI.8.1] gave a proof of the
fact that the integral (WPS) ffl’ fdh is defined provided the corresponding
Lebesgue—Stieltjes integral (LS) [ 3 fdh is defined, and then they are equal.
By Theorem 2.65, the Henstock-Kurzweil integral is in the same relation
with the LS integral. The following gives conditions under which the converse
holds.

Theorem 2.71. Let f be nonnegative on [a,b] and let h be nondecreasing on
[a,b] and right-continuous on [a,b). Then (HK) [° fdh ezists if and only if
(LS) fg fdh does, and then the two are equal.

Proof. If a = b both integrals are 0, so we can assume a < b. The Mc-
Shane integral is defined as the HK integral except that in a tagged parti-
tion ({t;}1q, {si}7,) the tags s; need not be in the corresponding intervals
[ti—1,t;]. By Corollary 6.3.5 of Pfeffer [185, p. 113], under the present hypothe-
ses (HK) [P f dh exists if and only if the corresponding McShane integral ex-
ists, and then the two are equal. The equivalence between the McShane and
Lebesgue-Stieltjes integrals when f > 0 and h is nondecreasing was proved
by McShane [167, pp. 552, 553]. Also, it follows from Theorem 4.4.7, Propo-
sition 3.6.14, and Theorem 2.3.4 of Pfeffer [185]. The proof of the theorem is
complete. O

2.8 Properties of Integrals

In this section, by “F integral” we will mean an integral  f-dh as opposed to
an integral 3@ f-dp for an interval function p. Suppose that the basic assump-
tion (1.14) holds. For functions f: [a,b] — X and h: [a,b] — Y, consider the
following properties of an integral [ fl’ f-dh:

I. For uj,us € Kand fi, fo: [a,b] — X,

b b b
/(U1f1 +U2f2)'dh:U1/ f1'dh+uz/ fa-dh,

where the left side exists provided the right side does.
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II. For vy,ve € K and hy,ho: [a,b] =Y,

b b b
/ f'd(Ulhl + Ughg) = Ul/ fdh1 + ’U2/ f'th,

where again the left side exists provided the right side does.
III. For a < ¢ < b, [° f-dh exists if and only if both [¢ f-dh and [° f-dh exist,

and then ) ) )
/a f'dh:/a f'dh+/c f-dh. (2.71)

IV. If a < b and [? f-dh exists then for each t € [a,b], taking a limit for
s € [a,b]if t = a or b, I(t) = I(f,dh)(t) := [} f-dh exists and

limy { 1() — I(s) = f(¢)}[(t) = h(s)]} = 0. (2.72)

Properties I and IT imply that the operator V x W 3 (f,h) — [ f-dh e Z
is bilinear for any function spaces V, W on which it is defined. If property
IV holds, the indefinite integral I(f,dh)(¢), t € [a,b], is a regulated function
whenever the integrator h is regulated, and then

ATI(t) = f(t)-A"h(t) and AVI(s) = f(s)-ATh(s) for a<s<t<b.

Theorem 2.72. The RS, RRS, RYS, S, CY, HK and 3@ integrals satisfy
properties I and 1I.

Proof. We prove only property I because the proof of property II is symmetric.
We can assume that a < b. Let uy,us € K, f1, fo: [a,b] — X, and h: [a,b] —
Y. For the RS, RRS, and HK integrals, property I follows from bilinearity
of the mapping (f,h) — f-h from X x Y to Z, and from the equality

Srs(u1 fr +uafo,dh; 7) = w1 Srs(f1,dh; 7) + u2Srs(f2, dh; 7),

valid for any tagged partition 7 of [a, b]. The same argument with Riemann—
Stieltjes sums replaced by Young—Stieltjes sums (2.16) implies property I for
the Y'S integral, and so it holds for the full Stieltjes .S integral. Also, property
I holds for the  integral by Proposition 2.27.

For the C'Y integral given by the Y7 integral (2.44), let fi1, fa be regulated
functions. On the interval [a,b), we have (uy f1 +uz2f2)+ = w1 (f1)+ +u2(f2)+
and AT (uyf1 + uafa) = ur AT f1 + ug AT fo. Property I for the C'Y integral
follows, since it holds for the RRS integral and by the linearity of uncondi-
tionally convergent sums. The proof of Theorem 2.72 is complete. O

Theorem 2.73. The RRS, RYS, S, CY, HK, and ¥ integrals satisfy prop-
erty I11.
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Proof. Let a < ¢ < b and let f: [a,0] — X and h: [a,b] — Y. Suppose
that (RRS) [ f-dh and (RRS) [’ f-dh exist. For a tagged partition 71 =
({mi}io, {ti}iz1) of [a,c] and a tagged partition 72 = ({y;}}Lo, {si}72) of
[, 0], let 7 = ({mi}fg U {y;}7ey, {ti}ie, U {s;}jL,), a tagged partition of
[a,b]. Then the equality

Srs(f,dh;7) = Srs(f, dh; 1) + Srs(f, dh; 72) (2.73)

yields that (RRS) [ f-dh exists and (2.71) holds for the RRS integral. For
the converse suppose that (RRS) /, 3 f-dh exists. Applying the Cauchy test for
pairs of tagged partitions 7" and 7" of [a,b] which are refinements of {a,c, b}
and induce the same tagged partition of [c,b], it follows that (RRS) [; f-dh
exists. Likewise (RRS) [’ f-dh exists. The proof of property IIT for the RRS
integral is complete.

The proof of property III for the RYS integral is the same except that the
equality

Sys(f,dh;7) = Sys(f,dh; 1) + Sys(f,dh; 72)

for Young tagged partitions as in (2.16) is used instead of (2.73). Thus prop-
erty IIT also holds for the 3@ integral by Proposition 2.27. Since property III
holds for the RRS and RYS integrals it also holds for the full Stieltjes inte-
gral (S) [? f-dh by definition 2.41 of the (S) integral and since f and h have
a common one-sided discontinuity on [a,d] if and only if they also have one
on at least one of [a, c] or [c, b].

Since property III for the H K integral is proved by Proposition 2.56, it
is left to prove property III for the CY integral. To this aim suppose that
functions f, h are regulated and that the Y7 integral (Y7) ffl’ f-dh exists. By
the same property for the RRS integral already proved, it follows that the
following three integrals exist and

b c b
(RRS) / F9.dn' = (RRS) / fo-dh'™ + (RRS) / Fdn_.

On the right side the integrand f over [a, ¢] depends on f(c+) and the integra-
tor h_ over [c, b] depends on h(c—). For the two integrals (RRS) [ f+~dh(_a)

and (RRS) [S f h h(a) the difference between Riemann—Stieltjes sums for
each based on the same tagged partition 7 = ({t;}1, {si}i~,) of [a,c] is

Flsnt) h(tn=) = Blta1=)] = £17(s0)-[(tn =) = Bltn-1-)]
= AT f(tn) [h(tn=) = h(tn-1-)]

if s, =t, oris 0if s, € [tp—1,t,). Taking a limit under refinement of tagged
partitions of [a, c], we can get t,—1 T t, = ¢, and so h(t,—) — h(t,—1—) — 0,
while f is bounded. Therefore the following two integrals both exist and are
equal:
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(RRS) / f-dh!®) = (RRS) / Fan.

Next, for the two integrals (RRS) [° f".dh_ and (RRS) [* f"-dh'? the
difference between Riemann—Stieltjes sums for each based on the same tagged
partition 7 = ({t;}1" o, {si}1,) of [¢, D] is

f(s14)-[h(t1=) = h(c=)] = f(s1+)-[h(t1—) = h(c)]
= f(s1+)- A" h(c) — f(c+)A™h(c)
as t1 | tg = ¢, which one can obtain by taking a limit under refinements of

tagged partitions of [c, b]. Therefore the following two integrals both exist and
the equation

b
(RRS) / fP.dh_ = (RRS) / F9.an' 4 f(e+) A ()

c

holds. By the definition of the Y7 integral (2.44), it then follows that the Y;
integral exists over the subintervals [a, ¢] and [¢, ], and we have

b c b
(Y1>/ f-dh = (RRS)/ ferdh +(RRS)/ Fdn_

—[ATf-ATh](a) = Y AT AR — [AT f-A%B)(c)
(a.c)
= AT fAER A [f-ATH](b)
(c.b)
= (RRS)/ £ — (AT FATR) (@) = ST AT fAFR A+ [FA ()
e (a.0)

b
+(RRS) / FOAnD — (AT FATR)(e) = ST AT f AR+ [fATR](b)
¢ (c,b)

= (1) /:f*dh + (Y1) /be'dh.

The converse implication follows by applying the same arguments, and so
property I1II holds for the C'Y integral. The proof of Theorem 2.73 is complete.
O

The Riemann—Stieltjes integral does not satisfy property III. Indeed, for
the indicator functions f := 19 and h := 1(; g defined on [0,2], the RS
integral exists over the intervals [0, 1] and [1,2], but not over the interval
[0,2]. Notice that f and h for this example have a common discontinuity
at 1 € [0,2]. This feature of the Riemann—Stieltjes integral was observed by
Pollard [187], who also showed that the refinement Riemann—Stieltjes integral
does satisfy property III. A weaker form of this property can be stated as
follows:
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IIT'. For a < ¢ < b, if [° f-dh exists then both [¢ f-dh and [° f-dh exist, and
(2.71) holds.

Then we have the following result:
Proposition 2.74. The RS integral satisfies property IIT'.

Proof. Suppose that (RS) fé’ f-dh exists and let a < ¢ < b. Adjoining equal
tagged subintervals of [c, b] to any two given tagged partitions 71, 74 of [a, ¢],
one can form two tagged partitions 71, 72 of [a, b], without increasing ||V |75],
and such that Sgs(7]) — Srs(7) = Srs(71) — Srs(72). Thus one can apply
the Cauchy test to prove the existence of (RS) [ f-dh. Similarly one can show
that (RS) [° f-dh also exists. The additivity relation (2.71) then follows from
the equality Srs((k,&)) = Srs((x', ")) + Srs((k”,£"”)), valid for any tagged
partitions such that kK = k' Ukr”, £ =& UE", and &', k" are partitions of [a, ]
and [c, b] respectively. O

Theorem 2.75. The RS, RRS, RYS, and HK integrals satisfy property IV.

Proof. Suppose that (RS) [? f-dh exists. The indefinite integral Irg(u) =
(RS) [ f-dh is defined for u € (a,b] by Proposition 2.74 and is 0 when v =
a by the definition of the RS integral. Also by Proposition 2.74, we have
Irs(u) — Irs(v) = sgn (u—v)(RS) [4YV f-dh. In light of symmetry of proofs,
we prove only that

lim {(RS) / " Fodh — Sps(f. dh: crv)} =0 (2.74)

for any a < u < b, where for a < v < u, 0, is the tagged partition ({v, u}, {u})
of [v,u]. Let u € (a,b]. Given € > 0 there is a ¢ € (0,u — a] such that any
two Riemann—Stieltjes sums based on tagged partitions of [a,u] with mesh
less than ¢ differ by at most €. For u —§ < v < u, choose a Riemann—Stieltjes
sum Sgrs(7y) = Srs(f,dh; 7,), based on a tagged partition 7, of [v, u], within
e of (RS) [ f-dh. Let 7" and 7" be two tagged partitions of [a,u] with mesh
less than § which are equal when restricted to [a,v] and which coincide with
7, and o, respectively, when restricted to [v,u]. Then

[rS) [ pan— sus(s.ation)

< | rs) / el = Sps(r)|| + | Sas() - Sas(G")| (275)

< 2¢

for each v with u — § < v < w. Since € > 0 is arbitrary, (2.74) holds, proving
property IV for the RS integral.
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If (RRS) ffl’ f-dh exists, we argue similarly. To prove (2.74) with RRS
instead of RS, let € > 0. Then there is a partition A = {¢;}]2, of [a,u]
such that any two Riemann—Stieltjes sums based on tagged refinements of A
differ by at most e. For v € [t;,—1,u), choose a Riemann—Stieltjes sum, based
on a tagged partition 7, of [v,u], within € of (RRS) [ f-dh. Let 7/ and 7"
be two tagged refinements of A\ which coincide with 7, and o,, respectively,
when restricted to [v, u]. Then (2.75) with RRS instead of RS holds for each
v € [tm—1,u), proving property IV for the RRS integral.

Suppose now that (RYS) [° f-dh exists. Let u € (a,b], and for a < v < u,
let o, be a Young tagged partition of the form ({v,u},{s}) of [v,u]. Since h
is regulated by definition of the RYS integral, we have

tim { Sy (£, dhi o) = () [h(u) ~ h(v)] |

= lim {[£(s) = F@)]-[h(u=) = h(v-H)] + [f(0) = f()}-A*h(0) | = 0.

vlu

Therefore and by property III again, we have to show that
lim {(RYS) / F-dh — Sys(f, dh; av)} = 0.

The proof is the same as for the RR.S integral except that Riemann—Stieltjes
sums are replaced by Young—Stieltjes sums. Since property IV for the HK
integral follows from Proposition 2.58, the proof of Theorem 2.75 is complete.

O

Property IV for the H K integral agrees with the “only if” part of Propo-
sition 2.58, which says that existence of the HK integral implies existence of
improper versions. The following shows that the “if” part of Proposition 2.58
does not hold for the RRS integral, for the RYS integral by Propositions 2.18
and 2.46, nor for the C'Y integral by its definition.

Proposition 2.76. There are continuous real-valued functions f, h on [0,1]
such that lims11(RRS) [} f dh exists, but (RRS) [y f dh does not.

Proof. Let s, := 1 —1/m for m = 1,2,.... For each m, let f(s4m—2) =
f(8am) =0, f(sam—1) :== m~ 2, f(0) = f(1) := 0, and let f be linear and
continuous on intervals between adjacent points where it has been defined.
Let h(s4m_3) := 0, 50 h(0) = 0, h(S4m—2) = h(s4m) := m~ /2, h(1) := 0, and
let h also be linear between adjacent points where it has been defined. Then
f and h are both continuous. Since h is constant on each interval where f is
non-zero, we have for 0 < ¢t < 1 that (RRS) [j fdh = 0, taking a partition
containing ¢ and all points s,, < t.

But for any partition k = {¢;}I, of [0,1], there exist arbitrarily large
Riemann—Stieltjes sums for f, h based on refinements of x, as follows. Let my
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be the smallest m such that s4,,,_3 > t,_1. Form a partition xx by adjoining

to k all points s4y,—3, S4m for m = mg, me+1, ..., me+V, and form Riemann—
Stieltjes sums containing terms f(Sam—1)[R(Sam) — A(Sam—3)] = 1/m for all
such m, and 0 terms f(Sam)[R(Sam+1) — h(Sam)]. As N — oo these sums
become arbitrarily large, as claimed. O

The following fact is a change of variables formula for the full Stieltjes
integral.

Proposition 2.77. Let ¢: [a,b] — R be a strictly monotone continuous func-
tion with range [c,d] := ran(¢). Assuming (1.14), let f: [¢,d] — X and
h: le,d] — Y. Then (S) [2(fog)-d(hog) exists if and only if (S) [* f-dh does,
and

(S) fjfdh if ¢ is increasing,

b
(S)/a (fod)-d(hed) = { —(9) fcd f-dh if ¢ is decreasing.

Proof. We can assume that a < b. First suppose that ¢ is increasing. The
inverse function ¢~1 of ¢ is also continuous and increasing from [c, d] onto
[a, b]. Therefore for the two integrals the limits under refinement of partitions
both exist or not simultaneously, and if they do exist they are equal, proving
the first part of the proposition.

Now suppose that ¢ is decreasing on [a,b]. Then letting 6(x) := —a for
x € [=b,—al, it follows that 5 := ¢of is an increasing continuous function
on [—b,—al. Let 7 = ({t;}]_g,{si}]=1) be a tagged partition of [a,b]. Then
7= ({~tn-i}lo, {—sn—i}I=y) is a tagged partition of [~b, —a] and

Srs(fop, dhog; ) = —SRS(fog, dhog 7).
Also, if o is a tagged refinement of 7 then o is a tagged refinement of 7. Thus

—a

b ~ ~
(RRS) / fog-dhoo — —(RRS) /  foddhod.

where the two integrals exist or not simultaneously. Now applying the first
part of the proposition to the integral on the right side, it follows that

—-a . ¢(a)
(RRS) [  foddhod = (RRS) /¢ ,

provided either integral is defined. The same is true for refinement Young—
Stieltjes integrals, proving the proposition. O

Next is a fact which allows interchange of integration with a linear map
for a scalar-valued integrator.
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Proposition 2.78. Let K be either the field R or the field C, and let L be
a bounded linear mapping from a Banach space X to another Banach space
Z. For f: [a,b] — X and h: [a,b] — K, if (RS) [° f-dh exists then so does
(RS) [*(Lof)-dh and

b b
L((RS) / f-dh) — (RS) / (Lof)-dh. (2.76)
Proof. We can assume that a < b. For any tagged partition 7 of [a, b], we have
L(SRS(f, dh; T)) = Sgrs(Lof,dh;T).

Since L is continuous, if (RS) [° f-dh exists then the right side has a limit as
the mesh of 7 tends to zero and (2.76) holds, proving the proposition. O

Next it will be seen that the previous proposition does not extend to cases
where both the integrand and integrator have multidimensional values, for
any integral we consider.

Example 2.79. Let X = Y = R? let Z = R, and let the bilinear form
from X XY into Z be the usual inner product. Let g and h be any real-
valued functions on [0, 1] and v any real-valued interval function on [0, 1]. Let
f(t) == (g(t),0) € R? and H(t) := (0,h(t)) € R? for any ¢ € [0,1]. For any
interval J C [0,1] let u(J) = (0,v(J)) € R% Let L(z,y) = (y,x) for each
(z,y) € R2. Then for each form of integration we have defined, the integrals
[ f-dH and [ f-du exist and are 0, where [ = f(} or [[p,1), but the integrals
[(Lof)-dH and [(Lof)-du may not exist, or may exist with any value.

For all the integrals |, fl’ f-dg defined so far and properties proved for them,
we have the symmetrical properties of integrals f{i’ df-g by (1.15).

Integration by parts

We start with the classical integration by parts formula for the Riemann—
Stieltjes and refinement Riemann—Stieltjes integrals.

Theorem 2.80. Assuming (1.14), let f: [a,b] — X and g: [a,b] — Y. For
# = RS or # = RRS, if (#) [° f-dg exzists then so does (#) [°df-g, and
b b .
@) [ fdg+ @) [ drg=1009) - f@g@) = fol  277)
Proof. We can assume that a < b. Let 7 = ({t;}1, {si}i2,) be a tagged
partition of [a, b], and let sg := tg = a, Sp+1 :=t, = b. Summing by parts, we
have
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D OLF) = Fltion)]-g(si) = f'g\to Zf 9(siv1) —g(s1)].  (2.78)

i=1

For # = RS, notice that if max;(t; — t;—1) < ¢ for some § > 0, then
max;(s;41 — 5;) < 20. Therefore if (RS) [° f-dg exists then by (2.78) and
(1.15), (RS) [° df-g exists and (2.77) holds for # = RS.

For # = RRS, notice that the sum on the right side of (2.78) can be
written as the sum

n

S { () lalsien) = g(t)] + F(t:)-[g(t:) — 9(s:)] | = S.

=0

Thus if {¢;}1, is a refinement of a partition X of [a,b] then S is a Riemann—
Stieltjes sum based on a tagged refinement of A. Hence if (RRS) f f-dg exists
then by (2.78) and (1.15), (RRS) [? df-g exists and (2.77) holds for # = RRS.
The proof is complete. O

Next is an integration by parts formula for the central Young integral as
defined in Section 2.5.

Theorem 2.81. Assuming (1.14), let f € R([a,b]; X) and g € R([a,b];Y).
If a < b, suppose that at least one of the conditions (a) or (b) holds:

(a) the sums Z(a’b) AT f-ATg and Z(a,b) A~ f-Ag converge unconditionally
m 4

(0) on (a,b), f=[f-+ f+]/2 and g = [g9- + g+]/2.

If (CY) [? f-dg eists then so does (CY) [Pdf-g, and

b b
(C’Y)/ f~dg—|—(CY)/ df.g=f~g\z+A, (2.79)

where A = 0 if a = b and otherwise A = — [A+f~A+g] (a)+ [A’f'A’g] b)+B
with

B.=1_ Z(a,b) A+f-A+g + Z(a,b) A~ f-A7g if (CL) holds
' 0 if (b) holds.

Proof. We can assume that a < b. By the definitions of the C'Y" integral (2.51)
and the Y7 integral (2.44),

) [ ' fdg = (RRS) / " .04
—[AtfATg)(a) + [f-A7g](b) = D At A%,

(a,b)
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where the RRS integral exists and the sum converges unconditionally in Z. If
(a) holds, by linearity of unconditional convergence, the sum Z(a b) Arf.A—g
converges unconditionally in Z, and

S AEfFATG- D ATFATg=Y ATfATg- Y ATfATg (2.80)
(a,b) (a,b) (a,b) (a,b)
If (b) holds, since “” is bilinear,
AP fA*g = AYf(2A7g) = QAT f)A"g = A*fA"g.
Thus again the sum Z(mb) A f-A~ g converges unconditionally in Z, and
Y AFfATg=Y " ATfA%g (2.81)
(a,b) (a,b)

Also, in case (a) or (b) the integration by parts theorem for the RRS integral
(Theorem 2.80 with # = RRS) yields that (RRS) [2df{"-g'*) exists and

b b
(RRS) / f.dg'” + (RRS) / dfgl = f0 gl
@ @ (2.82)
= [(b)-9(b=) — f(a+)-g(a).
Hence by definition of the Y; integral (2.45), (CY) [° df-g exists and

b b
©v) [ arg=(nrs) [ ar?g"

+[ATfg](a) + [ATfATg(b) + Y ATfAg.
(a,b)

Then by (2.80) in case (a) or (2.81) in case (b), it follows that

b b b b
(CY) / F-dg + (CY) / df-g = (RRS) / .46 + (RRS) / df.g

b
+1-g], — f(b)-g(b=) + f(a+)-g(a)
—[Atf-ATgl(a) + [A™ f-A7g](b) + A.
This together with (2.82) implies formula (2.79), proving the theorem. O

For the refinement Young—Stieltjes integral, an integration by parts theo-
rem analogous to the preceding one does not hold. Recall that by Proposition
2.52 there are real-valued functions f and h on [0, 1], where f is in ¢¢((0,1))
and h is continuous, for which (CY) [y f dh exists, while (RYS) [y fdh does
not exist. For this pair of functions, (RYS) f01 hdf exists and equals 0 because
f&o) = f(+1) =0,and Y. AT fATh =Y A~ fA~h = 0 since h is continuous.
However, by Theorem 2.51(a) and Theorem 2.81, we have the following corol-
lary:
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Corollary 2.82. Under the conditions of Theorem 2.81, if (RYS) fg f-dg and
(RYS) f}; df-g both exist then (2.79) with CY replaced by RY'S holds.

For a regulated function f on [a,b] with a < b and f := [ffa’b) + fia’b)}/Z,
we have

S flAtg+ > Atflg—g]l=-> ATfATg+ > A fAy,
(a,b) (a,b) (a,b) (a,b)
provided that the sums converge unconditionally. Therefore by Theorem

2.51(b) and Theorem 2.81, the following form of integration by parts for the
refinement Young—Stieltjes integral holds:

Corollary 2.83. Assuming (1.14) and a < b, let f € R([a,b]; X) and
g € R([a,b];Y) be such that at least one of the two conditions (a) and (b)
of Theorem 2.81 holds. If either (CY) [P f-dg or (CY) [2df-g exists then
(RYS) [° f-dg and (RYS) [°df-§ both exist, and

b b
(rYS) [ fg+ (RYS) [ dfg=Fof, - [AT5-A%g](@) + [A"F-A7g)0),
’ ‘ (2.83)
where f = f and § = g if the condition (b) of Theorem 2.81 holds.

Bounds for integrals

Here we give bounds for integrals assuming that either the integrand or inte-
grator has bounded variation.

Theorem 2.84. Assuming (1.14), f: [a,b] — X, and h: [a,b] — Y, we have

(a) if f is regulated and h is of bounded variation then the full Stieltjes integral
(S) [ f-dh is defined and for each t € [a,b],

b
[5) [ ran = sey ) = bl | < Oscl s fahoathsla s (289

(b) if h is regulated and f is of bounded variation then the full Stieltjes integral
(S) [ f-dh is defined and for each t € [a, D],

b
[5) [ #an= 1100 = nG@))| < Osclrs oyl (255)

Proof. We can assume that a < b. In both cases if f and h have no common
discontinuities then the integral [ fl’ f-dh exists in the Riemann—Stieltjes sense
by Theorems 2.42 and 2.17. If f and h have no common one-sided discontinu-
ities then the integral |, 3 f-dh exists in the refinement Riemann—Stieltjes sense
by Theorem 2.17. Under the assumptions of the present theorem the integral
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) g f-dh always exists in the refinement Young—Stieltjes sense by Theorem 2.20,
and so the full Stieltjes integral (S) [° f-dh is defined.

To prove (a) it then suffices to prove it for the refinement Young—Stieltjes
integral. Letting 7 = ({#;}1",, {si}?_,) be a Young tagged partition of [a, b]
and ¢ € [a, b], we have the bound

| Sys(f,dh;7) = f(1)-[n(b) — h(a)]]

< || S0 — £ )| + | 1) - S h) — s

i=

For each 7 = 1,...,n, letting u;_1 | ;1 and v; T t;, one can approximate
A*H(o) by h(uo) = hla), A0) by WD) =~ o), Ah(ts) by o) o)
fori=1,...,n—1and h(t;—) — h(ti=1+) by h(v;) = h(u;—1) fori=1,...,n.
For an arbitrary € > 0, this gives the further bound

< e max || () =S O] ([1h(u0) —h(@)|+ | (B)~ h(vs H+Z||huz (v
+ max | £(s:) — £0)] Z IA(vi) — Alui-1)|| < €+ Osc(f; [a, b])vn (B [a, b).

Since € > 0 is arbitrary, the limit under refinements of Young tagged partitions
gives the bound (2.84) for the refinement Young—Stieltjes integral, proving (a).

As in (a), it will suffice to prove (b) only for the refinement Young—
Stieltjes integral. Let 7 = ({ti}?:o,{si}?:l) be a Young tagged partition
of [a,b]. For j = 1,...,2n, let A;f = f(u;) — f(uj—1) with {u;}3", =
{to,s1,t1, -, Sn,tn} and let {v;}2 Ly = {to+,t1—,t1+,...,t,—}. Summation
by parts gives

Svs(f,dhi7) = F(b)-h(b) = f(a)-h(a) = 3 A;f-h(vj-).

Adding to and subtracting from the right side first f(b)-h(a) and then
f(a)-h(b), we get two representations

Sys(f,dh; ) = f(b)-[h( ZA f[h(vj-1) = h(a)]
(2.86)
= f(a)-[h( ZA fr[h(vj—1) = h(b)].

Thus for t € {a,b}, we have the bound

[Sys(f,dh;7) = f(t)-[h(b) = h(a)]|| < Osc(h; [a,b))v1(f;[a,b]).  (2.87)
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Since T is an arbitrary Young tagged partition of [a, b], (2.85) holds if ¢ € {a,b}.
Suppose that ¢t € (a,b) and let ¢ = ¢, for some v € {1,...,n — 1}. Then
11 = ({ti}i_o, {si}i=1) and 7o := ({t;}}, {si};41) are Young tagged partitions
of [a,t] and [t, b] respectively. Applying the first representation in (2.86) to 71
and the second representation to 7o, it follows that

SYS(fa dha T) = SYS(f, dh Tl) + SYS(f, dh TQ)

= f(t)-[h( ZAf (vj-1) = h(a)]

- Z A; f-[P(vj-1) = h(b)],

i=v—+1

and so (2.87) holds for any ¢ € (a,b) and any 7 containing ¢ as a partition
point. Thus (2.85) holds for any ¢ € [a,b]. The proof of Theorem 2.84 is
complete. O

Corollary 2.85. Under the assumptions of the preceding theorem, the indef-
inite full Stieltjes integral Is(f,dh)(t) := (S) [* f-dh, t € [a,b], is defined and
has bounded variation.

Proof. We can assume a < b. The indefinite Riemann—Stieltjes integral exists
by the preceding theorem and property III' (see Proposition 2.74). The indef-
inite refinement Riemann-—Stieltjes and Young-Stieltjes integrals exist by the
preceding theorem and property IIT (see Theorem 2.73). Let k = {¢;}]— be
a partition of [a, b]. Then using additivity of the three integrals proved as the
already mentioned properties III" and III, we get the bound

s1(Is(f, dh); Z H

+ Z ILf )|l 1R(t:) — h(tiz1)|l

b=t () — b))

ti—1

< (Ose(f3 [a,b)) + [ £llsup o1 ([, ),

completing the proof of the corollary. O

A substitution rule

Here is a substitution rule for the Riemann—Stieltjes integrals with integrators
having bounded variation.
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Proposition 2.86. For a Banach space X, let h € Wi [a,b], g € R([a,b]; X),
and [ € Rla,b] be such that the two pairs (h,g) and (h, f) have no common
discontinuities, and gf: [a,b] — X is the function defined by pointwise mul-
tiplication. Then the following Riemann—Stieltjes integrals (including those in
integrands) are defined and

(85) [ dlnsg.dh)-f = (1S) [ gf-dh=(RS) [ gns(an.f). (259)

where Irs(g,dh)(t) := (RS) [1 g-dh € X and Igs(dh, f)(t) == (RS) [, fdh
fort € [a,b], and - denotes the natural bilinear mapping X x R — X.

Proof. We can assume that a < b. Since the pairs (g,h) and (f,h) have
no common discontinuities, the indefinite integrals Irs(g,dh) and Irg(dh, f)
exist and are in Wi ([a,b]; X) and Wila, b], respectively, by Corollary 2.85.
Since the discontinuities of Irs(g,dh) and Igs(dh, f) are subsets of those
of h, and so the pairs (Irs(g,dh), f) and (g, Irs(dh, f) have no common
discontinuities, the leftmost and the rightmost integrals in (2.88) exist by the
same corollary. Since gf is a regulated function on [a,b] and the pair (gf, h)
have no common discontinuities, the middle integral in (2.88) exists by the
same corollary. We prove only the first equality in (2.88), since the proof of
the second one is symmetric. Let 7 = ({t;}7_, {s:}7_;) be a tagged partition
of [a,b]. Then

|Srs(dIrs(g,dh), f;7) = Srs(gf, dh; T)|| < || fllsupR(T),
where

n ti
R(r)i= 3o [[®) [ gt~ g5y Inte) = heti-n)] |
i=1 i1
It is enough to prove that
lim R(7) = 0. 2.89
lim R(7) (289)
Let € > 0. By Theorem 2.1, there exists a point partition {z;}* of [a, b] such
that
Osc(g; (zj—1, 7)) <€ for j € {1,...,m}. (2.90)

Let a < u < z; <wv < b for some j. Splitting the interval [u, v] into the parts
[u, z;] and [z;,v] if 2; is not an endpoint of [u, v], and then applying properties
IIT" and IV for the Riemann—Stieltjes integral (see respectively Proposition
2.74 and Theorem 2.75), we have that

) [ gn ~ gt ine) - weal

is small provided v — w is small enough. Therefore and since g and h have
no common discontinuities, there exists a 6 > 0 such that if z; € [t,_1,t;] for
some j and mesh |7| < 4, then
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) [ gan—gso ) -]

ti—1

<[rs) [ gan—gtep) )~ ne )

ti—1

Hll9(z3) = g(s)l-[a(t) = h(ti-1)]]| < €/ (m+1).
This together with (2.90) and the bound of Theorem 2.84 yields
R(7) < evi(h;[a,b]) + (m + 1)e/(m + 1) = e[v1(h;[a,b]) + 1]

if the mesh of the tagged partition 7 is less than ¢. The proof of (2.89), and
hence of Theorem 2.86, is complete. O

A chain rule formula

Here we give a representation of the full Stieltjes integral as defined in Defini-
tion 2.41, with respect to a composition Fof, where f has bounded variation
and F' is smooth.

Theorem 2.87. Let f: [a,b] — R? be of bounded variation, let F be a real-
valued C1 function on R? and let h € R[a,b]. Then the composition Fof is
of bounded variation and

b b
(S)/ hd(Fof):(S)/ h(VFof)~df+Zh{A*(Fof)—(VFof)'A*f}

(a,b]

+Z {A+ Fof) — (VFof)A*f}, (2.91)

where the two sums converge absolutely if a < b and equal 0 if a = b.

Proof. We can assume that a < b. Since F' is a Lipschitz function on any
bounded set (the range of f), Fof is of bounded variation. Thus the two full
Stieltjes integrals in (2.91) exist by Theorems 2.20, 2.17, and 2.42. Again since
F is Lipschitz and VF is bounded on the range of f, the two sums in (2.91)
converge absolutely. By Propositions 2.13 and 2.18, it is enough to prove the
equality (2.91) for the RYS integrals. Let 7 = ({;}_g,{si}1=1) be a Young
tagged partition of [a, b]. Also let

S-(r)i= > n{a(Fof) — (VFof)-A~ 1}
{t1,..tn}

and

{to,..., tn—1}
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Then we have the identity
Sys(h,dFof;7) = Syg(h(VFof),df; T)+S_(1)+S:(7) + R(7), (2.92)

where R(7) is the sum

Z h(Sz){ [F(f(fi*)) - F(f(tzelJr))] - (VF(f(Sz)))[f(tz*) - f(ti—lJr)] }

Let € > 0 and let B be a ball in R? containing the range of f. Since VF is
uniformly continuous on B, there is a § > 0 such that ||VF(u) — VF(v)]| < €
whenever ||u — v|]] < § and u,v € B. Moreover, since f is regulated, by
Theorem 2.1(b), there exists a partition A = {z;}JL, of [a,b] such that
Osc(f;(zj-1,2;)) < d for j = 1,...,m. Let 7 be a Young tagged refine-
ment of A. Then for each ¢ = 1,...,n, by the mean value theorem for
A— FOf(ti—)+ (1 = X)f(tiza+)), 0 < XA < 1, and by the chain rule of
differentiation there is a A; € [0,1] such that

F(f(ti—)) = F(f(tie1+)) = VF(0;)-[f(ti—) — f(tim1+)],
where 0; := \; f(t;—) + (1 — \;) f(ti—1+). Thus

|R(r)| < Z [1(s)l|[VF(0;) = VF(f(s3))|| | f(ti—) — f(tima )]

< 6HhHsupZ ||f(t27) - f(tzfl“i’)” < GHhHsupvl(f; [aabD
i=1

Since each of the four other sums in (2.92) converges under refinements of
partitions to the respective four terms in (2.91), the stated equality (2.91)
holds, proving the theorem. O

Taking the C* function F defined by F(u,v) := uv, u,v € R, we obtain
from the preceding theorem:

Corollary 2.88. Let f, g be two real-valued functions on [a, b] having bounded
variation, and let h € Rla,b]. Then the product function fg has bounded
variation, and

b b b
(5) [ has9) =) [ nrdg+ () [ hods
— Y hATfATg+ Y hATfAYg,

(a,b] la,b)

(2.93)

where the two sums converge absolutely if a < b and equal 0 if a = b.
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Proof. We can assume that a < b. The two full Stieltjes integrals on the right
side of (2.93) exist by Theorems 2.20, 2.17, and 2.42. By linearity, their sum
gives the integral (S) [? h(VFo(g, f))-d(g, f) with F(u,v) := uv for u,v € R.
Thus (2.93) follows from (2.91), proving the corollary. O

Taking h = 1 in the preceding corollary, we recover (for f,g of bounded
variation) the integration by parts formula for the RY'S integral obtained in
Corollary 2.82.

2.9 Relations between Integrals

f>0,heD, ht
(LS) [ fdh (HE) [ fdh

W\ED fER,heD

FEW, heWy, s+ 2> 1= i F fdh:=[i, 4 fdpnan

(RYS) [ fdh
\\ff R

(RS) J? fdh —— (RRS) ! fdh (cy) b fdn

\

/

Fig. 2.1. Implications for integrals

In this section we explore whether, under some hypotheses, if one integral
exists, then so does another, with the same value. Figure 2.1 summarizes
some implications and Table 2.1 gives references for proofs. In Figure 2.1,
— means that existence of the integral to the left of it implies that of the
integral to the right of it, with the same value. For “«—” left and right are
interchanged. The marking “f € R” or “h € R” means that the implication
holds for regulated f or h, respectively. The marking “h € D” means that the
implication holds for a regulated and right-continuous h. Finally, “=-" means
that the condition to the left of it implies existence of the integral to the right
of it. The condition % + % = 1 on the right has no arrows from (or to) it,
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Table 2.1. References to proofs of the implications shown in Figure 2.1:

(RS) [? fdh — (RRS) [? fdh Proposition 2.13
FEWLhEW,, ++1>1=#!fdh Corollary 3.95

(RRS) [* fdh — #b fdh, hER Propositions 2.18 and 2.27
(LS) 2 fdh — #> fdh, fER,hED Corollary 2.29

(LS) 2 fdh « (HK) [° fdh, f >0, h € D, h | Theorem 2.71

+b fdh — (HK) [> fdh, fER, he D Theorem 2.69

+b fdh — (RYS) [° fdh Proposition 2.27

(RYS) [* fdh — (CY) [? fdh Theorem 2.51(a)

fEWp, g €Wy, 241 =1,1<p < oo does
not imply that any of the above integrals exists Proposition 3.104

signifying that there exist f € W, and h € W, with % + % =1,1<p,q< o0,
such that [ 3 f dh does not exist for any of the definitions given. The figure is

for real-valued functions and for a < b, although the implications not about
LS or HK integrals hold for f and h X- and Y-valued respectively.

Proposition 2.89. Let p be an upper continuous additive X -valued interval
function on [a,b], and let v be a Y -valued interval function on [a,b] such that
v(0) = 0. Let h be the point function on [a,b] defined by h(t) = u([a,t])
fora <t <b, and let g be a Y-valued regulated function on [a,b] such that
v([a,t)) = g(t—) for a < t < b. The Kolmogorov integral %[a’b] v([a,-))-du

exists if and only if (RRS) ff; ggl)dh does, and if they exist then for each
a<t<b,

t
£ vi(a))d = (RES) [ g-an
la,t] a

Also for a < ¢ < b, fﬁ(c pv(la,-))-dp exists if and only if (RRS) 12 g'9.dn
does, and if they exist then for each t € (c, ],

£ vl(a))d = (RES) [ 9dh.
(1] ¢

Proof. We can assume that a < b. By Proposition 2.6(f), since u is upper
continuous and additive, h is regulated and right-continuous on [a,b]. By

Propositions 2.18 and 2.46, since for any a < ¢ <t < b, g(_c)

on (c,t], the integral (RRS) [! ¢'“)-dh exists if and only if (RYS) [! ¢"“)-dn
does, and the two integrals have the same value if they exist. Since v(}) = 0
and A*h(a) = 0, we have that

is left-continuous

SYS(V([aa ))7 du; [aa t]a T) = SYS(g(—a)v dh; [aa t]a T)

for any tagged Young interval partition 7 of [a,t]. Therefore by Proposi-
tion 2.25 and the definition of the (RYS) integral, the Kolmogorov integral
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F 0 ([a: ))-dpp exists if and only if (RRS) [2 g“)-dh does, which follows from

existence of elther integral for ¢ = b, and the two integrals have the same value
for each t if they exist, proving the first part of the lemma. To prove the second
part, again let a < ¢ <t < b. Since ATh(c) = 0, we have that

SYS(V([av ))a d:U'; (C, t]a T) = SYS(g(—C)a dh; [Cv t}v T)

for any tagged Young interval partition 7 of [c,t]. Therefore by Proposition
2.25 again, the Kolmogorov integral 3@(6 . v(la,-))-dp exists if and only if
(RYS) [ g(f)~dh does, which follows from existence of either integral for ¢ = b,

and the two integrals have the same values for each t. The proof of the propo-
sition is complete. O

The following relation between integrals of particular forms is used in
Chapter 9. It follows from the preceding proposition and from definitions
(1.15), (1.16) of the integrals with the reversed order.

Proposition 2.90. Let p be an upper continuous additive X -valued interval
function on [a,b], and let v be a Y -valued interval function on [a,b] such that
v(@) = 0. Let h be the point function on [a,b] defined by h(t) = p([a,t])
fora <t <b, and let g be a Y-valued regulated function on [a,b] such that
v([a,t)) = g(t—) for a < t < b. The Kolmogorov integral gﬁ | dp v(la,+))

exists if and only if (RRS) fa dh- g(f) does, and if they exist then for each
a<t<b,

t
£ duv(a,)) = (RES) [ dbg®.
[a,1] a

Also for a < ¢ < b, %(C’b] dp-v(la,-)) exists if and only if (RRS) ff dh'g(_c)
does, and if they exist then for each t € (c,b),

£ du-v(la,-)) = (RRS) / dh-g©.
(e,t] c

The additivity property of the Kolmogorov integral in conjunction with
the preceding proposition implies the following additivity property.

Corollary 2.91. Leth € R([a,b]; X) be right-continuous and g € R([a,b];Y).
For a < ¢ < b, the integral (RRS) [° dh~g(a) exists if and only if both

(RRS) [ dh-g'" and (RRS) [ dh-g\? ezist, and then

c b
(RRS) / dh-g'” = (RRS) / dh-g' + (RRS) / dh-g'.
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Proof. Let p := pp [qp) and v := pg 4 be the interval functions defined by
(2.2), and let h(t) := p([a,t]) for a < t < b. Using Proposition 2.6 and the
definition (2.3) of R, 4, it then follows that h = R, o = h—h(a), p is an upper
continuous additive interval function, v(0) = 0, and g(t—) = R, .(t—) =
v(la,t)) for a < t < b. Therefore by additivity of the Kolmogorov integral
(Theorem 2.21 extended to the integral (1.16) with the reversed order) and
by Proposition 2.90, it follows that (RRS) f}j dh-g(,a) exists if and only if both
(RRS) [¢ dh-g'® and (RRS) [* dh-g'” exist, and then
b

(RRS) / dh-g® = (RRS) / " Ug® = £ dpr((a)
a a [a,b]

£ duv(la, ) + F dpv(la,-))

la,c] (¢,b]

c b
= (RRS) / dh-¢") + (RRS) / dh-g'?.

The proof is complete. o

2.10 Banach-Valued Contour Integrals and Cauchy
Formulas

Throughout this section we assume that a < b. For suitable curves ((-) in
the complex plane C and functions f, which may be Banach-valued, integrals
Jeey f(¢)d¢ will be defined and treated. The curves will be just as in the
classical theory of holomorphic functions into C, as follows.

Definition 2.92. A curve is a continuous function ¢(-) from a nondegenerate
interval [a, b] into C. A C* arc is a curve ((-) such that for ¢ = £+in with € and
7 real-valued, the derivative '(¢) = &' (t) +in’(t) exists and is continuous and
non-zero for a < t < b, and has limits ¢'(a+) = limy |, (' (t) # 0 # ¢'(b—) =
limgyp, ¢/ (t). A piecewise C! curve is a curve ¢ on [a,b] such that for some
partition a =ty < t; < --- < t, = b, {(-) is a C! arc on each [t;_1,t;], and
such that for each i = 1,...,n — 1, the ratio ¢/(¢;+)/¢’(t;—) is not real and
negative, nor is ¢'(a+)/¢’ (b—). A closed curve is a curve ((-) from [a,b] into
C such that ((a) = ¢(b). The closed curve ((-) is simple if {(s) # ((t) for
a<s<t<b.

If 2 is a point not in the range of a closed curve ((-), that is, zo & ran (¢),
then we can write ((t) — zo = r(t)e!?® for some real r(t) > 0 and #(t) which
are continuous functions of ¢, with 6(b) —0(a) = 2nw for some integer n, called
the winding number w(((+), zp) of ¢ around zg.

For example, if [a,b] = [0,1] and ((t) = e*™, then w(((-),z) = 1 if 2| < 1
and 0 if |z| > 1.
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Proposition 2.93. For a piecewise C curve ((-) on [a,b] (not necessarily
simple) and a point z ¢ ran (¢), we have

) | g

Proof. In the representation ((t) = z+r(¢)e'?® r(-) > 0 and (-) are piecewise
C! functions on [a, b]. Using elementary calculations, we get

b r b ei0(t)
27r1/ Cdc—z - %[/{1 d;'(sft)) Jr/a deie(t) }
= 5m; 1o T2 4i(600) — 60)] = w( (.2

since 7(b) = r(a), proving the proposition. O

w(C(),2) =

A topological space (S,7) is connected if it is not the union of two disjoint
nonempty open sets. A subset C' C S is connected iff it is connected in its
relative topology. Holomorphic functions with values in a Banach space are
defined as follows:

Definition 2.94. Let X be a complex Banach space and let U be an open
connected set in C. A function f: U — X has a Taylor expansion around a
point u € U if there are an r > 0 and a sequence {hy}x>0 C X such that for
all z with |z — u| < r, we have z € U and

o0

= (z—uw)h, (2.94)

k=0

where the series converges in X and is called the Taylor series of f around
u. A function f: U — X is holomorphic on U if it has a Taylor expansion
around each point of U.

We assume that holomorphic functions are defined on connected open sets,
even if this assumption is not used until we deal with analytic continuation,
as in Theorems 5.33 and 5.34, for the following reasons.

Let U and V be disjoint nonempty open subsets of C. Let g and h be any
two holomorphic functions from U and V respectively into C. Let f(z) := g(2)
for z € U and f(z) := h(z) for z € V. Then f would be “holomorphic” on
U U V. But suppose g and h can each be extended to be entire functions,
holomorphic on all of C, and g # h on C. When a function g has an entire
extension, such an extension is unique and it seems unnatural to define a
holomorphic function in a way that could contradict an entire extension.

More specifically, consider sums f(z) = >, < ar/(z — zi) with Y, |ag| <
o0, called Borel series. Suppose that |zx| > 1 for all &k and that the set of all
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limits of subsequences zj; with k; — oo as j — oo is the unit circle T = {z:
|z| = 1}. Then the series converges on U UV where U := {z: |z| < 1} and
Vi={z: |z| > 1} \ {#;},;>1. The sum f(z) is holomorphic on U and on V.
Each of U and V is open and connected, and they are disjoint. It can happen
that f =0on U but f £ 0 on V, e.g. [196, Theorem 4.2.5]. So again, analytic
continuation from U would conflict with the values on V.

Other holomorphic functions on open sets U C C have no entire extension
and non-unique maximal holomorphic extensions in C. Let C = {z = x +
iy: 2,y € R} and U := {z € C: x > 0}. Consider the function g(z) = /2 for
z € U (which has a branch point at 0). It has a holomorphic extension to the
complement {z € C: y =0, 2 < 0}° and another to {z € C: z =0, y < 0}°.
Neither extension can be extended holomorphically to any further point. To
obtain natural domains for holomorphic functions with branch points one
takes Riemann surfaces (cf. [1, 2nd ed., 1966 §3.4.3]).

We show next that a Taylor expansion if it exists is unique and the series
converges absolutely and uniformly.

Lemma 2.95. Let X be a Banach space over K and let {hy}r>0 C X. If the
power series y < t*hy, converges absolutely and its sum is equal to zero for
each t € K such that |t| < § for some § > 0, then hy =0 for k=0,1,....

Proof. Taking t = 0 we get hg = 0. Suppose there is a least integer ko > 1
such that hy, # 0. For each t with 0 < [t| < §, we have Y-, ., t""Fohy =0,
and so -

_ 1 [t|I\Nk—ko _ C |t
hi || < B ||E]F R0 = — hillok (= < -0
ol < 3 IRl i k§>kjo|| A (5) S o

k>ko

where C' := sup{||k|/6%: k > 0} < cc. Letting |t| — 0 it follows that hy, = 0,
a contradiction, proving that hy =0 for all k =1,2,....

Proposition 2.96. Let X be a complex Banach space, and let U be an open
connected set in C. If f: U — X has a Taylor expansion (2.94) around uw € U
and the Taylor series converges on B(u,r) for some r > 0, then it converges
absolutely on B(u,r) and uniformly on B(u,s) for any s < r. In particular,
f is continuous on B(u,r) and its Taylor expansion around u is unique.

Proof. If0 < s < r then s*||hy| — 0 as k — oo, and so limsup,,_ . ||hx]|'/* <
1/s. Since s € (0,7) is arbitrary, limsup,,_,_ ||h#||*/* < 1/7. Thus the Taylor
series (2.94) converges absolutely by the root test for series of positive num-
bers. By Lemma 2.95, the Taylor expansion (2.94) is unique. It also follows
that the Taylor series converges uniformly on B(u, s) for any s < r, and so f
is continuous on B(u, ), proving the proposition. O

Let ¢(+) be a piecewise C! curve from [a, b] into C. Let X be a Banach space
over C and let f be a continuous function into X from a set in C including
the range of {(-). Then the contour integral over ((+) is defined by
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b
f F(0)d¢ = (RS) / FC(E)-dC(t),
¢() a

where - denotes the natural bilinear mapping X x C — X.
The Cauchy integral formula will first be extended to Banach-valued func-
tions for curves which are circles.

Proposition 2.97. Let f be a holomorphic function from an open disk U :=
{z: |z —w| < r} C C into a complex Banach space X. Let 0 < t < r and
() :=w +te'? for 0 <60 < 2. Then for any z € C with |z — w| < t,

f(z) = 2%1 - %. (2.95)

Proof. Let L be any continuous C-valued linear functional on X (L € X’),
so that for some K < oo, |L(z)| < K||z| for all z € X. For each conver-
gent series f(v) = > po (v — w)*hi, we have a convergent series L(f(v)) =
> neo L(hy)(v — w)*, and so Lof is holomorphic from U into C. Thus (2.95)
holds for Lof in place of f by the classical Cauchy integral formula (e.g.
Ahlfors [1, 2nd ed., 1966 §4.2.2, Theorem 6]). Now L can be interchanged
with the integral by Proposition 2.78. If z,y € X and L(xz) = L(y) for all
L € X', then x = y by the Hahn—Banach theorem. The conclusion follows. O

For a function f from an open set U C C into a complex Banach space X
and z € U, the derivative f'(z) is defined, if it exists, as

o fw) = F2)

e X.

Let f) := f"and n > 1. If the nth derivative f(") is defined in a neighborhood
of z, then f(*+1)(2) is defined as (f(™)/(z), if it exists.

The classical Cauchy integral formula for derivatives extends directly to
Banach spaces:

Theorem 2.98. Under the hypotheses of Proposition 2.97, f(2) eists for

allm=1,2,... and
)y — f(Q)d¢
7(z) fé(‘) i

27i ¢ — z)ntl’

The conclusion follows from Proposition 2.97 and the next lemma since a
holomorphic function is bounded on C' by Proposition 2.96.

Lemma 2.99. Suppose that g is continuous on the range C of a piecewise
Ct curve ((+). Then for each n > 1, the function
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has a derivative on the complement C° of C, and I (z) = nl,41(2).

Proof. We prove first that I3 is continuous on C°. Let zp € C° and let 6 > 0
be such that the open ball |z — zg| < ¢ does not intersect C. By restricting
z to the smaller ball |z — zg| < §/2, we have that |[((t) — z| > §/2 for each
t € [a,b]. By linearity of the RS integral, we have

. __9Qd¢
L(2) = Ii(20) = (= = 20) fi(‘) C—2)(C—20)

Using the bounds (2.84), it follows that

111 (2) = Ii(20)| < |2 = 20[(12/6%)]|9¢ | {ab].supv1 (¢; [0, B]),

and so I1 = I;(g) is continuous at zg, and this is true for all continuous g on
C.

Applying the first part of the proof to the function h(¢) := g(¢)/(¢ — 2o),
we conclude that

5i(z) = Li(z0) _ 9(Qd¢ N o) = Lo (- 2
z— 2 _72) (¢ —2)(¢ — 20) hi(hi2) = Dh(hi 20) = T2{g3 20)

as z — zg. This proves the conclusion in the case n = 1.

The conclusion for an arbitrary n is proved by induction. Suppose that for
some n > 2, I/, _1(g;2) = (n —1)1,(g; 2) for z € C°, for all continuous g on
C. Again let zy € C°. Using the identity

I,(2) — I,(20)

_ [% 9(¢) d¢ _j{ 9(¢) d¢ }
¢y (€=2)"71(¢ — 20) ¢y (C—z0)™
g(¢) d¢
e fé‘t) (¢ —2)"(¢ —20)

one can conclude that I, is continuous at zg. Indeed, defining h(¢) := ¢(¢)/(¢—
20), the first term is equal to I,_1(h;z) — I,,—1(h; z9) and tends to zero as
z — zp by the induction hypothesis, while in the second term the integral is
bounded for z in a neighborhood of zy as shown in the first part of the proof.
Now dividing the identity by z — 29 and letting z — z¢, the quotient in the
first term tends to a derivative I/, 4 (h; zo), which by the induction hypothesis
equals (n — 1)I,,(h; z0) = (n — 1)1,,+1(9g; z0). The remaining factor I,,(h; z) is
continuous as before, and so has the limit 7,,(h; z0) = I,1+1(9; 20). Thus I/, (20)
exists and equals nl,1(z0). The proof of the lemma is complete. O
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Proposition 2.100. Let X be a complex Banach space, and let f be a holo-
morphic function on a disk B(u,r) C C with values in X for some u € C and
r > 0. Then for each z € B(u,r),

)+ o)
k>1
is the Taylor expansion of f around w.

Proof. Let 0 < s < t < r, let (0) := u +tel? for 0 < 0 < 2, and let
z € B(u,t). Then by the Cauchy integral formula (Proposition 2.97),

1RO
27Ti C() C—Z ’

f(z) =

For each ¢ € ran ((), the series

1 _100 z
=Y (G

k=0

u)k
—u
converges absolutely, and uniformly if |z — u| < s. Since f is continuous

on the range ran (¢) by Proposition 2.96, it is bounded. Then term-by-term
integration yields

_y(E-wt FQ

Using the bound (2.84) for the RS integral and the root test, it follows that
the series converges absolutely. Now the conclusion follows by the Cauchy
integral formula for derivatives (Theorem 2.98) and by the uniqueness of a
Taylor expansion (Proposition 2.96). O

Proposition 2.101. If f is holomorphic from an open connected set U C C
into a Banach space X and w € U, then for

(=)~ f(w
) T w0 if z # w,
9(z) = {f’(w), i=w,

g s also holomorphic on U.

Proof. Tt is easily seen that g is holomorphic on U \ {w}, since z +— 1/(z — w)
is, so it suffices to find a power series expansion for g around w. Let f(z) =
S oz — w)kmy for [z — w| < r, where r > 0 and 3, := f®)(w)/k! € X by
Proposition 2.100. Then g(z) = Y 7o (2 — w)*xx11, also for |z — w| < r, with
g(w) = x1 = f'(w), finishing the proof. m]
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A topological space (S,7) is locally connected iff 7 has a base consisting
of connected open sets. Clearly, any normed vector space with its usual topol-
ogy is connected and locally connected. In particular, R and C are locally
connected.

Theorem 2.102. For any topological space (S,T) and any nonempty con-
nected set A C S there is a unique connected set B D A such that B is a
mazximal connected set for inclusion. Such a set B is always closed.

Proof. The collection of connected sets including A is partially ordered by
inclusion. The union of any inclusion-chain of connected sets is easily seen to
be connected. Thus by Zorn’s lemma there is a connected set B; D A which
is a maximal connected set for inclusion. Suppose By is another such set. The
union of two non-disjoint connected sets is easily seen to be connected. This
gives a contradiction unless By = Bs, so B is unique. Moreover, the closure of
any connected set is easily shown to be closed. So by maximality, B is closed
and the theorem is proved. O

A maximal connected subset B of S is called a component. If A is a sin-
gleton {x}, it is always connected, and the B from the preceding theorem is
called the component of x.

Proposition 2.103. Let (S,7) be a locally connected topological space. Then
any component F' of S is open as well as closed. Thus S has a unique decom-
position as a union of disjoint open and closed components.

Proof. Let F' be a component of S and x € F. Let V be a connected open
neighborhood of x by local connectedness. Then F' UV is connected since F’

and V are and FNV D {z} #0. So V C F and F is open. The rest follows.
0O

Clearly, an open set in a locally connected space is locally connected, so
it is in a unique way a union of disjoint nonempty connected open sets.

An open set U C C will here, following Ahlfors [1, 2nd ed., §4.4.2], be
called simply connected if and only if U¢ has no bounded component. A more
general definition is based on the following.

Definition 2.104. A closed curve ((-) from [a,b] into a set U is null-
homotopic in U if there exists a jointly continuous function H from [a, b] x [0, 1]
into U such that H(-,0) = ((-), for some w € U, H(-,1) = w, and for
0<wu<1, H(a,u) = H(b,u), so that each H(-,u) is a closed curve.

Theorem 2.105. Let U C C be a connected nonempty open set. Then the
following are equivalent:

(a) any closed curve ((-) with range in U is null-homotopic in U,
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(b) for every closed curve ((-) into U and z € U, w({(-),z) = 0;
(¢) U® has no bounded component,
(d) U is homeomorphic to the open unit disk {z € C: |z| < 1}.

Proof. The implications (d) — (a) — (b) and (¢) — (b) are easy. The other
implications are not as easy and are given in Newman [178, §56.6 and 7.9].
Complex analysis texts also give proofs, of the stronger fact that in (d), un-
less U = C, the homeomorphisms can be taken to be holomorphic with holo-
morphic inverses (Riemann mapping theorem, see e.g. Beardon [12, Theorem
11.1.1 and §11.2]). m|

In Theorem 2.105, (a) is the definition of simply connected for general
topological spaces. It is not equivalent to (c) in R3, for example.
Here is a Cauchy integral theorem for Banach-valued functions.

Theorem 2.106. Let f be holomorphic from an open connected set U C C
into a complex Banach space X and let ((-) be a piecewise C' closed curve
whose range is included in U. If (i) the winding number w(¢(-);z) = 0 for
each z € U, e.g. if (it) U is simply connected, then

F(Q)d¢ =0, (2.96)
<)
Proof. Condition (i7) implies (i) by Theorem 2.105, (¢) = (b), or (a) =
(b) for the general definition of simply connected. So we can assume (i). By
Proposition 2.96, f is continuous on U, and so the integral (2.96) is defined.
For any continuous linear functional L € X', z — L(f(z)) is holomorphic
from U into C. Thus by Proposition 2.78, we have

1§, 10a) = 1o

The integral on the right is zero by the Cauchy theorem for multiply connected
sets (e.g., Ahlfors [1, 2nd ed., §4.4.4 Theorem 18]). Thus by the Hahn-Banach
theorem (e.g. [53, 6.1.5 Corollary]), it follows that (2.96) holds, proving the
theorem. a

Here are Cauchy integral formulas with winding numbers.

Theorem 2.107. Let f be holomorphic from a connected and simply con-
nected open set U C C into a complex Banach space X . Let {(-) be a piecewise
C1 closed curve whose range C'is included in U and let z € U\ C. Then

w((('),Z)f(z):%ri 3 éc_wic

(2.97)
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and forn=1,2,3,...,

Ny = M _f9de

w(¢(),2)f" () = o= fi(‘) et (2.98)
Proof. On the right side of (2.97) write f(¢) = [f(¢) — f(2)] + f(2). For the
f(¢) — f(2) term, the integral is 0 by Proposition 2.101 and Theorem 2.106.
For the f(z) term, we get the left side of (2.97) by Proposition 2.93, proving
(2.97). We thus have (2.98) for n = 0. For a given ((-) and z € C, w({(-), u)
is constant for u in a neighborhood of z, so the multiplication by w({(+), u)
can be interchanged with d”/du™|,—.. On the right, we can use induction on
n and Lemma 2.99, so (2.98) is proved. O

If w(¢(+),z) = 1, we get the familiar form of the formula, now for rather
general closed curves ((-).

2.11 Notes

Notes on Section 2.1. More properties of a real-valued function equivalent to
being regulated are given by Theorem 2.1 in [54, Part ITI].

The correspondence between right-continuous regulated point functions
and additive upper continuous interval functions given by Corollary 2.11
is similar to the well-known correspondence between right-continuous point
functions of bounded variation and o-additive set functions on the Borel o-
algebra.

Notes on Section 2.2. In T. J. Stieltjes’s treatment of his integral ffl’ fdh
in [227], the integrand f is continuous, while the integrator h is a mono-
tone increasing function. The Riemann—Stieltjes integral (R.S) fg fdh, for
any f, h such that it exists, appeared in G. Konig [122], who apparently
had been using the RS integral in his lectures for some time, as stated in
[228, p. 247] and in [168, p. 314]. Széndssy [228] has a chapter on Konig,
where on p. 247 of the English translation, Konig’s general definition of the
RS integral is quoted. Interest in Stieltjes-type integrals flourished after F.
Riesz [193] showed that the Stieltjes integral provides a representation of
an arbitrary bounded linear functional on the space C[0,1] of all contin-
uous functions on [0, 1]. Pollard [187] introduced the refinement Riemann—
Stieltjes integral, showed that it extends the Riemann—Stieltjes integral, and
proved that for h nondecreasing and f bounded, the integral (RRS) fé’ fdh
exists if and only if the Darboux—Stieltjes integral does. The latter integral
is defined as sup,, L(f,h;x) = inf, U(f, h;k) if the equality holds, where
for a partition x = {t;}7, of [a,b], m(f;A) = inf{f(t): t € A} and
M(f; A) == sup{f(t): t € A},

{L(f,h; k) =iy m(f; [t ta]) [ (t:)

t;
U(f,hy k) =300 M(f; [tiey, i) [A(t:) — h(ti-1)]-
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F. A. Medvedev [168] gives an extensive account of the early history of
Stieltjes-type integrals, and in particular gives some details about Konig’s
work on the RS integral.

S. Pollard [187] gave a detailed treatment of the refinement Riemann—
Stieltjes integral. Earlier, a theory of limits based on refinements was treated
by E. H. Moore [175]. Thus the RRS integral sometimes is called the Pollard—
Moore-Stieltjes integral (see e.g. [94, p. 269]). The books of Gochman [82]
and Hildebrandt [97, §89-18] also contain detailed expositions of the RRS
integral.

For real-valued functions, Propositions 2.13 and 2.15 were proved in Pol-
lard [187, p. 90] and Smith [223], respectively.

Notes on Section 2.3. The refinement Young—Stieltjes integral developed
in stages over a long period. This integral was rediscovered by several authors,
and hence it is known by different names. According to T. H. Hildebrandt [94],
the RYS integral originated in the work of W. H. Young [254]. In this work
W. H. Young extended his approach to defining the Lebesgue integral, and
the RYS integral appeared there as an auxiliary tool. At that time there was
considerable interest in enlarging the class of functions integrable with respect
to a monotone function h. Lebesgue [134], for example, showed that such a
class could be the class of all Lebesgue summable functions with respect to
dh when a Stieltjes-type integral is defined by means of the Lebesgue integral
using a change of variables formula. Lebesgue suggested that it would be
difficult to extend the Stieltjes integral to such general integrands by any
other means. Recall that Radon’s work which led to the Lebesgue—Stieltjes
integral appeared a little later [190]. However, W. H. Young [254] showed that
his method of monotonic sequences used in connection with the Lebesgue
integral extends to an integration with respect to any function h of bounded
variation almost without changes. The main change concerned the definition
of the integral [ f dh for a step function f. In this case, W. H. Young set

b
/ fdh:= Z {[f AR (zi1) + cilh(wi—) — h(zia+)] + [fATR](2:)]},

(2.100)
provided f(z) = ¢; for € (2;,-1,2;). The method of monotonic sequences
of W. H. Young was later extended by Daniell [37] to integrals of functions
defined on abstract sets. A concise theory based on an integral of Stieltjes type
was provided by W. H. Young’s son L. C. Young in the form of a textbook
[243], first published in 1927 (see also the presentation in Hildebrandt [97]).
The integral, defined as a limit of Young—Stieltjes sums if it exists when the
mesh of tagged partitions tends to zero, was mentioned by R. C. Young [251].
Full use of the refinement Young—Stieltjes integral, in the context of Fourier
series, is due to L. C. Young [247].

Motivated by the weakness of the Riemann—Stieltjes integral, Ross [195]
suggested an extension of the Darboux—Stieltjes integral, replacing (2.99) by
sums reminiscent of Young—Stieltjes sums. Namely, let f be a real-valued func-
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tion on [a,b], and let h be a nondecreasing function on [a, b]. For a partition
Kk ={t;}7_ of [a,b], let

{ L(f, dh; KJ) = J(f, dh; H) + Z?:l 7”I’L<f7 (ti—la tz))[h(tz—> — h(ti_1+)}
U(f,dhs k) := J(f,dh; k) + 3752, M(f; (timr, ta) [P(ti—) — h(tima+)],

where J(f,dh;k) == > 1, f(ti)A[j;b]h(ti), and m(f, A), M(f, A) are defined
as in (2.99). We say that f is Ross—Darboux—Stieltjes, or RDS, integrable on
[a,b] with respect to h, if U(f,dh) := inf, U(f,dh; k) = sup,, L(f,dh; k) =:
L(f,dh), and then let (RDS) [° fdh := U(f,dh) = L(f,dh). By Theorem
35.25 in [195], a bounded function f on [a,b] is RDS integrable with respect
to h if and only if there is C' € R such that given € > 0 there exists § > 0
such that |Sys(f,dh;7)— C| < e for each tagged Young interval partition 7 =
({ti}i o, {si}}q) of [a, b] such that max{h(t;—)—h(t;-1+): i=1,...,n} < 4.
Then using Theorem 2.1(b), it is easy to see that if (RDS) [° f dh exists then
so does (RYS) [ f dh and the two are equal.

The Bartle integral given by Definition 2.37 is a general bilinear integral
of a vector function with respect to an additive vector measure. According to
Diestel and Uhl [41, p. 58], “Bartle [11] launched a theory of integration that
includes most of the known integration procedures that have any claim to
quality. His integral specializes to include the Bochner integral but does not
include the general Pettis integral. Possibly workers in the theory of vector
measures would be better off if they attempted to use the Bartle integral rather
than inventing their own.” A survey of the history of vector integration can
be found in Hildebrandt [95] and Bartle [11].

There are several different constructions of an integral of a Banach-space-
valued function with respect to a nonnegative finite scalar-valued measure
1. The Bochner integral given by Definition 2.31 is one of the best known
among such integrals. S. Bochner [21] defined his integral. The extension of
Lebesgue’s differentiation theorem to Banach-valued functions, Theorem 2.35,
is given e.g. by Diestel and Uhl [41, Theorem 11.2.9, p. 49].

A function f taking values in a Banach space X is integrable with respect
to p in the sense of Dunford [56] if there exists a sequence of p-simple functions
{fr}r>1 such that it converges to f p-almost everywhere, and the sequence
{[a fredp}r>1 converges in X for each A € S. The integral (D) [, fdu is
then defined to be the limit limg_. [4 fr dp, and is called the second Dunford
integral. The integral does not depend on { f} since it is a special case of the
Bartle integral by Theorem 9 in [11], which is well defined by Proposition 2.38.
The second Dunford integral clearly extends the Bochner integral. Hildebrandt
[95, p. 123] showed that for p-measurable functions f, the second Dunford
integral coincides with several other integrals. Example 7 of Birkhoff [16, p.
377] gives a p-measurable function f such that || ()] is not summable but is
integrable in the sense of Dunford. For a scalar-valued measurable function f
and a vector-valued measure u, an integral analogous to the second Dunford
integral is treated in Dunford and Schwartz [57, Definition IV.10.7].
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Notes on Section 2.4. The “if” part of Theorem 2.42 was proved in Smith
[223, p. 495].

Notes on Section 2.5. L. C. Young [244, p. 263] defined an extension of
the Riemann—Stieltjes integral for regulated complex-valued functions f and
h by

b b
() [ fahi= (RRS) [ frdno+ 3 170 - F00] () - hie)]

a<t<b

if the RRS integral exists and the sum converges absolutely. However, the
value of the Yj integral depends on h(a—), f(b+), and h(b+), which need not
be defined. If in the Y, integral we replace f(t4) by £\ (t), h(t+) by B (8),
and h(t—) by A (t), then we get the Y7 integral defined by (2.44). L. C.
Young in 1938 gave such a convention for values at the endpoints in footnote
6 on p. 583 of [247], so one may suppose that he had these definitions in mind
already in his 1936 paper.

The Y7 and Y5> integrals have been defined and proved equal when both
exist in Dudley [49]. An extension of the Y7 and Y5 integrals to integrals of
the form [ f-dh-g with two integrands f and g was given in [54, Part II]. In
Section 9.8 below such an extension is given for the RYS and Kolmogorov
integrals.

Theorem 2.50 for functions with values in a Banach algebra is a special
case of Theorem 3.7 in [54, Part II].

Notes on Sections 2.6 and *2.7. Saks [201] defines integrals due to Perron
and Denjoy and gives references to their work, published beginning in 1912—
1915. The Perron integral and one form of the Denjoy integral turned out
to be equivalent to the Henstock—Kurzweil integral for integrals ffl’ g(z) da:
Gordon [84, Chapter 11].

Ward [238] in 1936 defined an integral called a Perron—Stieltjes integral
which includes both the Lebesgue—Stieltjes and refinement Riemann—Stieltjes
integrals. Theorem 2.64 is Theorem 5 of Ward [238]. Kurzweil [129, Section 1.2]
in 1957 defined the Henstock—Kurzweil integral and proved Theorem 2.65 on
the equivalence of the WPS and H K integrals [129, Theorem 1.2.1]. Kurzweil
([129], [130], [131]), Henstock ([90], [91], [92]), and McShane [166] consider
extended integrals for functions U(+,-) of two variables, the second and third
authors also on general spaces X, where (HK) fg fdh is the special case
U(z,y) = f(y)h(z) and X = [a, b].

A discussion of Proposition 2.58 and its proof when h(z) = x can be found
in McLeod [165, Sections 1.5, 2.8, and 7.3].

While there has been relatively little literature about the refinement
Young—Stieltjes and central Young integrals, there has been much more about
Henstock—Kurzweil (or gauge) integrals, e.g. Lee Peng-Yee [184]. A 1991 book
by Henstock [92] has a reference list of more than 1200 papers and books,
mainly on the theme of “non-absolute integration,” if not necessarily about
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the HK integral itself. In fact, Henstock [92] treats integration over general
spaces (“division spaces”).

Schwabik [211, Theorem 3.1] proved Theorem 2.69 when h is of bounded
variation and f is not necessarily regulated but either (a) f is bounded, or
(b) f is arbitrary and for any ¢ if h(t—) = h(¢t+) then h(t) = h(t—).

Notes on Section 2.8. According to Hildebrandt [94, p. 276], the integra-
tion by parts formula (2.79) for the refinement Young—Stieltjes integral was
proved by de Finetti and Jacob [66] assuming that f and g are of bounded
variation. Hewitt [93] proved an integration by parts formula similar to (2.83)
for the Lebesgue—Stieltjes integral. Corollary 2.83 contains the result of Love
[145], who calls the refinement Young—Stieltjes integral the refinement Ross-
Riemann-Stieltjes integral, or the R3S-integral.

Notes on Section 2.10. Ahlfors [1, 2nd ed., §4.4.4] wrote: “It was E. Artin
who discovered that the characterization of homology by vanishing winding
numbers ties in precisely with what is needed for Cauchy’s theorem. This idea
has led to a remarkable simplification of earlier proofs.”

Proposition 2.93 is given e.g. in Ahlfors [1, 2nd ed., §4.2.1].



3

&-variation and p-variation; Inequalities for
Integrals

3.1 P-variation

Let V be the class of all functions @: [0,00) — [0,00) which are strictly
increasing, continuous, unbounded, and 0 at 0. Let CV be the subclass of
convex functions in V. Let X be a Banach space with norm || - ||, let J be a
nonempty interval in R, let f be a function defined on J with values in X,
and let @ € V. Recall that an interval is called nondegenerate if it contains
more than one point. If J is nondegenerate, for each v = {t;}7, € PP (J),
the class of all point partitions of J as defined in Section 1.4, let s¢(f; k) :=
S B f(t:) — f(ti—1)]]) be the P-variation sum.

Definition 3.1. Let X be a Banach space, let J be a nonempty interval, and
let f: J— X. The ®-variation of f on J is defined by

ve(f) = vo(f;J) = sup{se(f;r): k€ PP(J)} (3.1)

if J is nondegenerate, or as 0 if J is a singleton. We say that f has bounded
P-variation if ve(f) < co. The class of all functions f: J — X with bounded
P-variation will be denoted by W = Wa(J; X). Let Wa(J) := Wa(J;R).

If &(u) = uP, u > 0, for some 0 < p < oo, we write v, 1= vg, W, := We,
and V,,(f) = v,(f)Y/P. So v,(f) is the p-variation of f as defined by (1.2)
for X = R and in Section 1.4 for general X. Thus the p-variation of f on a
nonempty interval J is defined as v, (f;J) := 0 if J is a singleton, and if J is
nondegenerate as

Up(f):Up(f;J):Sup{Sp(f;li)i /@GPP(J)}. (3.2)

In the latter case, for k = {t;}7, € PP (J), sp(f;r) = Doiy [ (t:) — f(ti1)]||P
is the p-variation sum as defined by (1.1) for X = R and in Section 1.4 in
general.

A function @ € V is said to satisfy the Ay condition if for some 1 < D < oo,

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 103
in Mathematics, DOI 10.1007/978-1-4419-6950-7_3,
© Springer Science+Business Media, LLC 2011
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&(2u) < DP(u) for all u > 0. (3.3)

If @ is convex, so that ¢ € CV, then D > 2. If (u) = wP, u > 0, for some
0 < p < oo (convex if and only if p > 1) then the Ay condition holds with
D = 2P. We have the following:

Proposition 3.2. If® € V satisfies the As condition then for any nonempty
interval J and Banach space X, We(J; X) is a vector space.

Proof. We can assume that J is nondegenerate. For s,t € J and h: J — X
let Ah := h(t) — h(s). Then for any f,g € Wg(J; X), by (3.3) and since @ is

increasing, we have

(|A(f +9)l) < 2Cmax{[[Af],[|Agll}) < De(max{[Af],[|Ag]})

<
< D(@([|Af]]) + (1 Agll)-

Summing over nonoverlapping subintervals of J, it follows that ve(f 4 g) <
D(va(f) +va(g)), so f+g € Wa(J; X). Thus, or directly, 2f,4f,8f, etc. are
in We(J; X), and since @ is increasing it follows that c¢f € Weg(J; X) for any
constant ¢. The proof is complete. O

Any convex function @ on [0,00) with #(0) = 0 has the superadditivity
property: for any u,v > 0,

D(u+v) > d(u) + P(v), (3.4)

which is immediate if v = v = 0, and for v + v > 0 follows from P(u) <
u®(u+v)/(u+v) and ¢(v) < vP(u +v)/(u+v).
For a monotone function f, it is easy to evaluate vg(f) explicitly:

Example 3.3. Let & € CV. By (3.4), it follows that if f is real-valued and
monotone on an interval J = [a, b] with —oco < a < b < oo, then

va(f;[a,0]) = @(| f(b) — f(a)])- (3-5)

Now let f be piecewise monotone on [a,b] with a < b, so that for a partition
{t;}7_ of [a,b], f is nondecreasing on each interval [t2;, t24+1] and nonincreas-
ing on each interval [ta;_1,t2;]. Assume also that there is a constant ¢ such
that f(t;) < cand f(tx) > ¢ for each even i < n and odd k < n. Then

va(f;a,b]) = Z¢(\f(tj) = f(t-0D)- (3.6)

To see this, note that for any point partition 7 of [a,b], the refinement &
obtained by adjoining all ¢; has s¢(f; k) > sa(f; 7). Then, by (3.5), sg is not
decreased by deleting all points other than the ¢;.
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Finally, for a continuous, increasing function g on

(
ast ] 0, let f(t) := g(t) cos(m/t) for 0 < ¢t <1 and f(0

0, 1] such that g(t) — 0
) := 0. Then

va(£310,1]) = Z¢(g(1/i)+9(1/(i+ 1)))- (3.7)

This can be verified as (3.6) was proved, starting with any partition {z;}?
of [0, 1], adjoining points 1/ for j = 2,...,m with 1/m < x1, then deleting
any x; # 1/j for 5 =1,...,m and letting m — oo.

In general, the class Wg need not be a vector space, as the following shows.

Example 3.4. Here are examples where W is not a vector space and ¢ does
not satisfy the Ay condition. Let @(u) := e~ /% for 0 < u < 1/4 and ¢(0) := 0.
Let d be the left derivative of @ at 1/4. Then letting @(u) := &(1/4)+d(u—1/4)
for u > 1/4 we get that @ is convex and in CV. Let ¥ (u) := ®(u)+((u—1/4)4)?,
where vy := max(v,0). Then ¥ is strictly convex and also in CV.

Let g(t) := 1/[clog(1/t)] for 0 < t < 1/4 and g(t) := 0 elsewhere on
[0,00), where ¢ is a constant for which we will consider different values. Let
f(t) == g(t) cos(m/t) for 0 <t <1 and f(0) := 0. Then, as in (3.7),

va(f;[0,1]) = B(g(1/4)) + Y P(9(1/j) +9(1/(G+1)).  (38)

=4

Now g(1/j) = 1/(clogj), so g(1/j) + g(1/(j + 1)) is asymptotic to 2/(clog )
as j — oo. It follows that the series in (3.8) converges if ¢ > 2 and diverges
if ¢ < 2. Thus taking ¢ = 3, f € Wg[0,1] but 3f ¢ Ws[0,1]. The same
statements hold for ¥ in place of @.

We will show that the set defined next is a vector space including Weg.

Definition 3.5. Let .J be a nonempty interval and let X be a Banach space.
For @ € V, let Wg = Wa(J; X) be the set of all functions f from J to X such

that cf € Wa(J; X) for some ¢ > 0. For € CV and f € VNVq,s(J;X), let

Ifll@ = Iflls@) = inf{c>0: ve(f/c) <1} and
1fll@ = Iflse = IIf

where || f|lsup = sup,e; || f(¢)] is the sup norm of f. In the special case where
D(u) =uP, u > 0, for some 1 < p < oo, let W,(J; X) := qu(J;X), Ifllpy ==
1l = [flls@), and £l = [fllsp = 1fllsop + [ F]l5.)- Also for
X =R, let Wa(J) := Wa(J;R) and W,(J) := W, (J;R).

7.@) [ fllsup;

We have Wg C 17\/;, and the inclusion can be strict as in Example 3.4.
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Remark 3.6. It is easy to verify that for 1 < p < oo, the definition of || f|| s, ()
agrees with the one given in (1.3) and (1.20). Thus, as noted there, by the
Hélder and Minkowski inequalities, [| - [| () is a seminorm and || - ||, is a
norm on W, (J). The same also holds on W, (J; X).

We show next that [ - ||j¢] is a norm, for general @ € CV, and that it makes

qu a Banach space. Throughout this chapter, ', or sometimes ¢, denotes
the inverse function of ¢ (not 1/P).

Theorem 3.7. Let J be a nondegenerate interval, X a Banach space, and
decCV.

(a) For f € W@(J;X), || fll@) = 0 if and only if f is a constant.

(b) For any non-constant f € We(J; X),

v (f/lIfll@) < L. (3.9)
In particular, for any c,d € J, || f(d) — f(c)| < 27 1) || f (@)

() Il ll(@) is a seminorm and || - ||jg) a norm on VV;(J;X).
(d) We(J; X), - llj#)) is a Banach space.

Proof. (a) Clearly if f = x¢ for some 29 € X then f € Wg(J; X) and || f||(¢) =
0. If f is not constant, then for some s # ¢ in J, f(s) # f(¢), so if u,, | 0, then
D(||f(s) = f(t)]|/un) — oo, and || f||(#) > 0. So (a) holds.

(b) Let ug := || fll(#) > 0. Then for some u, | uo, va(f/u,) < 1. Suppose
ve(f/uo) > 1. Then for some partition A of J, sa(f/uo;A) > 1. Since &
is continuous, for some n large enough, s¢(f/un;A) > 1, a contradiction.
So the first part of (b) holds. The second part also holds since @(||f(d) —

O/l ey) < va(f /1 fll))-
(c) For any f € Wg(J;X) and ¢ € R, it is easy to see that |lcf|s) =
e[| f](#)- If also g € W@(J; X), we want to show that

1f +9ll@ < 1Fl@ + 19l (3.10)

If f or g is constant then | f+ gl (@) = || fll() + l|gll(#), so assume that neither
is constant. For any u,v > 0 and 0 < a < 1, since @ is convex,

va(a(f/u) + (1= a)(g/v)) < ave(f/u)+ (1 —a)va(g/v). (3.11)

Letting u = || f||(#) and v = ||g(#) and applying (3.9) gives v (a(f/u)+ (1 —
a)(g/v)) < 1. Then for a = u/(u+v) we get vo((f +9)/(u+v)) < 1,s0

(3.10) is proved and [ - ||(¢) is a seminorm. Since || - [|sup is @ norm it follows
that || - ||j¢] is a norm, proving (c).
(d) Let {fn}n>1 be a Cauchy sequence for || - |[i¢). Since the space of

bounded functions £°°(.J; X) is a Banach space, the f,, converge uniformly on .J
to a function f. Given e > 0, take ng(e) large enough so that for m,n > ng(e),
Il fm — fullje) < € Then [[fn — fllsup < € and



3.1 ®-variation 107

Uqf'((fm - fn)/e) <1 (312)

For n > ng(e) we have vg((fn — f)/€) < 1, since otherwise there is a partition
A of J with s¢((frn — f)/€; A) > 1 and then s¢((fr, — fim)/€;A) > 1 for m large
enough, contradicting (3.12). Thus ||f, — fll(#) < € and || fn — fllj#) < 2¢. So
fn — [ for || - [|[#) and (d) is proved. a

Let X1,..., Xk, Z be vector spaces. A map L: X; X -+ X X}, — Z is
called k-linear if for each j = 1,... k, (x1,...,2x) — L(x1,...,x)) is linear
in z; when x; for ¢ # j are fixed. If X;,..., X}, Z are all Banach spaces and
0 < M < oo, L will be called M -bounded if

[L(zy, .oz )l| < M- [l | (3.13)
forallz; € X;,5=1,...,k.

Theorem 3.8. Let k = 1,2,..., let X1,..., Xk, Z be Banach spaces, let
0 <M < oo, and let L be k-linear and M-bounded from X1 x --- X Xy, into
Z. Let & € CV, let J be a nondegenerate interval, and let f; € We(J; X;)
for g =1,...,k. Let h(s) :== L(f1(8),..., fx(s)) € Z for each s € J. Then
h € Wa(J; Z) and

Ihllie) < M| filligll f2llje) - - Nl frll - (3.14)

Proof. For k = 1, since L is linear and & is increasing, ||hl|(@) < [|M fil|(s) =

M| fill(#). Thus h € Wa(J; Z) and (3.14) holds with &k = 1.

Suppose k > 2. We can and do assume M = 1. For a proof by induction
on k,let k =2, X = X;,Y = Xo, and -y = L(z,y) as in (1.14). Let
f = f1 and g := fo, so that h = f-g. If f or g is constant then (3.14) holds

since || f-gll(@) < flsupllgll@) or < [|fll(#)llgllsup, respectively, and so we can
assume that f and g are both non-constant. For s < ¢ in J, we have

1A(t) = R(s)] < [1£(2)-(9() — g(s)Il + 1(f () = f(s))-g(s)ll
< 1 lsupllg(®) = g(I + lgllsuplLf () = F)II-

Let k = {t;}7, be a partition of J. Fori = 1,...,n, let A;f := f(t;)— f(ti—1)

and Aig := g(t;) —g(ti—1). Also, let o := [|gl[sup | fll(2) and 3 := || fllsupllg ]l (#)-
Since @ is convex, we then have

sa((£-9)/ (@ + Bm) < 3o @({allAuf /11 fllw) + Bl A/ llglar }/ 0+ )

< {ava(F/17 @) + Bralo/ gl @) } /(a+ ) < 1,

where the last inequality holds by (3.9). Thus
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1f-9ll@) < a+B8=lgllsupllfll@) + [ fllsupllgll 2)-

Clearly || f-gllsup < ||flsupllgllsup, and so (3.14) holds for k = 2.

Now let £ > 3, and assume that the theorem holds for £ — 1 in place of
k. The linear space of all k-linear and M-bounded maps from X7 x --- x X,
into Z for 0 < M < oo is a normed space, with norm the infimum of all
M for which (3.13) holds, and is evidently a Banach space. Call this space
and its norm (L(Xq,..., Xk 2),|| - ||). For any z; € X;, j = 1,...,k, let
H(xa,...,x)(x1) := L(x1,22,...,2,). Then H is evidently a (k — 1)-linear
map from Xs x - -+ x X} into the space L(X1;Z) of bounded linear operators
from X; into Z. Since for each x; € X;, j =2,... K,

[H (z2, . xp)| = sup [[L(z, . mp)l| < laf] - o,
lz1ll<1
H is 1-bounded and so H € L(Xs,...,Xy; L(X1;Z)) with [|H|| < ||L|. Let
g(s) == H(f2(s),..., fu(s)) for each s € J. Then by the induction assumption,
g € We(J; L(X1, 7)) and

91l < I f2lli@ - - [ fll - (3.15)

Now (A, z1) — Ax; =: A-x1 is a bilinear, 1-bounded mapping from L(X7; Z)x
X1 into Z, and h(s) = g(s)(f1(s)) = g(s)-f1(s) for each s € J. By the case
k =2, we get

12ll@) < gl filla)-

This together with (3.15) proves (3.14) and the theorem by induction. O

If X is the set of real numbers, then functions with values in X can be
multiplied pointwise. So, we have the following special case of Theorem 3.8:

Corollary 3.9. Let J be a nondegenerate interval and @ € CV. If f,g €
Wa(J) then fg € We(J) and

19l < [[f a1l - (3.16)

Proof. For z,y € R, (z,y) — =y is a bilinear and 1-bounded mapping from
R xR into R. Thus by Theorem 3.8, the pointwise product fg of two functions
frg € We(J) also is in We(J) and (3.16) holds, proving the corollary. |

As soon as Banach algebras are defined, in Section 4.1, Corollary 3.9 will be
extended to the space Wg(J;B) of functions with values in a Banach algebra
B, in Proposition 4.13.

Let x := x(-) be the identity function on [0, 1].

Proposition 3.10. For @ € V, the following are equivalent:
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for some non-constant continuous f.

Proof. Assuming (a), take 6 > 0 and K < oo such that ¢(u) < Ku for
0 <w < ¢. Then it is straightforward to check that vg(x/(1/9)) < KJ, so (c)
holds. The implication (¢) = (d) is immediate (as is (b) = (¢)). For (d ) (¢)
suppose f is continuous and f(0) < f(1). We can assume that f(0) = 0. By
the intermediate value theorem, find ¢, = t(¢) such that f(t,) = ¢f(1) for each
rational ¢ € [0, 1], with ¢, < t, for ¢ < r. Then for any partition x = {s;}I_, of
[0,1] with all s; rational, s¢(f(1)x; &) = se(f; ), where A = {t(s;)} o U {1}
is a partition of [0, 1]. Since @ is continuous, it follows that f(1)x € Wa.

For (¢) = (b) let ¢x € Wy for some ¢ > 0. Take an integer m > 0
such that m™ < ¢. Then for any partition x = {¢;}1, of [0,1], we have
sp(x; k) < S1+ Sz, where

Sl'_ZZ{ ti —ti-1) (j_l)/mfti—l<ti§j/m}§mv¢(cx)

and
m

Sy = Z {@(tl — ti_1>2 ti—1 < ]/m < ti} < m@(l),
j=1
where summands are replaced by 0 if terms satisfying their conditions do not
exist, 80 vg(x) < mlve(cx) + P(1)] < co.
For (b) = (a) suppose that @ (uy,)/u, — 400 for some u, | 0. Then letting
| ] be the largest integer < x,

lus )
Z Dy — (i — Duy) = [u, ' |P(un) > (u; b — 1)®(uy,) — +o00

n
i=1

as n — 00, a contradiction. The proof is complete. O

Complementary functions
For a convex function @ € V), let
@* (v) == sup {uv — P(u): u >0}, v > 0. (3.17)

The function ¢* so defined may be zero and may have infinite values on (0, o).
Both occur, for example, if @ is the identity function, for v < 1 or v > 1
respectively. In any case, @* is convex as a supremum of affine functions.
Clearly ¢*(0) = 0 and &* is nondecreasing. Let vy := inf,>0P(u)/u and
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V1 i= Sup, o P(u)/u. Since @ is convex, u +— P(u)/u is nondecreasing, with
D(u)/u T v1 < 400 as u T +oo. We have &*(v) < 400 for all v € [0,v1), a
nondegenerate interval or half-line, and ®*(v) = +oo for all v > v;. At all
points v of the interval [0,v1), #* has a finite right derivative DT ®*(v) and
for v € (0,v1) also a finite left derivative D~ &*(v) (e.g. [63, Corollary 6.3.3]).
In particular, * is continuous on the interval [0,v;). Also, we have &*(v) = 0
for all v € [0, vp]. It will be shown that &* € V if we assume in addition that
vg = 0 and v; = 400, that is,

utd(u) 10 asu |0 and ™ d(u) T 400 asu ] oco. (3.18)

The class of all functions ¢ € CV satisfying (3.18) will be denoted by CV*.
For example, the function ¥ in Example 3.4 is in CV*.

For @ € CV*, the function ¢* defined by (3.17) will be called the comple-
mentary function to the function @. Just by the definition of the complemen-
tary function we get the W. H. Young inequality:

uv < &(u) + P (v) for u,v > 0. (3.19)

For example, let @(u) := u'*t®/(1+ a) for an o with 0 < o < co. Then it is
easy to check that &*(v) = av1+®)/® /(1 + ) for all v > 0, so (3.19) gives for
all u,v > 0,

ulte a,U(lJra)/a

< . 3.20
we= 1—|—o¢+ 1+ « ( )

This last inequality appears as a lemma in one proof of Holder’s inequality,
e.g. [53, Lemma 5.1.3]. In another example, (3.19) holds for the functions given
by &(u) =e* —u—1, u >0 and ?*(v) = (1 4+ v)log(1l +v) — v, v > 0.

Note that in (3.20), in the notation of (3.19), & € CV*, &* € CV*, and
(@*)* = &. The latter two facts hold generally if & € CV*, as the following
shows:

Proposition 3.11. For any @ € CV*, its complementary function @* is in
CV*, and o** := (P*)* = .

Proof. As was noted after (3.17), it is clear that $*(0) = 0 and ®* is nonde-
creasing. If &*(v) = 0 then v < @(u)/u for each v > 0, and hence v = 0 by the
first relation in (3.18). For each v > 0, let u, := sup{u > 0: v —&(u)/u > 0}.
By the second relation in (3.18), u, is finite and &*(v) = sup{uv — P(u): 0 <
u < uy} < oo for each v > 0. As also noted after (3.17), &* is convex, and
it is continuous and strictly increasing, that is, &* € CV. To prove (3.18)
with @* in place of @, if v — 0 then u, — 0, and then ¢*(v)/v — 0 since
&*(v) < uyv. If v — oo then by (3.19) for any u, *(v)/v > u — $(u)/v, and
so @*(v)/v — oo, proving the first part of the proposition.

For the second part, for any V > 0, let V € [D~®(u), DT ®(u)] for some
u > 0. Due to convexity of @,
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b(x) — D(u)

&(x) — D(u) SV or <V

r—Uu r—Uu

according as * > w or x < w. In either case &(z) — P(u) > V(z — u) for
each z > 0, and so uV — @(u) > 2V — &(zx) for each x > 0. Thus by (3.17),
uV — &(u) = ¢*(V), giving equality in (3.19) for V in place of v, and the
inequality @**(u) > uV — &*(V) = ®(u). Since u > 0 is arbitrary, we have
that @** > &. The reverse inequality follows from the W. H. Young inequality
(3.19), proving that @** = @. The proof of the proposition is now complete.

0O

Alternatively, the complementary function to @ can be defined using the
right derivative P := DT ® of &, which exists since @ is convex. Thus P is a
nondecreasing and right-continuous function on [0, c0). The conditions (3.18)
are equivalent to P(0) = 0 and P(t) T +oo as t | oo. Consider the right
inverse @ of P defined by Q(t) := sup{s > 0: P(s) < t} for ¢ > 0. Then,
like P, @ has the properties that Q: [0,00) — [0, 00) is right-continuous and
nondecreasing, Q(0) =0, and Q(¢) T +oo as t T co. Let ¥(v) := [y Q(¢) dt for
v>0.Let A = {(s,t): 0<s<wu, 0<t<P(s)}and B := {(s,¢): 0<
t<wv, 0<s<Q()} If P(s) <t, then s < Q(t) by definition of Q(¢). Thus
AUB DR := [0,u] x [0,v] and by comparison of areas,

uv < /0 P(s)ds —|—/0 Q(s)ds = P(u) + ¥ (v) for u,v > 0. (3.21)

If Q(t) > s, then P(s) <t since P is nondecreasing. Thus AN B C {(s,t) :
s=Q(t) or t= P(s)}, and the area of AN B is always zero.

Suppose v = P(u) for a given w. Then if ¢ < v, we have Q(¢t) < u, so
AUB C RUA{(s,t): t =wv}. Or, suppose u = Q(v) for a given v. Then if
s < u, we have P(s) <wv,s0 AUB C RU{(s,t): s=u}. Soif v =P(u) or
u = Q(v), then (AU B) \ R also has area 0, and (3.21) becomes an equality,
that is,

uP(u) = &(u) +¥(P(u)) Vu>0, and

vQ(v) = B(Q(v)) +¥(v) Vv >0. (3.22)

For the complementary function ¢* defined by (3.17), (3.21) implies that
¥ > @*. Conversely, the second equation in (3.22), setting u := Q(v), implies
that ¥ < @*. Thus ¥ = &* and so inequality (3.21) agrees with inequality
(3.19). As shown in the proof of Proposition 3.11, equality holds in (3.19) if
P(u—) < v < P(u) for a given u. Symmetrically, since Q(v) = DT¥(v), the
same holds when Q(v—) < u < Q(v) for a given v.

Let @ € CV* and let @* be its complementary function. For an X-valued
function f defined on a nondegenerate interval J, let
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1Ly = sup { D71 () = F(ti1)18::
i=1

n

{t:hiy € PP(J), Y #*(8) <1, 6 2 0},

i=1

(3.23)

where PP (J) is the class of all partitions of J. It is easy to check that ||-||(¢) :=

Il-[l.7,(#) is 0 only on constants. It is a seminorm equivalent to ||- || gy on We(J)
by the next proposition.

Proposition 3.12. For @ in CV* and f € Wa(J), f — I fllz) is a seminorm
and we have

[fll@y < I fllcey < 2[Fll(@)- (3.24)

Proof. We can assume that f is non-constant, so 0 < ||f| (@) < +oo and
Ifllz > 0. To prove the second inequality in (3.24), let | f|/@) = 1. For
{ti}g € PP(J), let A;f := f(t;) — f(ti=1), i =1,...,n. Then by the W. H.
Young inequality (3.19) and (3.9), we have

Z 1A fllBi < va(f) + Z(p*(ﬂi) <2
i—1

i=1

for any {3;}7_, such that 3; > 0 and >_. , #*(;) < 1. Since the partition
{ti}i—o is arbitrary, the second inequality in (3.24) holds. Thus [/ f[|(s) < oo
and since the other properties of a seminorm clearly hold by the definition
(3.23), || - ll(#) is a seminorm on We(.J).

To prove the first inequality in (3.24), let || f||(#) = 1. Let {t;}}_, € PP (J),
and let 3; := P(||Aif]]) fori =1,...,n, where P = D" is the right derivative
of @. Since f is non-constant, not all A; f = 0. By the first equality in (3.22),
foreachi=1,...,n,

14if]|6: = (| Aif])) +2*(80). (3.25)

Also, s, = Y i, *(3;) < 1. Suppose not. By convexity of ¢*, and since
sp > 1, we have 37" | @*(Bi/sn) < >y @*(Bi)/sn < 1. Thus 1 = || f|l(a) >
Yo 1A fI1(Bi/sn), and so by (3.25),

sn 2 |[Af]1B =D ([ Aif]) + sn.
=1 =1

a contradiction since ||4;f|| > 0 for some ¢, proving the claim that s, < 1.
Then by (3.25) again, we have

L= £l = D | Aif[|5: =Y o([|Aif)-

=1 i=1
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Since {t;}7_, is an arbitrary partition of J, it follows that ve(f;J) < 1, and
so || fll(@) <1 = | fll(#), proving the proposition. ad

As mentioned between (3.19) and (3.20), if &(u) = u”/p, 1 < p < oo, where
p here equals a+ 1 there, @ € CV* and its complementary function is &*(v) =
v?/q, where p~* + ¢=! = 1. For such &, we have ||f|[@) = (1/p)"?||fll(»)
Moreover, considering 3; = ¢™9||f(t;) — f(ti—1)||P~ 1/HfH(p) ,i=1,...,n, for
{t:}7_y € PP (J), it is easy to check that Y ;" , &*(3;) < 1. It follows that
1@ > ql/quH(p). Conversely, for any 3; > 0 such that Y ;. &*(5;) < 1,
we have by the Holder inequality

ZHf ti-1)||8i < (ZHf 1)”p)1/p<iﬂf)l/q
- ql/q<Z:||f(ti) _ ||p) (ng* 5) )1/q

< @£l -

Thus || fll@) < ¢/*1 /]l and [ fll@) = ¢4/l -

If p=q =2, then || f[ls) = \/inH(Q) = 2| f|l(#). Furthermore, if p | 1 then
both (1/p)'/? — 1 and ¢'/9 — 1. These examples show that the inequalities
(3.24) are sharp.

The seminorm || - ||(¢) resembles the Luxemburg norm || - [[ on an Orlicz
space defined by (1.24). The seminorm || - || () also has an analogue for Orlicz
spaces, defined as follows. Let (£2,S, ) be a measure space. For ¥ € V), let
BY (2,8, 11;R) be the set of u-measurable functions g: 2 — R such that

(|lg])dp < 1. Let @ € CV* and let &* be its complementary function. For
a p-measurable function f on (2 with values in X, let

1o i=sup{ [ I7lgdu: g€ B (.55, g2 0f < +oc. (3.:26)
It will be shown that this gives a norm equivalent to || -||¢ on the Orlicz space
LP(02,8, 5 X).

Proposition 3.13. Let (2,8, 1) be a measure space and let @ be in CV*. For
f € L?($2;X), we have

Iflle < Ifle < 201l (3.27)
and || - |o is @ norm on L*(£2,8, u; X).

Proof. We will first prove the second inequality in (3.27). For some ¢ with
0 < ¢ < 0o we have [&(||f||/c)dp < 1. Then by the W. H. Young inequality
(3.19), for any nonnegative g € B (12, S, 1;R), we have
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—1 —1 *
/Qc HngduS/n@(c IIfII)du+/Q¢(g)du§2,

so [||fllgdp < 2c. Letting ¢ | ||f]|s, the second inequality in (3.27) holds.
Thus || flle < +oo. It follows directly from the definition (3.26) that || - || is
a seminorm on L?(§2,S, u; X). Since it vanishes only for functions f = 0 a.e.
(u), it is a norm.

It remains to prove the first inequality in (3.27). Let |flle = 1. If
J@(||f]]) dir = 0 then || f|l¢ < 1. Thus we can and do assume [ &(|| f]|) dp > 0.
Let g := P(||f]]), where P = D% is the right derivative of @. By the first
equality in (3.22),

I£llg = B(I71) +&*(9). (3.28)

We claim that p := [, ®*(g9)dp < 1. Suppose not. By convexity of &*, and

since p > 1, [o@*(g/p)dp < [o@*(9)dp/p = 1. Thus [o || fll(g/p)dp <
I7lls = 1, and so by (3.28),

pZ/QHngdu=/Q¢(||f||)du+p-

This is a contradiction since [, ®(||f]|)dp > 0, proving the claim ¢g €
B? (12,8, 1;R). Then by (3.28) again, we have

1:H\fl\lqsZ/QllfllgduZ/Q@(HfH)du,

and so || f]l¢ < 1, proving the proposition. O

The inequalities (3.27) are sharp, as will be shown by the same examples
used for the p-variation norms with ®(u) = w?/p, 1 < p < oo, P*(v) =
v?/q, and p~! + ¢~! = 1. In the present case, for such @, we have | f|l¢ =
(1/p)"/2| f|lp- Taking g := ¢"/9[|f[|*=/[fI[2~", it follows that [|g[e- = 1,
and hence ||flle > ¢*/%|f||,- The converse inequality holds by the Hélder
inequality as before, and so || f|le = ¢"/9| f||,- Now taking p=g=2orp |1
shows that inequalities (3.27) are sharp.

For a real-valued function f, we have

le=suw{| [ roau|: e 5”@ sm . G29)
Indeed, for real-valued and p-measurable f and g,

‘/nfgdﬂ‘ S/Qlflgldu‘/gfédu‘,

where g := |g|sgnf. Then [&*(|g|)du = [P*(|g|) dp and so (3.29) follows.
The right side of (3.29) is called an Orlicz norm, e.g. [128, Section I1.9].
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Moduli of continuity

A modulus of continuity will be a continuous, nondecreasing function ¢ from
[0, 00) onto itself which is subadditive, so that for all u,v > 0,

P(u+tv) < du) + ¢(v). (3-30)

If ¢ is a modulus of continuity then ¢ is zero only at zero. If not then ¢(u) = 0
for some u > 0. Then by (3.30), ¢(nu) = 0 for each positive integer n, and so
¢(u) = 0 for each u > 0, a contradiction. Next, for 0 < u < v, we have

O]

v u

(3.31)

To prove this, let n be the least integer such that nu > v. Then nu < 2v, and
by (3.30), it follows that

p(v)/v < d(nu)/v < ne(u)/v < 2¢(u)/u,
as stated. Moreover, if ¢ is a modulus of continuity then

lim o) = sup o) for any 0 < u* < oo. (3.32)
ul0u O<u<u* U

To prove this, let 0 < u* < oo and let 0 < v < w*. For any 0 < u < v, let n be
the least integer such that v = nu + 6(u) with 0 < §(u) < u. Then by (3.30),

o) _  udl) | 9{o)

v v ou (Y

Letting w | 0 it follows that nu/v — 1 and ¢(6(u))/v — 0. Thus ¢(v)/v <
liminfy, o ¢(uw)/u. Since v € (0,u*) is arbitrary, we have
¢(v) ¢(u) ¢(u)

S:= sup —= <liminf —= <limsup —= < S,
O<v<u* U ul0 U wl0 u

proving (3.32).
Property (3.31) can be strengthened for concave functions as follows:

Proposition 3.14. Let ¢ be a continuous, nondecreasing, concave function
from [0,00) onto itself. Then ¢ is a modulus of continuity and ¢(u)/u is
nonincreasing in u > 0.

Proof. Let 0 < «a < 1. By concavity, ¢(Az) > A¢(z) for A = e or 1 — «
and each x > 0, so ¢(z) < ¢(ax) + ¢((1 — a)x). Taking = := u + v and
a :=u/(u+v), it follows that ¢ is subadditive and so a modulus of continuity.
Also, by concavity, we have ¢(Au)/(Au) > ¢(u)/uforany 0 < A < 1landu > 0,
proving the proposition. O
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If & € V is convex, then its inverse ¢ = &~ will be a continuous, non-
decreasing and concave function from [0, 00) onto itself, and so a modulus of
continuity by Proposition 3.14. The class of all functions @ € V such that ¢!
is a modulus of continuity will be denoted by VM.

The following shows that moduli of continuity can be taken to be concave
up to a factor of 2.

Proposition 3.15. Let ¢ be any modulus of continuity. Then there is a real-
valued least concave function ¢ > ¢ with ¢ < 2¢. Here ¢ is a modulus of
continuity and is strictly increasing.

Proof. For t > 0 let
B(t) = inf{a+0bt: a+bu>¢(u) foral u>0},

or o0 if the given set is empty (it will be shown to be always nonempty). Then
clearly ¢(t) < ¢(t) for all t > 0. Since ¢ is subadditive we have for each ¢ > 0
and positive integer m that ¢(mt) < me(t). Thus ¢(u) < me(t) for (m—1)t <
u < mt, or equivalently m — 1 < u/t < m. Thus ¢(u) < (ut™! + 1)¢(t) for all
u > 0. Tt follows that ¢ has finite values with ¢(u) < (ut™' 4 1)¢(t) for all
u > 0. Setting u = t we get ¢(t) < 2¢(t) as stated.

Since ¢ is the infimum of a nonempty set of concave functions and is
nonnegative, it is a real-valued concave function. Let ¢ be the infimum of
all concave functions > ¢, which is then the least concave function > ¢.
So ¢ < ¢ < . Suppose ¢( ) < ¢(t) for some t. Since é is concave, its
subgraph {(u,v) : >0, v < ¢(u)}is a convex set. It has a support line
v = a + bu passing through the point (u,v) = (t, ( )) [53, Theorem 6.2.7].
Then a + bu > ¢(u) > ¢(u) for all u > 0, so () < ¢(t), a contradiction. So
d) ¢ and ¢ is the least concave function > ¢.

Any concave function on an interval is continuous, in fact has finite one-
sided derivatives, on the interior of the interval. The function ¢ is continuous
at 0 and goes to +00 at +oo by the inequalities ¢ < ¢ < 2¢. It follows from
Proposition 3.14 that ¢ is a modulus of continuity. Then since it is concave,
it must be strictly increasing. This finishes the proof. O

3.2 Interval Functions, ®#-variation, and p-variation

In Section 2.1, for interval functions, we considered the properties of additivity
and upper continuity, and proved several facts. In this section, @-variation
and p-variation are considered for such functions, which are not necessarily
additive. In Chapter 9 we will deal with multiplicative interval functions.
Let J be a nonempty interval in R, possibly unbounded, and let X be a
Banach space. Recall that the class of all interval functions defined on the
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set J(J) of subintervals of J with values in X is denoted by Z(J; X) (as just
after Corollary 2.2). Recall (Section 1.4) that an interval partition of J is a
finite sequence {4;}; of disjoint nonempty intervals with J = U, A; and
A; < Aj whenever i < j, and IP (J) denotes the set of all interval partitions of
J. The @-variation for interval functions is defined similarly to the ®-variation
for point functions, as follows.

Recall that V is the class of all functions @: [0,00) — [0,00) which are
strictly increasing, continuous, unbounded, and 0 at 0. Let p € Z(J; X) and
@ e V. For A= {A;}, €IP(J), let the P-variation sum be

i) = 3 (U 4) -w(U)

where a union over the empty set of indices is defined as the empty set. For
an additive interval function p and A = {4;}?, € IP (J), clearly

), (3.33)

n

so(p A) = > d([|u(Ai)]). (3.34)

i=1

Recall that in Chapter 2 we defined interval functions taking values in a
Banach space, such as R. An extended real-valued interval function is defined
as a function from J(J) for some J into [—o0, 00|, for example into [0, oo] as
in the following definition.

Definition 3.16. Let @ € V and let p be an X-valued interval function on
a nonempty interval J. The @-variation of p on J will be an extended real-
valued interval function vg (i) = vg(u;-) on J defined by

vp(p; A) = sup {sa(p; A): A€IP(A)} < 400 (3.35)

if A € 3(J) is nonempty, or as 0 if A = (). We say that pu has bounded &-
variation on J if sup{ve(u; A): A € J(J)} < oo. The class of all interval
functions p € Z(J;X) with bounded @-variation on J will be denoted by
Zo(J; X), and Zg(J) will denote Zg(J; R). In the special case where @ (u) = u?,
u > 0, for some 0 < p < 00, we write s, := Sg, vp 1= vp, and Z, := L. We
call vy (p) the p-variation of . Thus the p-variation of 1 on J is an extended
real-valued interval function v,(u) = vp,(;-) on J defined by

vp(p; A) i= vp(p; A, X) :=sup {s,(1; A): A€IP(A4)} (3.36)

if A € J(J) is nonempty or as 0 if A = 0.

Recall that, as defined just before Theorem 2.7, AZ(J; X) is the vector
space of additive and upper continuous interval functions on J with values
in X. Let AZ¢(J; X) :=Z¢(J; X) N AZ(J; X) and AZ,(J; X) :=Z,(J; X) N
AZ(J; X). Also, let AZg(J) := AZ¢(J;R) and AZ,(J) := AZ,(J;R).
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Remark 3.17. If p is additive then by (3.34), s,(p; A) = >0 [[(A;)||P for
A={A;}7, € IP(J). In this case, vg(p; J) = sup{ve(u; A): A € I(J)}. Let
i be an interval function on J(J) where J = [a,b] with a < b. Then all the
(unions of) intervals on which y is evaluated in the definition (3.33) are either
empty or of the form [a,t;] and moreover are left-open if and only if .J is.

Suppose that vg(u; J) < +00. Let v be another interval function on J such
that v([a,t]) = p([a,t]) for a < t < b but v is defined arbitrarily on other
intervals. Then s¢(v; A) = se(u; A) for every interval partition A of J and
vo(v; J) = ve(p; J) < +oo. But even if vg(u; A) < +oo for all A € 3(J), for
example if p is additive, the same need not hold for v if J is nondegenerate.

Thus we see that the condition vg(u; J) < 400, by itself, is not restrictive
except for values on intervals having the same left endpoint (and open- or
closedness there) as J. Thus, for general (non-additive) interval functions, we
take suprema over A € J(J) in defining “bounded P-variation,” Zg(J; X),
]l 7,(p), and some related notions later. The definitions with suprema over
all subintervals of J will be useful especially for multiplicative and related
interval functions in Chapter 9.

If va (1 [a, b]) < oo, the point functions L, , and R,, , defined by (2.3) are
of bounded @-variation, and hence regulated. If p is upper continuous and
either L, , or R, , has bounded @-variation, then vg(u;J) < co. Without
upper continuity, even for p additive, this implication can fail, as Example
2.14 shows. Note also that the mapping h +— p; from point functions to
interval functions defined by (2.2) always gives an additive interval function.
Corollary 2.11 gives a mutual relation between suitable point functions and
additive interval functions. For a non-additive interval function p on J = [a, b]
with a < b, when we take sup 45 vp(p; A), we would need to consider not
only functions L,  or R, 4, but also L, . or R, . for a < c <b.

d-variation seminorms and norms

The interval function g defined by (2.2) with f as defined in Example 3.4
shows that, in general, Zg need not be a vector space. As in Definition 3.5,
we will extend Zg to a vector space. Recall that CV is the class of convex
functions @ € V.

Definition 3.18. Let J be a nonempty interval and let X be a Banach space.
For @ € V, let Zy(J; X) be the set of all interval functions p € Z(J; X) such
that cu € Zg(J; X) for some ¢ > 0. For ¢ € CV and p € Zg(J; X), let

J,(@) = sup{inf{c > 0: va(p/c; A) <1}: AcI(J)} and
g1 = el g sup + 12l 7,2,

[l 1all (@) = [l
alle) ==l

where ||| ,sup = sup{||x(A)]|: A € 3(J)} is the sup norm of x. In the special
case where ®(u) = uP, u > 0, for some 1 < p < oo, let [|ul|(py := ||pll 1) =

eall @y and [lpelip) == [l ey = llasllgsup + [ell )
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Remark 3.19. As for point functions in Remark 3.6, one can verify that for
1 < p < oo the definition of ||u|| ;) just given agrees with (1.21), so that

12l oy = sup{vp (s )P A€ 3()}.

As noted there, by the Hélder and Minkowski inequalities, || - [| 7, is a semi-
norm and | - || ,(,] @ norm on Z,(J; X).

By Theorem 2.8, an additive upper continuous interval function p has the
representation pj defined by (2.2) for some point function h, and the sup
norm of y is the oscillation of h. We will show in Proposition 3.22 that || - ||(¢)

is a seminorm and | - ||{¢] is a norm, both on Zo(J; X), for general & € CV.
The next fact shows that Theorem 3.7(a) for point functions extends to

general interval functions, whereas a constant additive interval function must
be 0.

Proposition 3.20. Let J be a nonempty interval and let & € CV. For any
p € Zo(J; X), l|lpll@) = 0 if and only if p is constant. For p € Zg(J; X)
additive, ||| (@) = 0 if and only if p = 0.

Proof. If 1 is constant then clearly [|u/|(g) = 0. If ||u[[(@) = 0 and g is not
constant, take A € J(J) with p(A) # u(@). Thus if ¢, | 0 then

va () cn; A) = sa(p/cn; {A}) = D([|u(A) = p(D)[|/cn) — o0,

a contradiction, completing the proof since if p is additive then (@) = 0. O

The next fact extends statement (b) of Theorem 3.7 to interval func-
tions and makes further statements in the additive case. Let AZg(J;X) =
Io(J; X)NAZ(J; X).

Proposition 3.21. Let J be a nonempty interval and let & € CV with inverse
¢. For any p € Zg(J; X) with ||pl/@) > 0,
vo (/|| pll@); 4) <1 (3.37)

for each A € 3(J). In particular, if p € ATg(J; X) then [ 1tllsup < A1) 2]l ()
and so

el @y < Nlullig) < (14 Sl pll2)-
In particular, for p € AZ,(J; X) we have ||pl|sup < ||pl|(p) and

lellpy < el < 2klle)-

Proof. Let ||p|/(#) > 0. Suppose that ve(u/||pll(#); A) > 1 for some A € 3(J).
Then for some interval partition A of A, sa(u/||pl/(#);A) > 1. Since & is
continuous, s¢(u/u; A) > 1 for some u > |pl/(g). Since @ is increasing,
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vp(pu/v;A) > 1 for 0 < v < wu, a contradiction, proving the first part of
the proposition. For the second part let p be additive. If ||u[[(s) = O then
ltllsup = O by Proposition 3.20. If ||u[[s) > 0 then for any A € J(J),
D[/ Nlpllwy) < ve(p/llmll(@); A) < 1. The remaining statements follow,
so the proof of the proposition is complete. O

Now we are ready to prove that the @-variation for interval functions
defines a seminorm and a norm.

Proposition 3.22. Let J be a nonempty interval and let & € CV. Then on
Zo(J; X), |- (@) is a seminorm and || - ||ig] is a norm. On AZg(J; X), || - [|(@)
is a norm. In particular, || - ||y is a norm on AZ,(J; X).

Proof. For any pu € Zp(J; X) and ¢ € R it is casy to sce that llepll@) =
|c| || ]| (&) If also v € Zs(J; X), we want to show that

I +vll@ < llul@ + 1v]i@)- (3.38)

If || 4]l () = O then p is constant by Proposition 3.20, and ||u+v||(s) = ||V (s)
by definition (3.33) of @-variation sums. Thus (3.38) holds when one of the
two terms on the right side is 0, so assume that neither is 0. Let u := ||u[| ()
and v := [|v||(). Since @ is convex, by (3.37), for each A € J(J), we have

ve((p+v)/(u+wv); A) < v (p/u; A) + ve(v/v; A) < 1.

u—+v u—+v

Thus (3.38) is proved and || - [|(¢) is a seminorm. Since || - [[syp is a norm it
follows that || - [|(¢) is a norm. The statements about the additive case follow
from those in Propositions 3.20 or 3.21, finishing the proof. O

Again as for the @-variation for point functions, we have Banach spaces of
interval functions with bounded @-variation.

Proposition 3.23. Let J be a nonempty interval, let X be a Banach space,
and let & € CV. Then (Zg(J; X), || - l[#)) is a Banach space.

Proof. A ||-]|j)-Cauchy sequence {j }x>1, being Cauchy for [|- ||sup, converges
uniformly to some interval function g on J. Thus for any A € J(J), any
interval partition A of A and ¢ > 0, sa(p;/c; A) — so(p/c; A) and se((pr —
wi)/c; A) — sa((pe — pn)/c; A) for each k as j — o0, so p € Z(J; X) and
| — pll(@y — 0 as k — oo. O

As in the proof of Proposition 3.2, it follows that f@ =1p if & €V
satisfies the Ay condition. In particular, (Z,(.J; X), || - [|p) is a Banach space
for 1 <p < oo.
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Corollary 3.24. Let & € CV and let ju € ip(J; X) be additive. Then for any
nonempty intervals A < B such that AU B € 3(J),

il avs, @) < llplla,@) + el B, @)- (3.39)

Proof. Writing uc (D) := u(C N D) for intervals C and D, (3.39) follows from
subadditivity of || - || aup,(#) since paun = pa + s, [|1all avs,@) = ll1lla,@)
and [|uBllaus,@) = |1l B, (@) O

The p*-variation

Let J be a nonempty interval and let ;1 be an additive and upper continuous
interval function on J with values in a Banach space X, that is, u € AZ(J; X).
Recall that for x € J, the singleton {x} is an atom of u if u({z}) # 0. By
Proposition 2.6(c), the set of all atoms of u is at most countable. Hence for
0 < p < oo, and any set A C J, the sum

oy A) =Y |l = u({EhH” (3.40)
A teA

equals 0 if A is empty, is well defined, and satisfies o, (1; J) < vp(p). Also, let

“(u; A) := inf ; 3.41
vy, (13 A) sl ) S sp(p; A) (3.41)

if A € J(J) is nonempty, or 0 if A =0, and

or(pu; A) i = sup inf s,(p; A 3.42
s A) = s 54 (3.42)

if A € 3(J) is nonempty, or 0 if A =@, where A 1 B or equivalently B C A
means that an interval partition A is a refinement of an interval partition

B. Then o,(n) = op(p;-) restricted to I(J), vy(p) = vy (), and o, () =
o, (;+) are interval functions on J. In general we have the following relations:

Lemma 3.25. Let J be a nonempty interval, let p € AZ(J; X), and let 0 <
p < oc. Then for each A € 3(J),

op(p; A) < 0, (s A) < vy (s A) < vp(p; A), (3.43)
“(u; A) = inf ;A), 3.44
vplus A) = _inf o S sp(ps; A) (3.44)
and  o,(u;A) = sup inf s,(p;A), (3.45)

BeYP (4) BCA

where YP (A) is the class of all Young interval partitions of A.
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Proof. We can assume that the interval A is nondegenerate. For (3.43), if
op(p; A) = 400 then for each positive integer N there is a point partition
B = {2;}7y of A such that ) p [|u|/” > N. Then for any interval partition
A which is a refinement of the Young interval partition {(z;-1,2;)}72; of
A, sp(ps A) = Yo g llpllP, and so o, (u; A) = +oo. Suppose that o, (u; A) <
+00. Given € > 0 there exists a point partition B = {2;}], of A such that
Y pllpllP > op(p; A) — €. Then for any refinement A of {(z;-1,2;)}L, we
have s,(p;A) > > g llpl|P, and so the first inequality in (3.43) holds. To
prove the second inequality one can assume that v;(,u;A) < 400. Suppose
that vy (u; A) < o5 (u; A). Then there exist interval partitions B; and Bz of
A such that sup{s,(p;A): A 3 B1} < inf{s,(u;A): A 3 By}. Let Bs be a
refinement of B1 and Bs. Then

sup sp(p; A) < s spps A) < inf sp(ps A) < inf s (13 A),
a contradiction, proving the second inequality in (3.43). Since the third in-
equality is obvious, (3.43) holds.

For (3.44) and (3.45), let B € IP(J) and B — C € YP(J). Then
sup{sy(1;D): D OC} < sup{sp(u; D): D 1B} and inf{s,(1; D): D IC} >
inf{s,(p; D): D 3 B}. Thus “>” in (3.44) and “<” in (3.45) hold instead of
“=". Since the reverse inequalities are obvious, the proof is complete. O

The following fact shows that for 1 < p < oo and p real-valued the first
inequality in Lemma 3.25 becomes an equation:

Proposition 3.26. Let p € AZ(J;R) and let 1 < p < oo. Then o, (11; A) =
op(p; A) for each A € 3(J).

Proof. By Lemma 3.25, it is enough to prove that o5 (u; A) < op(pu; A). We
can assume that the interval A is nondegenerate and op,(y; A) < +o0o. Let
e > 0. We will prove that for each B € IP (A) there exists a refinement A
of B such that s,(u;A) < 0,(u; A) + €. Choose a Young interval partition

{(zj-1,2)}7; of A which is a refinement of B such that

ZUP(NQ (zj—1,25)) < €/8.

Jj=1

This is possible because o,(p) is an additive interval function on J, and
op(p; A) can be approximated arbitrarily closely by finite sums > 5 |u|?. Let
0j = op(u; (2j-1, 2;)). Given j, it is enough find a partition A; of (z,;_1, 2;)
such that

spps Aj) < € := 465 + €/(2m).

If pj = p((zj=1,2;)) = 0 we can take A; = {(zj_1,2;)}. Otherwise by
symmetry we can assume p; > 0. Choose M > 1 large enough so that
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2max{M P, p;/MP~1} < §;4¢€/(2m). If u; < 1/M, taking A; := {(zj_1, 25)}
gives s, (113 Aj) = pf < M~P < ¢; as desired, so we can assume p; > 1/M.
Let tg = zj_1. Given tg,...,t; such that p((zj_1,t]) +1/M < p;, let
tit1 := inf{t: p((tx,t]) > 1/M}. Then by upper continuity of 4 and Propo-
sition 2.6(e), p((te,tr+1)) < 1/M < p((tk, te1]). Thus p((zj-1,tx]) > k/M
for each k, so K, the largest k for which ¢34, is defined by the recursion,
satisfies (K + 1)/M < pj. Then tx41 < z; since there is some ¢t < z; with
w((te,t]) > 1/M by Proposition 2.6(e). Set tx42 = z;, and let A; be the
Young interval partition {(t;_1,%;)}<+% of (2,_1,2;). Foreachi = 1,..., K+1,
UM = u({t:}) < p(ti1,12)) < 1M, 50 ((t1060))] < mas{1/M, ({61}
We have p((zj-1,tr41]) < pl(zj-1,tx]) +1/M+p({tx1}) < pj+p{txi1})
and pu((zj-1,tx41]) = p; —1/M. Now p((zj-1,tx+1)) < py — (/M) +1/M =
tjs 80 p([tx+1,tr42)) > 0 and —p({tx41}) < p((tx+1,tx+2)) < 1/M and
[((tr 415t 42))| < max{1/M, p({tx+1})}. Thus

K42

S (b )P < (K +2)/MP + 25
k=1

and
sp(u;Aj) S (K + 2)/Mp +35j < uj/Mpfl + (7/2)5J +e/(4m)
<40; +¢€/(2m) = €.

The proof of Proposition 3.26 is complete. O

Lemma 3.27. Let J be a nonempty interval, p € AZ(J; X), and 0 < p < oo.
For A e 3(J),
op(p; A) = vy (p; A) < 400 (3.46)
if and only if the limit
hj‘n sp(1; A) (3.47)

exists under refinements of partitions A of A (and is finite). Moreover, for
A,B € 3(J), if BC A and (3.46) holds then (3.46) holds with B in place of
A.

Proof. We can assume that the interval A € J(.J) is nondegenerate. Let (3.46)
hold and € > 0. By definitions (3.41) and (3.42), there exist interval partitions
B1 and By of A such that

j;lgl sp(p; A) < wp(p; A) + € and Aiggz sp(p; A) > o, (s A) — e

Taking a refinement Bz of By and By, we have for each refinement A of Bs,

op (s A) — € < spp; A) <wvp(ps A) + e
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Since o, (p; A) = vy (3 A), it then follows that the limit (3.47) exists. Con-
versely, suppose that the limit (3.47) exists but oy (11; A) # vy (u; A), and so
by Lemma 3.25,

o, (1 A) < vy (s A). (3.48)
The existence of a finite limit implies that vy (1; A) < +o0. Let B be an interval
partition of A. Recursively, there are mterval partitions BC A C Ay T -+
such that sp(p; Ax) > vy () — 1/k for k odd, and sp,(p; Ax) < oy (1) + 1/k
for k even. Thus by (3.48), the limit (3.47) cannot exist. This contradiction
completes the proof of the first part.

To prove the second part, let A, B € J(J), B C A and let (3.46) hold.
By the first part, (3.47) holds and given € > 0, there is an interval partition
A; € IP (A) such that ||s,(u; A) — sp(p;Ar)|| < € for each refinement A of
Ai. We can assume that there is a subfamily 51 of A; which is an interval
partition of B. Let B be a refinement of By, and let A := BU (A; \ By). Then
A is a refinement of A; and

sp (5 B) — sp (3 Bi)|| = [Isp(p5 A) — sp(p5 A1)l <e.

Therefore the limit limp s,(p; B) exists under refinements of partitions B of
B and (3.46) holds with B in place of A by the first part, proving the lemma.
O

Proposition 3.26 and Lemma 3.27 show that for 1 < p < co and X = R
the property defined next is equivalent to existence of the limit (3.47) of p-
variation sums.

Definition 3.28. Let J be a nonempty interval, let u € AZ(J; X), and let
0 < p < co. We will say that p has p*-variation, and write u € AZ,(J; X), if
op(p; J) = vy (p; J) < 4o00. If X =R then we write u € AZ,(J).

The following gives a useful characterization of p*-variation.

Lemma 3.29. Let J be a nondegenerate interval, let u € AZ(J; X), and let
1 < p < 0. Then p has p*-variation if and only if for every e > 0, there
ezists a Young interval partition {(zj-1,2;)}7, of J such that

va(,u; (zj-1,25)) < €. (3.49)
j=1
Proof. 1t is easy to see that for any interval partition A = {4;}?, of J,
va(u;Ai) =sup {s,(; B): BeIP(J), B3 A}

n (3.41), by (3.44), we can equivalently take B € YP (J). It then follows that
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v J) = inf { D 0p(u A): {AVL, € YP()} (3.50)

i=1

Let p have p*-variation. Then given € > 0, there exists a Young interval
partition {(z;-1,2;)}jL; of J such that for B := {z;}]2, N J,

D opps (25-1,2)) + Y lpllP < v (s T) + €/2
j=1 B

and ) g [|ul|P > op(p) — €/2. Since vy (u) = o, (p), (3.49) follows.

Conversely, suppose that for every e > 0 there is a Young interval partition
{(zj-1,2)}72, of J such that (3.49) holds. Then v (y; J) < +o00. Suppose that
op(p; J) # vy (p; J). Then by Lemma 3.25, vy (u; J) — p(p; J) > C for some
positive constant C. Let {(2;-1,2;)}jL; be any Young interval partition of .J,
and let B := {2;}]25 N J. Then by (3.50),

va 1 (25-1,25)) = v (3 ZHMHP>U p; J) = op(p; J) = C >0,

j=1

a contradiction for ¢ < C, proving that p has p*-variation. ]

Comparing the ®-variation for interval and point functions

Recall the notations [a,b) and [a, b] and the like from Section 1.4. In Proposi-
tion 2.6 and Theorem 2.8 we characterized AZ([a, b]; X ), the class of all addi-
tive upper continuous interval functions defined on a given interval J = [a, b]
with a < b, and having values in a Banach space X. With each such interval
function p one can associate a class of regulated functions h on [a,b] such
that h(a) = 0 and u = pp, on J(J), where py, is defined by (2.2). In general for
a regulated function h, boundedness of the @-variation of the corresponding
interval function pj does not imply that the @-variation of h is also bounded.
For example, let a function h equal 0 everywhere except on a sequence {x,, }
of points of (a,b) with h(x,) — 0 slowly as n — oo (see Proposition 2.10).
Then the interval function py, is identically 0. However, vg (un; J) = ve(h; J)
provided h(a) = 0 and h is either right-continuous or left-continuous at each
point. This is a consequence of the following fact about interval functions
which are not necessarily additive.

Proposition 3.30. Let @ € V, let p be an X-valued interval function on
J = [a,b] with a < b, and let f be a requlated function on J such that
fla) = p(0) if J = T[a,b], f(b) = p(J) if J = [a,b], f(i=) = u([a,t)) for

€ (a,b], and f(t+) = u([a,t]) fort € [a,b). Then ve(u; J) < ve(f;J). If in
addition for each t € (a,b), [ is either right-continuous or left-continuous at
t, then vg(p; J) = ve(f;J).
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Proof. Suppose that ve(f;J) < co. Let A = {A4;}7; be an interval partition
of J. Fori € {1,...,n— 1}, let {t;m}m>1 C J be such that ¢;,, | ¢ for
the right endpoint ¢ of A; if A; is right-closed, or t; ,, T t otherwise, where
t is then the left endpoint of the left-closed interval A; 1. For i € {0,n}, let
{tim}m>1 C J be such that to., | a if J = (a,b], or to,m = a for all m
otherwise, and let t,, , T bif J = [a,b), or t,, ,, = b for all m otherwise. For m
large enough, tom < t1,m < -+ < tym, and for such m let Ky, 1= {tim}7 €
PP (J). Then sg(f; km) — so(p;.A) as m — oo. Since A € IP (J) is arbitrary,
ve (i J) < va(f;J).

To prove the reverse inequality if for each ¢ € (a,b), f is either left- or
right-continuous at ¢, we can assume that ve(u;J) < co. Let k = {t;}7, €
PP (J). For i = 1,...,n, let A; be an interval with endpoints ¢;—; and ¢;.
More specifically, for i = 1,...,n — 1, take A; to be right-closed and A;;1 to
be left-open if f is right-continuous at ¢;, or otherwise take A; to be right-open
and A;+1 to be left-closed. Take the left endpoint of A; to be a if J = [a,b].
Otherwise take Ag = (a,to) and A; left-closed if f is left-continuous at tg > a,
or Ay = (a, to] and A;p left-open if f is right-continuous at ¢y. Finally, take the
right endpoint of A4,, to be b if J = [a, b]. Otherwise take A,41 = (¢n,b) and
A,, right-closed if f is right-continuous at ¢, < b, or A,+1 = [t,,b) and A,
right-open if f is left-continuous at ¢,,. Then A := {4;} is an interval partition
of J and s¢(f; k) < se(u; A) < vg(u;J). Since k is arbitrary the conclusion
follows, and the proof is complete. O

If in the preceding proposition the interval function p on J = [a,b] is
additive and f = R, o or f = L, 4, where R, , and L, , are both defined by
(2.3), then p must be upper continuous by Proposition 2.6. In this case the
following provides a relation between the @-variations of interval functions p
and the point functions R, , and L, , over subintervals of J.

Proposition 3.31. Let & € V and p € AZ([a,b]; X). Let B € J[a,b] be
nonempty. Then the following hold:

(@) vo(Ry,a; B) < va(p; B), and va(Ryq; B) = ve(p; B) except when B is an
atom of p or when B is left-closed and its left endpoint is an atom of p in
(a, b];

(b) v&(Lya; B) < va(w; B), and va(Lyq; B) = ve(u; B) except when B is an
atom of u or when B is right-closed and its right endpoint is an atom of
win Ja,b).

Proof. If B is a singleton {z} C [a,b] then ve(u; {z}) = &(||u({x})|]) and
vo(Rya; {z}) = vo(Ly,a; {x}) = 0. Thus the equalities in (a) and (b) hold in
this case if and only if B = {«} is not an atom of u. Now let B = [u,v] for
some u,v € [a,b], v < v, and let A = {A;}7; be an interval partition of
B. Let {u;}?; C [u,v] be such that Ui<j<;4; = [u,u;], i = 1,...,n. Here
u; = w if B is left-closed and A; = {u}, and u; > u otherwise. For each
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i=2,...,nand for i = 1if uy > u, let {t;m}m>1 be a sequence of points
in [wi—1,u;] such that w;_y < t;m T w; if A; is right-open, and ¢; ,,, = u; for
each m otherwise. Also if u1 > u let {fom}m>1 be a sequence of points in
[u,t1,1) such that g ., | u if B is left-open and ¢, = u for each m > 1if B is
left-closed. If u; = w then take a sequence {t1,, }m>1 of points in (u, t2,1) such
that ¢1 , | w, and let ¢, = u for each m > 1. By Proposition 2.6(f), first
we have limy, oo [Rya(tim) — Rua(ti—1,m)] = p(A;) for each ¢ =2,...,n.

Let T := lim,,— o0 [R,L,a(h,m) — R,u,a(to,m)]- Second, if u; > wu then we
have

T w(A \{u}) if v > a and B = [u, v],
T w(4y) if u>aand B = (u,v], or u =a € [a,b].

And third, if u; = u, or equivalently 4; = {u}, then we have

/0 if u > a,
= {,u({a}) if u=ae€la,b].

Thus in any case (u1 > v or up =u), T = pu(A41) if B = (u,v] with u > a or if
B = [a,v]. If B = [u,v] with v > a then T' = p(A;) if and only if p({u}) = 0.
Since @ is continuous, whenever T' = p(A;) it follows that

3¢(M§ A) = AEHOOZ@“'Ru,a(ti,m) - Ru,a<ti—1,m)||) < vﬁb(Ru,a; B)'
i=1

Hence vg(1; B) < vg(R,,,q; B) for each B € J[a, b] such that B is not an atom
of 1 and the left endpoint of B is not an atom of x in (a, b] if B is left-closed.
For the converse inequality, let B € J[a,b] and let x = {t;}], be a point
partition of B. Then Ry, o(t;) — Ryua(ti—1) = p((ti—1,%]) for i = 2,...,n, and

(to, 1)) i to = a € [a, 8,
Halta) = falto) = {Z((t(;,tl]) 10> 0.

Thus s¢(Ry,q; k) < ve(u; B) for any partition x of B, and so ve (R, q; B) <
ve(p; B) for any B € J[a,b], proving (a). The proof of (b) is symmetric, and
is therefore omitted. The proof of the proposition is complete. O

3.3 Elementary Properties

In this section we collect several properties of a point function f: J — X and
its @-variation defined by (3.1), and of an interval function p: J(J) — X and
its P-variation defined by (3.35).
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Point functions

It is easy to see that for any a < ¢ < b,

va(f; la, ) +va(f; [c, b]) < va(f; [a, b]). (3.51)

Thus the function [a,b] 3 t — va(f;[a,t]) = Gfo(t) on a nonempty inter-
val [a,b] is nondecreasing, and bounded provided f has bounded ®-variation
on [a,b]. One can use the function Gy to characterize boundedness of @-
variation of f as follows.

Let G be a nondecreasing function from a nonempty interval J into R,
and let ¢ be a function from [0, 00) into itself. Then [|Af] < ¢(AG) on J
will mean that for any s,t € J, || f(s) — f(O)|| < ¢(|G(s) — G(t)]). Here is a
characterization of functions in We:

Proposition 3.32. For any & € V, with inverse ¢ = &1, and function f
from an interval a,b] into a Banach space X, f € Wa([a,b]; X) if and only
if there is a nondecreasing, bounded function G on [a,b] such that [|Af] <
?(AG) on [a,b], and then ve(f) < Osc(G;[a,b]). Specifically, we can take
G =Gyao.

Proof. We can assume that a < b. Let f € Wg. Then H := G4 is nonde-
creasing and bounded. It is easily seen that if s,¢ € [a,b] and s < ¢, then

H(s) +2(|f(t) = f()) < H(),

so @([[f(t) = f(s)l) < H(t) — H(s) and [[Af]| < ¢(AH) on [a, b].
Conversely if [|Af] < ¢(AG) on [a,b] for some nondecreasing, bounded
G, then for any partition k = {z;}_, of [a,b],

se(fir) < ZG(@) — G(zi—1) < Osc(G;Ja,b]) < 0.

The proposition is proved. O

By Proposition 3.32, for & € V with inverse ¢ = &~ and a < b, a function
f has bounded @-variation on [a,b] if and only if there is a nondecreasing,
bounded function G on [a,b] such that ||Af|| < ¢(AG) on [a,b]. Clearly f
can be discontinuous at each point of [a, b] where G is discontinuous. But we
show next that it cannot have discontinuities other than of the first kind, that
is, f must be regulated (as defined in Section 2.1).

Proposition 3.33. For any & € V, each function f with finite ®-variation
s regulated.
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Proof. Let ve(f;J) < oo for some @ € V and a nondegenerate interval J. It
will be shown that for each ¢ € J which is not the right endpoint of .J, f has
a right limit at ¢. Suppose infs~g Osc (f; (t,t+0)) =: € > 0, where for an open
interval (u,v) C J,

Osc(f; (u,v)) =sup {[|f(t) = f(s)]: u<s<t<wv}.

Take t < uy < vy € J such that || f(u1) — f(v1)| > €/2. Given t < uy, <
Uy < Up—y < -+ < up < vy, choose t < upy1 < vpy1 < u, such that
| f(uns1) — f(vne1)|| > €/2. This can be done for all n = 1,2,... . Then
ve(f;J) = nd(e/2) for all n, a contradiction. So f has a right limit at t.
Likewise f has a left limit at each s € J which is not the left endpoint for .J,
so f is regulated. O

Next we construct a continuous function g of bounded @-variation such
that f = goGye. Let f € Wa((a,b]) with a < b. If f(a) is defined, then clearly
also f € Ws([a,b]). If f(a) is not originally defined, it can be defined as a limit
f(a) == limg ), f(z), and then ve(f;[a,b]) = va(f; (a,b]). Symmetrically, we
can treat f(b) for f € Wa([a,b)) with a < b. Recall that VM is the set of all
& € V such that &' is a modulus of continuity.

Proposition 3.34. Let a < b and f € Wg([a,b]; X) for some & € VM.
Then for each nondecreasing function x: [a,b] — [0,00) such that x(a) =
limg |, x(x) =0 and

Gra(t) = Gra(s) <x(t) —x(s)  fors,telab], s <t,

there exists a continuous function g: [0, x(b)] — X such that f = gox on [a,b]
and
lg(w) = g(w)|| <587 (v —u)  for 0 <u<wv < x(b).

Proof. The range of x is of the form [0, x(b)]\U;I; where each I; is an interval
of the form [x(t—), x(t)), (x(t=),x(t)), (x(t), x(t+)), or (x(t), x(t+)]. Define
g(u) for w in the range of x, that is, for u = x(t), t € [a,b], by g(u) := f(t).
Then letting ¢ := &~ and using the bounds (from Proposition 3.32) ||Af|| <
d(AGye) < ¢(Ax), we have

lg(u) —g()I| < ¢(lu—wv]) (3.52)

for all u, v in the range of x. If x does not have a point x(t—) or x(t+) in
its range then we can extend g to each such point by continuity using (3.52).
Then g is defined on [0, x(b)] except on countably many disjoint open intervals
(uj,v;). Extend g to such intervals by

IN
Q

IN
—

glau; + (1 —a)v;) = ag(u;) + (1 - a)g(vy), 0

Then for 0 < o < 8 < 1, using (3.31), we have
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|g(au; + (1 = a)vy) - (ﬂua (1= B)v)||
= [|(8~a) (9( g) || = (8 = a)[|g(uz) — g(v;)||
< (B = a)o(v; —uj) <26((8 — ) (v — uy))
= 2¢(lau; + (1 — a)v; — Buj — (1 = B)v;]).

Suppose u; < w < v; <uj <z <wv;. Then

9(2) — g(w)| < |g(2) — g(uy)| + |g9(u;) — g(vi)| + [g(vi) — g(w)]
<2¢(z — uy) + dluj —vi) + 2¢(v; —w) < 5P(z — w)

since ¢ is nondecreasing. For other cases we get a similar bound with a factor
less than 5. So, for the extended g, the proposition is proved. O

Reverse inequalities to (3.51) do not hold without additional assumptions
on the functions @ or f or the point c. Indeed, let f be a function on [0, 2]
with values f(t) :=0fort € [0,1), f(1) :=1, and f(¢) := 2 for ¢ € (1,2]. Then
for 1 < p < o0, v,(f;[0,1]) = vp(f;[1,2]) = 1, while v, (f;[0,2]) = 2P > 2. For
arbitrary f and ¢ we have the following inequalities:

Proposition 3.35. For a function f € We([a,b]; X) with & € V, and for
a < ¢ <b, the following hold:

(a) if @ is convex then

HfH{[a,b]],(qs) = HfH{[a,c],(qs) + HfH[c,b]],(qs)3 (3.53)
(b) if & is conver and satisfies the Ay condition (3.3) then
va(f; [a,b]) < (D/2){va(f; [a,c]) +va(f;c,0]) }, (3.54)
where D > 2 is as in (3.3).

(c) Always
ve(f;a,b]) < va(f;la, d) +va(f;[c,0]) +w

where w := sup{w(u,v): u € [a,c], v € [c,b]} and

w(u, v) := &(|| f(v) = fw)l) = 2([f(v) = f)]) = D([f () = F(w)]])-

Proof. For part (a), replacing f by f — f(c) without changing any of the semi-
norms || f|| 7@, we can assume f(c) = 0. Then || f1[q ¢jllfa,e],(#) = [l [a,c],();
1 Licopllfa.e1.@) = 1 fll[c,0],(@), and writing f = f1{q.¢ + fLipps (3.53) follows
from subadditivity of || - [|[4,5],(#), Proved in Theorem 3.7(c).

Next assume in addition that @ satisfies the As condition. Then for s <
¢ < t, by convexity and (3.3), we have

o f(t) = f(s)l) < (1/2)[@QII£ (1) — Fe)l]) + D(2[ f(e) — £(s)ID)]
< (D/2)[2(If(t) = F()ID) + 2l f(e) = £())]-
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For a partition k = {t;}}'_ of [a,b], we can assume that ¢y < ¢ < t,,, and so
there is an index i such that ¢;,_1 < ¢ < t;,. Then applying the preceding
bound to the ipth term in the sum sg(f;x) and noting that D/2 > 1 by
convexity gives the inequality (3.54).

Given a partition k = {t;}I, of [a,b] and the index ip as before, k1 =
{to, ..., tiy—1,c} and ko := {c, tiy,...,tn} (omitting ¢ from ko if ¢ = t;,) are
partitions of [a, ¢] and [c, b], respectively. Then (¢) follows from the relation

so(fik) = sa(fir1) + sa(f;k2) + w(tig—1,ti,)-

The proof of the proposition is complete. O

The following shows that bounded @-variation on adjoining subintervals
implies it on the closure of their union, although not providing as useful a
bound on the larger interval as we have from the preceding proposition.

Proposition 3.36. Let € V, J :=[a,b], and f : [a,b] — X. Suppose there
is a point partition k = {u;}1™, of J such that ve(f; (ui—1,u;)) < oo for each
i=1,...,m. Then ve(f;J) < +o0.

Proof. 1t is easily seen that f is bounded on J. Let 7 = {¢; };‘:0 be any point
partition of J. In the @-variation sum sg(f;7) there are terms such that for
some 7, u;—1 < tj_1 <t; <uy, and at most 2m other terms. Thus we have

so(f;7) < 2m@Q2|fllsup,s) + D va(f; (wi1,w)) < +o0,

i=1

and the conclusion follows. O

Suppose a convex @ € )V does not satisfy the A, condition. For n =
1,2,..., take u, > 0 such that ®(2u,) > nd(uy). Let f,(t) := unt for
0 <t < 2. Then by convexity, va(fn;[0,1]) = va(fn;[1,2]) = @(u,) and
ve(fn; [0,2]) = P(2uy,). Thus the Ay condition is necessary in order for (3.54)
to hold for some constant D < co, even for all linear functions f.

In Proposition 3.35(b), in the special case ¢(u) = u?, u > 0, with 1 <
p < oo, we have D = 2P and D/2 = 2P~ 1. The following gives an extension to
more than two intervals provided the values of f at the common endpoints of
adjoining intervals are all equal. That assumption is vacuous if there are just
two intervals.

Proposition 3.37. Let f € W,([a,b]; X) with1 <p < oo, leta=1cy <c1 <
s < ey =bwithm > 2, and let f(er) =+ = f(em-1). Then

vp(f3la, b]) < 2777 va(f; [¢j-1,¢51 M [a,b]). (3.56)
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Proof. Subtracting a constant which does not change v,(f) on any interval,
we can assume that f(c¢;) =0for j =1,...,m — 1. Let A := {cj};"gll and
let k = {x;}!"_, be a point partition of [a,b]. If (z;—1,2;) N A =1 A; # 0, let
u; := min A; and v; := max A4;. Then each [z;_1, u;] and [v;, 2;;] is a subinterval
of some [¢;j_1,¢;] N [a,b], with f(u;) = f(v;) = 0, and so by convexity of the
function [0, 00) > u — uP,

1F (i) = f@) P < 2271 (a) = FlI” + 11f () = flzi) 1P}

If (zi—1,2) VA = 0 then [z;_1,2;] C [¢j—1,¢;] N [a,b] for some j. Since
2P=1 > 1, it then follows that for the p-variation sum s, as defined after (3.2),

sp(fik) <2770 " op(filej-1, 6] M [a, B]).

j=1

The proof of (3.56) is complete. ad

The following shows that boundedness of the @-variation depends only on
the behavior of @ near zero.

Proposition 3.38. Let &, ¥ € V and suppose that for some ¢ > 0, ®(u)
U(u) for 0 <u < c. For a nonempty interval J and f: J — X, if ve(f;J)
oo then vy (f;J) < 00.

2
<

Proof. We can assume that J is a nondegenerate interval. Let f: J — X be
such that ve(f;J) < oo and let k = {t;}1_, be a partition of J. Then

card{i: ||f(t:;) — f(ti)]| > ¢} < va(f)/B(c) =: K. (3.57)

By Proposition 3.33, f is regulated and so it is bounded by Corollary 2.2.
Letting N := Osc(f; J) it follows that sy (f; k) < K¥(N)+ve(f) < co. Since
K is an arbitrary partition, the proof is complete. O

Taking ¥ (u) = cu for 0 < u < ¢, for some ¢ > 0, in the preceding proposi-
tion gives the following:

Corollary 3.39. Let & € V and suppose that liminf, o @(u)/u > 0. For a
nonempty interval J and f: J — X, if ve(f;J) < oo then vi(f;J) < oo, that
s, f has bounded variation.

For a regulated function f on a nondegenerate interval J, given a constant
¢ > 0, there is a Young interval partition {(z;-1,z;)}}jL; of J such that the
oscillation Osc(f;(zj-1,2j)) < ¢ for each 1 < j < m (Theorem 2.1). For
functions of bounded @-variation one can strengthen this property, replacing
the oscillation by the @-variation. We recall that by definition (3.1), the @-
variation over an open interval (u,v) is given by
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n
ve(f; (u,v)) :=sup { Z@(Hf(tl) - f(ti,l)H): u<ty<---<tp< v}.
i=1

Proposition 3.40. Let J be a nondegenerate interval, let f € We(J; X) for
some @ € V, and let ¢ > 0. Then there exists a Young interval partition
{(zj-1,2))}12y of J such that ve(f;(zj-1,2;)) < ¢ for each 1 < j < m, and
m < 14wve(f;J)/c.

Proof. Let J = [a,b] with a < b and let p(t) := vg(f; [a,t]) for t € [a,b]. By
(3.51), it follows that
ve(f; (u,v)) = lLim we(f;l|t,s
o) = T oalfiles)
< lim p(s) —lim p(t) = p(v—) — p(ut)

sTwv

(3.58)

for any a < u < v < b. Therefore the conclusion will follow from the next
lemma. O

Lemma 3.41. Let p be a nondecreasing function on (a,b) with p(a+) > 0,
and let ¢ > 0. Then there exists a point partition {z;}7" of [a,b] such that
p(zj—) — p(zj—14) < c for each 1 < j <m, and m <1+ p(b—)/c.

Proof. The lemma holds with m = 1 if ¢ > p(b—) or p(a+) = p(b—). Suppose
max(p(a+),c) < p(b—). Let M be the smallest integer such that ¢cM > p(b—)
and let zg := a. For each n = 1,..., M, let 2} := inf{t € (20,0): p(t) >
ne A p(b—)} and let ny := min{n = 1,..., M — 1: 2" > 2z}, or ny :== M
if there is no such n. If ny = M let z; := b. Then p(a+) > (M — 1)c and
p(b=) — pla+) < Mc— (M — 1)c = ¢. Thus the lemma holds with m = 1
in this case. If ny < M let z; := z"". It then follows that p(z1—) < nyc and
p(z0+) = (n1—1)c.

Suppose z; < b and n; < M are chosen such that p(z;—) < njc and
p(zj-1+) > (nj —1)c. For each integer n with n; <n < M, let 27, | = inf{t €
(2j,0): p(t) > nc A p(b—)} and let njyq == min{n: n; <n < M, 2], > 2;},
or njy1 := M if there is no such n. If nj;1 = M let z;4; := b. Otherwise
let zj41 == z;l_ﬁl and proceed further. The recursion stops after at most M
steps with a partition {2;}72, of [a,b]. Thus m < M < 1+ p(b—)/c and
p(zj—) — p(zj—14) < cfor each j = 1,..., m, proving the lemma. O

The four relations in the next lemma, with the @-variation replaced by the
oscillation and @ on the right being the identity function, hold for a regulated
function. Boundedness of the @-variation again leads to stronger properties.

Proposition 3.42. Let f € Wa([a,b]; X) for some & € V and a < b. If
u € [a,b) then
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o(|(ATHw)- (3.59)

lifnv¢(f;(u,v}) =0 and lifnvqs(f;[u,v})

If u € (a,b] then

limva(fifo,w) = 0 and lmua(fifo,ul) = S(A"NHW). (360

Proof. Let u € [a,b). Suppose that lim,|, vs(f; (u,v]) =: 6 > 0. Then there
is a v > w such that ve(f;(u,v]) < (3/2)6. On the other hand, one can
choose partitions k1 = {t;}]_, of (u,v] and k2 = {s;}JL, of (u,to) such
that sg(f;k1) > (3/4)0 and sg(f;k2) > (3/4)6. Thus we have a partition
A= K1 UKy of (u,v] with sg(f;\) > (3/2)d. This contradiction proves the
first relation in (3.59). The first relation in (3.60) holds by a symmetric proof.

Also due to symmetry between the second relations in (3.59) and (3.60), we
prove only the former. Let u € [a,b). Since f is regulated by Proposition 3.33,
the right side A := @(||(AT f)(u)|]) of (3.59) is defined and A < vg(f;[u,v]),
which decreases to some finite limit as v | w. Suppose the limit is A + § for
some ¢ > 0. Hence one can find w € (u, b] such that va(f; [u, w]) < A+(5/4)9,
and for each v € (u,w],

[2(I1f (v) = f(w)l]) — A] < (1/8)4. (3.61)

On the other hand, there is a partition x = {t;}7, of [u,w] such that
s¢(f;k) > A+ (7/8). Thus by (3.61) with v = ¢, we have

D27 @) = flt)l) = sa(f30) = @(IF(t2) = F(Il) > (3/4)2. (3.62)

Doing the same for ¢; in place of w we get a partition {s;}72; of (u,t1] such
that

zm;@(f(sa') = f(si-1)l) > (3/4)0. (3.63)
Thus A := {u, 51, ... ,];m —t1,...,t,} is a partition of [u,w] such that
sa(fiA)
=o(||f(s1) = f(w)]]) +Zm; D(I1f(s5) = f(s5-1)ll) fiz D(I1f(t:) — ftim1)ll)

> A— (1/8)5+ (3/4)5 + (3/4)8 > A + (5/4)6,

where the first inequality follows by (3.61) with v = s1, (3.63), and (3.62).
This contradicts s¢(f;A) < ve(f;[u,w]) < A+ (5/4), proving the second
relation in (3.59). The proof of Proposition 3.42 is complete. O
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Corollary 3.43. For f € Wy([a,b]; X) with 1 < p < oo and a < b, the
following four statements hold:

(@) Timers || £llja,el, ) = I llia,py, o) a0 11f 0,01, 0) < 1Fllfapy, o) + 1A~ FO)I;
(b) limepa [[fllie).0) = 1 l@t. ) @ [ f a0 < IAT @I+ 1f .01,
(¢) limya,u1y ||f|| o) = 11l a.).(p)-

(d) If A% f(a) = A7 f(b) = 0, then || fllja,pl,p) = I1f l¢a,b),m)-

Proof. We first prove (c¢). Any point partition of (a,b) is a partition of some
[u,v] where a < u < v <b, and 50 || fl{u,v),(p) T I fll(a.b),p) @8 u | @ and v T b.
Thus (¢) holds. For (a), we have likewise
Proposition 3.35(a), we have for any ¢ € (a,b),

0 < [[flla,b1,(0) —

Now letting ¢ 1 b, the second part of (a) follows from the first part and the
second relation in (3.60). Then (b) follows by symmetry. Part (d) follows from
the proofs of (a) and (b), completing the proof. O

If f has bounded P-variation on J = [a,b] and G s(t) = ve(f;[a,t]),
t € J, then by (3.51),

vo(f;[u,v]) < Grao(v) — Grae(u) for any u,v € J, u < v. (3.64)

Therefore if f on J is discontinuous at some point wu, so that A* f(u) # 0
for some u € [a,b) or A~ f(u) # 0 for some u € (a,b], then Gy ¢ is also
discontinuous at v by Proposition 3.42. The next proposition shows that the
converse implication holds.

Proposition 3.44. Let [ € Ws([a, ]],X) for some @ € V and a < b. Then
for t € [a,b) and s € (a,b], ATGj e (t) =0 or A~Gye(s) =0 if and only if
respectively AT f(t) =0 or A~ f(s) =

Proof. We will prove only the right-continuity equivalence because a proof of
the left-continuity equivalence is symmetric. If for some t € [a,b), ATGye(t) =
0, then AT f(t) = 0 by (3.64) and (3.59). Conversely, suppose that AT f(t) = 0
for some t € [a,b). By Proposition 3.33, f is regulated, and hence ¢ :=
Osc (f; [a,b]) < co. Since @ is uniformly continuous on [0, ¢], given € > 0 there
is a § > 0 such that f@(v) — @(u)‘ < e for any u,v € [0, ] with |u —v| < 9.
Since f is right-continuous at ¢, by (3.59), there is a ty € (¢,b] such that
1f(r) = f@®)| < d and ve(f;[t,7]) < € for each t < r < tg. Also, we have

[1£6s2) = £0 = 17 = £ < 1 62) = FO)]| <6

for any s; € [a,t] and so € (t,tp]. Therefore w < ¢, where w is the supremum
of
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B(||f(s2) = F(s)ll) = 2(LFE) = fs)ll) = (1 (s2) — FD)I)

over s1 € [a,t] and so € [t,to]. By inequality (¢) of Proposition 3.35, it then
follows that Grao(r) — Gra(t) < va(f;[t,r]) + w < 2¢ for any r € (¢,10],
proving the proposition. O

Lemma 3.45. || f| () is a nonincreasing function of p > 0. Moreover, if 0 <
q < p < oo then

11l < min {1711 Osc(H ™27 17} (3.65)

Proof. The first part follows from the inequality (3, a?)¥/? < (32, af)'/4 valid
for 0 < g < p < oo and any a; > 0, which clearly holds if all a; = 0. Otherwise,
letting r := p/q, b; := af, and \; := bi/zj b;, we get > . Al < 1, which yields
the conclusion. To show the second part let x be a partition of an interval J
where f is defined. Writing p = ¢+ (p — q), it follows that

sp(f5 1) < Osc(f; )P vy(f3 ),
and so (3.65) holds. O

The class of functions considered in the next proposition will be used to
establish several properties of p-variation.

Proposition 3.46. Let 1 < p < oo, let M > 1 be an even integer such that
M'=0/P) > 4 let {hy}r>1 be a sequence of real numbers such that

(oo}

> | MTRP < o, (3.66)
k=1
and let -
F@&) = hM*Psin(2rM¥t), 0<t <1 (3.67)

k=1
Then f € Wp[0,1] if and only if supy>1 |hx| < oo.

The proposition will be proved using the following lemma, which is also
useful for other purposes. Recall that, as mentioned after the definition (1.18),
for 0 < a <1 we use “a-Hoélder” and “a-Hoélder continuous” synonymously.

Lemma 3.47. Let 1 < p < oo, let M > 1 be an even integer, let {hy}r>1 be
a sequence of real numbers such that (3.66) holds, and let f be the function
defined by (3.67). If supy~q |hi| < oo then f is a (1/p)-Holder continuous
function on [0,1]. Moreover, if M'=(/P) > 4. and if there is an integer n > 1
such that maxy<g<n |hi| < |hnl, then sp(f;kn) > (4/3P)|hn|P for the partition
kn = {i/(AM™)} of [0,1).
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Proof. By (3.66), the series (3.67) converges uniformly for ¢ € [0, 1]. To prove
(1/p)-Hoélder continuity of f let ||h]| := supy; |hi] < occandlet 0 < s <t < 1.
If t —s < 1/M let kg = ko(t —s) > 1 be the maximal integer in the set
{k: M* <1/(t—s)} and let ko := 1 otherwise. Using |sinz —siny| < |z — y|
and summing two geometric progressions, it follows that

ko
[F(t) = f(s)| < 2m(t = )[Rl D MFOVP) L 2||nf| Y M <Ot —5)'7
k=1 k>ko

for a finite constant C' depending only on p, M, and ||h||. Choosing M large
enough so that M'/? > 2 and M'~(1/P) > 2 we could take C = 4(7 + 1)||A]|.

To prove the second part of the conclusion, let M*~(1/P) > 4 and let n > 1
be an integer such that maxi<g<n [hi| < |hy|. For k=1,2,... and 0 <t <1,
let fi.(t) := hpM~*/Psin(2rM¥t) and let t; := i/(4M™) for i = 0,...,4M™.
For i = 1,...,4M", we have |f,(t;) — fu(ti_1)| = |ha|M~"/?. For k > n,
since M is an even integer, we have fj(t;) = 0 for each i. For 1 < k < n, since
|sinz —siny| < |z —yl, we have | fx(t;) — fu(ti—1)| < (7)2)|hg|MF=)=k/P for
i=1,...,4M™. Thus for each i =1,...,4M",

£ = Ftin)] > 1falts) — Fultin) = S 1fults) — Fultin)
k=1
> [1— (m/2)(M*YVP — )7 Ry | M7 > 37 by, | M /P

by the choice of M, and so the bound s,(f;kn) > (4/3P)|h,|? holds, proving
the lemma. o

Proof of Proposition 3.46. If sup,~; |hx| < oo then f has bounded p-
variation by the first part of the conclusion of Lemma 3.47. Conversely,
suppose that f € W,[0,1] but sup,~; |hx| = oco. Then for any finite con-
stant C' > 0 there exists an integer n > 1 such that |h,| > C and
maxi<g<n |PE| < |hn|. By the second part of the conclusion of Lemma 3.47,
we have v,(f;[0,1]) > 4(C/3)P, a contradiction since C' can be arbitrarily
large. Thus supy~; |hi| < oo, proving the proposition. O

Let CW,[0,1] denote the set of all continuous real-valued functions on
[0, 1] with bounded p-variation. A class of continuous functions of the form
(3.67) can be used to show that CW,[0, 1] is not separable with respect to the
p-variation norm.

Proposition 3.48. For 1 <p < oo, (CW,[0,1], || - |l;)) s nonseparable.

Proof. For each h := {hy}r>1 with hy € {=1,1}, let fr, = > <, fax be the
function defined by (3.67) with M = 2. By the first part of the conclusion of
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Lemma 3.47, fr, € CW,[0, 1] for any such h. We will show that the p-variation
seminorm between any two different such functions cannot be smaller than
a positive constant. Let h # h’' = {h}}r>1. Let n be the least k such that
hi # By, and let k, = {t; = 27" 2}2"° If n > 1 then fr = fur s for
each k =1,...,n—1.If 1 < n < k then frr(ti) = fa r(t;) = 0 for each
i=0,...,2"T2 Thus for each i, we have

\(fn = fur)(ts) — (fn — frr)(tizo1)]
= (frn — frrn) (i) = (Fron — farn) (ticr)| = 217 /P),

and 8o sp(fn — fn; kn) = 22TP, proving the proposition. O

It is easy to see that the Holder space Ho[0,1] with 0 < < 1 is non-
separable, as follows. Letting fio(z) := (z —¢)*if 0 <t <2 < 1and:=0
otherwise, for s # ¢, we have || fs o — ft.all(#.) = 1. The natural injection
Hip — CWp, 1 < p < o0, is a bounded linear operator but not a homeomor-
phism onto its range. In fact, t — f, 1/, is continuous from [0, 1] into CW, but
not continuous into Hj,,. So, these examples do not imply Proposition 3.48.

Interval functions

Analogously to (3.51), for an X-valued additive interval function u on a
nonempty interval J, and for any subintervals A, B of J such that A < B and
AU B is an interval, we have

ve(p; A) + ve(u; B) < ve(p; AU B). (3.68)

As in the case of point functions, reverse inequalities do not hold without
additional assumptions on the functions @ and p or sets A, B. Indeed, let i be
the additive interval function on [0, 1] equal to 1 on each singleton {1/3} and
{2/3}, and 0 on any interval containing neither point. Then for 1 < p < oo,
vp(;0,1/2]) = vp(p; (1/2,1]) = 1, while vy (1; [0,1]) = 2P > 2.

Tterating (3.68), we have: for an additive interval function p on J and for
any subintervals A, Ay,..., A, of J such that A1 <--- < A, and A, U---U
A, C A,

Z vo (13 Ai) < va (3 A). (3.69)

In general, vg (1) and vy (1) are not additive interval functions. By contrast,
it is easily seen that if u is additive and upper continuous, the interval function
op(;-) defined by (3.40) is additive. We also have additivity for v defined
by (3.41):

Proposition 3.49. Let p be an additive upper continuous interval function
on a nonempty interval J having values in X. Then for 0 < p < oo, v;(,u; 3
is also an additive interval function on J.
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Proof. Let {A, B} be an interval partition of J. Then

“(u;J) < inf ; <uvi(u; A “(u; B) =: C.
Up(:u‘a ) — 831{1}4,3} ig%sp(.uwA) — Up(.“? )+Up(u7 )
Suppose v, (11; J) < C. Then there is B € IP (J) such that sup 45 sp(p; A) <
C. Letting BN A :={D,; N A};‘-”':1 if B= {Dj}§:1 and similarly for B B, it
follows that

sup sp(p;.A) > sup sp(p;C) + sup s,(1;D) > C,
AJB COBMA DIBMNB

where C € IP (A) and D € IP (B), a contradiction, proving vy (u;J) = C. O

Proposition 3.50. Let y € AZg(J; X) where @ € V and J is a nonempty
interval. Then the interval function A — ve(p; A), A € 3(J), is upper con-
tinuous at ().

Proof. The conclusion can be obtained from Proposition 3.42 since for half-
open intervals A, vg(p; A) = vg(h; A) for suitable h € Wg(J; X) by Propo-
sition 3.31. Instead, we give a direct proof. Clearly ve(p; B) < ve(u; A) for
B C A. Suppose that lim, o vg(u; By) = 6 > 0 for some B,, | (). There
exist {u,v,: n > 1} in J such that for all large enough n, either B, = [v,,u)
with v, 7w or B, = (u,v,] with v, | u. By symmetry assume that the for-
mer holds. Then lim, .o sup,, ;. [[#([t,u))|| = 0. If not then there exists
a sequence {t;} such that ¢, T w and u([tr,u)) # 0, contradicting upper
continuity of 1 and so proving the claim. Thus there is an integer ng such
that

e (15 Bny) < (5/4)6  and sup [u([t,w))ll < 71(6/4).  (3.70)

Uno <t<u

On the other hand, there is an interval partition A’ = {A4;}, of B,,, such that
se(p; A') > (3/4)4. By the second relation in (3.70), &(||u(4,,)||) < 6/4. Thus
ZZ}I S(||p(A)|) > 6/2. Since for large enough n, ve(u; Am) > ve(u; By) >
0, there is an interval partition A" of A,, such that sg(u; A”) > (3/4)d. Then
A= A"U{A;}7 1 is an interval partition of B, such that sg(u;A) > (5/4)4,
contradicting the first relation in (3.70) and proving the proposition. O

An interval function need not be upper continuous even if it is additive
and has bounded p-variation for some p < oo:

Example 3.51. On [0, 2], let u be the interval function such that p(A) = 0 for
any interval A included in [0, 1] or in [d, 2] for any d > 1, and u([s,t]) =7 #0
for s <1 <t < 2, specifically u((1,¢)) = r for any 1 < ¢ < 2. Then p is
additive and of bounded p-variation for any p, but not upper continuous at (.
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The following fact for interval functions corresponds to Proposition 3.40
for point functions.

Proposition 3.52. For ® € V, let up € AZy(J; X) for a nondegenerate inter-
val J, and let ¢ > 0. There exists a Young interval partition {(z;-1,2;)}7%, of
J such that ve(p; (zj-1,2)) < c for each 1 < j <m, and m < 1+wve(u;J)/c.

Proof. Let J = [a,b], and let p(t) = ve(y;[a,t]) for t € J. By (3.68), p
is a nondecreasing function on J. If J is left-open then let p(a) := p(a+),
which is 0 since A — vg(u; A), A € J[a,b], is upper continuous at §) by
Proposition 3.50. If J is right-open then let p(b) := p(b—). Let s,t € [a,b],
and let s < s < tp <t, k=1,2,..., be such that as k — oo, s | s and
tr T t. Then

v (s (s, 1)) = k]LII;O v (15 (Sk, tr]). (3.71)

Indeed, let A = {4;}7; be an interval partition of (s,t) with A; = (s,u1]
and A,, = [uy,t). Since p is upper continuous, by Proposition 2.6(d), we have

i D([lu(se, w]l) = 2([p(A)l)  and  lim ([|p[un, ta]l]) = S([|1(An)]))-

Letting Ay = {(sk,u1], A2, ..., An_1,[un,t]}, we then have sg(p; Ax) —
so(p; A) as k — oo, and se(p; Ax) < ve(; (sk;tg]). Thus (3.71) holds with
“<” instead of “=". Since the reverse inequality is clear, (3.71) is proved. By
(3.68) and (3.71), it then follows that

vg(p; (s,1)) < Hm [p(tr) — p(sk)] = p(t—) — p(s+).

k—o0

Since s,t € [a,b] are arbitrary, the conclusion follows from Lemma 3.41. O

It will next be shown that the d-variation of an additive and upper contin-
uous interval function can be calculated using only Young interval partitions.
Recall that the set of all Young interval partitions of a nonempty interval J
is denoted by YP (J).

Lemma 3.53. Let & € V and let J be a nondegenerate interval. For p €
AZ(J; X), vo(p; J) = sup{sa(p; A): A€ YP (J)}.

Proof. Tt is enough to show that the @-variation sum sg(u;.A) for any interval
partition A of J can be approximated arbitrary closely by s (u, A,,) for Young
interval partitions A4,,. For notational simplicity and by symmetry, this will be
done for J = (a,b) and A = {(a,u), [u,b)} with u € (a,b). Let a < u,, T u be
such that p({un,}) = 0, which is possible since by Proposition 2.6(c) p can be
non-zero only for at most countably many singletons in J. Then letting A,, :=
{(a,un), {un}, (un,b)}, and using also statements (a) and (d) of Proposition
2.6, we get that s¢(u; An) — sa(p;.A) as n — oo, proving the lemma. O
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The proof of the following lemma is the same as the proof of Lemma 3.45
and is omitted. Recall also that the oscillation Osc for an interval function p
on an interval J, defined in (2.7), equals sup 4 [|(A4)].

Lemma 3.54. For any additive interval function p, ||l (p) is a nonincreasing
function of p > 0. Moreover, if 0 < g < p < oo then

Il < min {12l g, Osc(s) =277 | 77} (3.72)

Recall that the class of all additive upper continuous interval functions
from J to X having p*-variation is denoted by AZ;(.J; X) (Definition 3.28).

Lemma 3.55. If 1 < q < p < oo then AZ,(J; X) C AL, (J; X).

Proof. We can assume that J is a nondegenerate interval. Let u € AZ,(J; X)
and let ¢ > 0. By Corollary 2.12, there exists a Young interval partition
{(zj-1,2)}72; of J such that Osc(y; (2j-1,2;)) < € for each j = 1,...,m.
Then by (3.72) and (3.69), we have

> (s (251, 2))) < (max Osc(p; (21, 2P Y vg(p; (251, 25))
j=1

<j<m =
< P g ().
Since € > 0 is arbitrary, x4 has p*-variation by Lemma 3.29. O

The following is an adaptation of Proposition 3.37 to interval functions.

Proposition 3.56. Let 1 < p < oo, let p € Z(J;X) be additive, and let
{B;}7y be an interval partition of J such that p(B;j) = 0 for each j =
2,....,m—1. Then

vp(s J) < 2P0 (s By). (3.73)
j=1

Proof. We can assume that J is a nondegenerate interval. Let A = {A;}7,
be an interval partition of J. For each 4, if A; ¢ Bj for all j, then letting
J1:=min{j: A, N B; # 0} and jo := max{j: A; N B; # 0}, we have j; < jo.
Since p is additive, u(B;) = 0 for ji < j < jo, and the function u?, u > 0, is
convex, it then follows that

(Al < 20 {|la(A: 0 Bi)||” + [l 0 By}

Otherwise A; C B; for some j and A; is in a partition {B; N A, }!_, of B,

where B; N A, # ¢ if and only if s < » < t. Since 2P~! > 1, it then follows
that
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sp(s A) < 2771 "0, (13 By),
j=1

proving (3.73). O

Local p-variation

As before let X be a Banach space and let J be a nonempty interval. Also let
0 < p < 0. For a function f: J — X, its local p-variation is defined by

(f) =0vi(f;J):= inf JK).
vy (f) = v, (5 J) seiif 5w sp(fik)
If f has bounded p-variation then it is regulated by Proposition 3.33. Thus
by Corollary 2.2, f has at most countably many jumps and we can define the
sum

op(f) = op(f; 1) = > _{IATFI? + | ATFIP}
J
= > AT f@IP+ Y AT @)

z€(a,b] z€[a,b)

Note that if at some x, A~ f(z) and AT f(z) are both non-zero, this differs
from o), for the corresponding interval function p defined by (2.2) and (3.40).
The following always holds:

op(f) S vp(f) < vp(f)- (3.74)

Next is a definition of the class of functions whose local p-variation comes
only from jumps.

Definition 3.57. Let X be a Banach space, let J be a nonempty interval
and let 1 < p < oco. We will say that a function f: J — X has p*-variation
on J and write f € Wy (J; X) if 0,(f) = v, (f) < +oo.

We show first that the p*-variation of a right-continuous function f agrees
with the p*-variation of the corresponding interval function uy defined by
(2.2). For 1 < p < o0 and a < b, let DW,([a,b]; X) be the set of all f €
Wy ([a,b]; X) such that f is right-continuous on (a,b) and f(a) = 0 if a €
la,b], or f(a+) = 0 otherwise. Then DW,([a,b]; X) is the intersection of
Wy ([a,b]; X) and D([a,b]; X) defined before Corollary 2.11. That Corollary
gives a one-to-one correspondence f < py between f € D([a,b]; X) and py in
the set AZ([a,b]; X) of all X-valued additive and upper continuous interval
functions on [a,b]. We will show that this correspondence preserves the p-
variation and the local p-variation between corresponding point functions and
interval functions.
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Proposition 3.58. Let X be a Banach space, J = [a,b] with a <b, and 1 <
p < 0o. For f € DW,(J; X), we have vy(f) = vp(puyp; J), vy (f) = vy (pg; J),
and o (f) = op(py; J).

Proof. Let f € DW,(J;X). Since ur({z}) = A~ f(x) for each =z € (a,?],
pr({a}) = Atf(a) if a € J, and AT f(z) = 0 for € (a,b), we have
op(f) = op(py; J). To show that v,(f) = vp(us;J), let A = {t;}7, be a
point partition of J. Let By be an interval partition of J consisting of the
intervals (t;—1,%;] for i = 2,...,n if n > 2; either [a t1] if a € J, or (a,tp] and
(to,tﬂ if a ¢ J, and (tn,b) if b ¢ J. Since ,uf((tzfl,tl]) = f(tl) — f(tifl) for
each i, except if a = to € J when f(t1) — f(to) = ps(la,t1]), it follows that
Sp(f3A) < sp(uy; By), and so vy, (f) < vp(ps; J). The converse inequality holds
since for any interval partition A of J, the p-variation sum s,(us;.A) can be
approximated arbitrarily closely by s,(f;«) for some point partitions x of J.

To prove the equality of local p-variations, let A\ = {¢;}7, be a point
partition of J, and let By be the interval partition of J defined above. If J =
[a,b] then s, (f; A) = sp(pp; By). Otherwise, since pr((a, to]) = f(to)— f(a+) if
a ¢ Jand ur((tn, b)) = f(b—)— f(ty) if b & J, the p-variation sum s, (g s; By)
can be approximated arbitrarily closely by s,(f; ) corresponding to point
partitions k of J which are refinements of A\. Therefore we have

sp(f3A) < sp(pg; Ba) < ng;sp(f;n)-

For an interval partition A which is a refinement of By, the p-variation sum
sp(ps; A) can be approximated arbitrarily closely by s,(f; k) corresponding
to point partitions x of J which are refinements of A\, and so

sp(fiA) < sup sp(pp; A) < sup sp(fik).
ATBy KD\

If Kk D A then B, 1 B). Therefore for any point partition A\ of J,

sup sp(f; k) = sup sp(pp;A) > vy (g J),
KD ATBy

and so v, (f) > vy (g5 J).
To prove the converse inequality it is enough to show that for any interval
partition B of J = [a, 1],
sup s, (1153 A) = 03(f): (3.75)
ADB
Taking a refinement of B if necessary, we can and do assume that B =
{(tj—1,t5) ey is a Young interval partition of J. Let ¢ > 0. If J = [a, ]
let s; € (tj—1,t;), 7 =1,...,m, be close enough to t; so that S(J) := 51 =
S1({us}7ey) < e for any u; € [s],t ), i=1,...,m, where

Si= 3 {IATFE)IP - 15 - Fw)lP} + ant” (u))IP”.

J: tje(a,b]]
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If J=(a,b] let s; € (tj—1,t;), s =1,...,m, be close enough to t; and sy €
(to, s1) close enough to tg so that S(J) := Sa = S2({u;}72,) < € for any u; €
[sj,t5), 7 =1,...,m, and ug € (to, so|, where Sy := S1 + || f(uo) — f(a+)|".
Then A(J) := {to,t;,5;}72, N J if J = [a,b], or A(J) := {s0,t;,s;}, N J if
J = (a,b], is a point partition of J. Let { = {z;}I, be a refinement of A(J)
such that s,(f;¢) + € > sup,~, sp(f;x). Let A be the interval partition of
J consisting of the intervals (z;—1,x;] such that z; # t; for all j, (xi—1, ;)
such that x; = ¢; for some j, (a,z0) if to = a € J, (x,,0) if t,, =b & J,
and of the singletons {¢;} N J (if nonempty) for j = 0,1,...,m. Then A is
a refinement of B. Letting for j =1,...,m — 1, u; := x;_1 if x; = ¢;, either
U = Ty if D& J Or Uy, := xp_1 if b € J, and ug := xg if a € J, it follows
that [sp(ps; A) — sp(f; Q)| < S(J) <e, and so

sup sp(ps; A) > 5,(f5¢) — € > sup sp(fi k) — 2e.
ATB KDA

Since € > 0 is arbitrary, (3.75) holds, proving the proposition. ]

The next fact follows from the preceding proposition and complements
Corollary 2.11.

Corollary 3.59. Let X be a Banach space, J = [a,b] with a < b, and 1 <
p < oo. Then f v py gives a one-to-one linear mapping of DW,(J; X) onto
AZ,(J; X), whose inverse is ju— Ry, 4.

Proof. The maps f + puy and p — R, , are one-to-one, linear, and inverses
of each other between D(J;X) and AZ(J; X) by Corollary 2.11. For f €
DW,(J; X) we have puy € AZ,(J; X) by Proposition 3.58. For u € AZ,(J; X)
take h = R, o € D(J;X), so that up = p. As shown early in the proof of
Proposition 3.58, v,(h) < vp(p; J), so h € DW,(J; X), completing the proof.

O

Now we continue characterizing functions having p*-variation. The fol-
lowing proposition is analogous to Lemma 3.29 for interval functions. It also
shows that W, is the closure in W), of the class of step functions, which clearly
belong to W, .

Proposition 3.60. Let J be a nondegenerate interval, f € R(J;X), and
1 <p < oo. Then statements (a), (b), and (c) are equivalent, where

(a) f has p*-variation on J,;
(b) for every e > 0, there exists a Young interval partition {(z;—1,2;)}7; of
J such that

va(f; (2j-1,2)) < & (3.76)
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(e) f s alimit in Wy, || - ||ip)) of step functions.

Proof. 1t is easy to see that for any point partition A = {z;}}_ of the closure
J,sup{sp(f;k): K € PP(J), k D ANJ}is equal to D1, vp(f; [zim1, 2] NJ),
and so

— inf { va Jwiog, @] N J): {2}, € PP (j)}. (3.77)

(a) = (b). Let f have p*-variation on J. By (3.77), given € > 0 there is a
partition {z;}2 of J such that

va [zj-1, 2] N J) < vy (f) +€/2

and
S 1At ol + 1A > o) — o2
jiozj_1,z;€J
By (3.51), for any {u;_1,v;}jL; C (a,b) with [u;_1,v;] C (zj-1,2;) for each
7, we have

op(f5 [uj—1,v5]) < 0p(f [25-1, )0 ) —vp(f; [25-1, w1 ]NT) —vp (f5 [0, 2510
for j = 1,...,m. By Proposition 3.42 and Corollary 3.43(c), for each such j,
letting u;_1 | zj—1 and v; T 25, it follows that

m

> o5 (2521, 2)))

j=1

<3 {wpfsleion 51 00) =AY Fz-0) I = 47 £5) 1)
<up (D) +e/2—op(f) +e/2=¢

since f has p*-variation.

(b) = (c). Given ¢ > 0, take a Young interval partition {(z;-1,2;)}7%; of
J satisfying (3.76) for € = §P. To define a step function, let y; := (zj_1 +2;)/2
if2<j<m-1l,orifj=1landa>—oo,orif j=mandb<+oo. If j=1
and a = —o0, let y1 := 271 — 1. If j = m and b = 400, let yp, := 2m_1 + 1.
Let g; == f(zj 1)1z, + f(25=) 1y, .2, for 5 =1,...,m. Then for each
j=1,...,m,letting A; := (z;_1, 2j),

vp(f — 953 A5) < 2Pup(fi Aj)

by Theorem 3.7(c), since v, (g5; A;) < vp(f; A;). A step function now is defined
by
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gi=gs= Y flz) 1{ZJ}+ZgJ

j: z;€d

Clearly ||f — gllsup < 0. At each z; € J, f — g is continuous (one-sidedly if
j =0 or m) and equals 0. Thus by Proposition 3.37 and (3.76) with e = 67,

vp(f = 9;T) < 227NN 0y (f — g5 [z-1, 2] N )

j=1

m
= 2771 0 (f — 955 (2-1, 25)) < 277160
j=1

Hence ||f — gslljp) < 50 and gs — f in W, as 6 | 0, proving (c).
() = (a). We have f € W,. Suppose that f ¢ W,. Then there is a
constant C' > 0 such that vy (f) — op(f) > C. Take 0 < e < C. There is

a step function g with [|f — gl < €!/P. Take a Young interval partition
{(zj-1,2)}72, of J such that g is constant on each (z;-1, z;). Then by (3.51),

Z% (zj-1,2)) = > _vp(f = g5 (z7-1,2)) S vp(f — g5 J) <€

j=1
(by the way proving (b)). Also, we have

m

S {IAT G-I + 0p(f3 (25-1,2)) + 1AT S DI} = wp(f). (3.78)
j=1
To prove this, let to; := z;_1 < t1; < to; < t3; := z; for each j. Then by
(3.77),
SZZ% fid N [timag, tij))-
j=1i=1

Let t1; | to; and ta; T t3; for each j. Then in the limit we get (3.78) by
Proposition 3.42 and Corollary 3.43(c), recalling that A% f(a) = 0 for J =
(a,b] and A7 f(b) = 0 for J = [a,b) as defined before (2.1). Thus, we get

S vp(fi(zi-1,2) Z V() — 0p(f) = C > ¢,

j=1

a contradiction, proving (a). The proof of Proposition 3.60 is complete. O

Here is an analogue of Lemma 3.55 for point functions.

Lemma 3.61. If 1 < ¢ <p < oo then Wy(J; X) C W, (J; X).



3.3 Elementary Properties 147

Proof. Let f € Wy(J;X) and let € > 0. By Proposition 3.33, f is regu-
lated on J. Thus by Theorem 2.1(b), there exists a Young interval partition
{(zj—1,2;)}7%; of J such that Osc(f;(zj-1,2;)) < € for each j = 1,...,m.
Then by (3.65) and (3.51), we have

va (2j-1,%;)) < max Osc(f;(zj-1,2;)) qu (2j-1,25))

1<5<m
< P (f).

Since € > 0 is arbitrary, f has p*-variation by Proposition 3.60. O

Closely related to the local p-variation is a related quantity defined
as follows. Let 0 < p < oo and f: [a,b] — X. For each ¢ > 0, let
vp(fi€) == sup{sp(f;k): || < €}, where |k| is the mesh of k € PP a,b],
and 0, (f) == 0,(f;[a,b]) := lim, o v, (f;€). Since |A| < |k] for A D K, we have
sup{sp(f;A): A Dk} < wp(f;e) for each k € PP [a, b] such that |x| < e. This
implies the first inequality in

0 (F) < 5(F) < 0pl), (3.79)

while the second one is clear. The strict inequality vy (f) < v,(f) may hold
if f has jumps on both sides of the same point and p > 1. For example, if
f(z) :==0for x €10,1/2), f(1/2) :=1/2, and f(x) :=1 for z € (1/2,1], then
vi(f) =277 < 1 = 0,(f) for each p > 1. However, equality holds under the

P
following conditions.

Lemma 3.62. Let f: [a,b] — X and 0 < p < oo. If for each x € (a,b),
either A~ f(x) =0 or AT f(z) = 0, then vy (f) = Up(f).

Proof. By (3.79), it is enough to prove that v;(f) > ©,(f). Suppose not.
Choose C' such that vy (f) < C < 9,(f). Then there exist a partition x =
{z;}7_o of [a,b] and a sequence {k,}m>1 of partitions of [a,b] such that
|km| | 0 and

sup{sp(f;A): AD Kk} < C < sp(fikm) (3.80)
for m =1,2,.... Since f has only one-sided jumps, f(y!") — f(z;) for each
i€ {l,...,n— 1} and some y" € Ky, chosen in such a way that no y € kp,

is between y!* and x;. For each large enough m, let x), be the same as fy,
except that y[ is replaced by z; for each i = 1,...,n — 1. Then |s,(f; km) —
sp(fikL,)| — 0 as m — oo. Since k], D £, this contradicts (3.80), proving the
lemma. o

The following shows that the first inequality in (3.74) can be strict.

Proposition 3.63. For 1 < p < oo, there is a function of bounded p-
variation, in fact a (1/p)-Hélder continuous function, not having p*-variation.
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Proof. Let M > 1 be an even integer such that M'~(1/?) > 4 and let f be
the function (3.67) with hy = 1. Then f is (1/p)-Holder by the first part of
the conclusion of Lemma 3.47, and so f is in W, [0, 1] with o,(f) = 0. By the
second part of the same conclusion, for each integer n > 1, s,(f;ky) > 4/37
with s, = {i/(4M™)}4M" . By Lemma 3.62, since mesh |#,| — 0 as n — oo,

vy (f) = 0p(f) > 4/3P, and so f ¢ W;[0,1], proving the proposition. O

It is easy to see that (W;[0,1],[ - [[;)), 1 < p < oo, is nonseparable: for
t,s € [0, 1] and ¢ # s, we have |[ 11 = 15 1|y 2 1Ly = sl =1

*3.4 A Necessary and Sufficient Condition for Integral
Duality

In this section, for a pair of convex functions ¢ and ¥, necessary and suffi-
cient conditions are given such that the refinement Young-Stieltjes integral
(RYS) [ f-dh exists whenever f and h have bounded @- and W¥-variations, re-
spectively (Theorem 3.75 below). Use of the (RYS) integral avoids the need
for hypotheses of no common (one-sided) discontinuities, but the more famil-
iar Riemann—Stieltjes and refinement Riemann—Stieltjes integrals exist under
the same conditions on @ and V¥ if there are no such discontinuities. In other
words, the full Stieltjes integral (S) [ f-dh exists, and Theorem 3.75 is actually
formulated in terms of the (S) integral.

The conditions on @ and ¥ may appear somewhat complex or unintu-
itive (cf. Definitions 3.67 and 3.70). Theorem 3.78 gives a simpler sufficient
condition, due to Beurling, but this condition is not necessary (Example 3.80).

Lacunary sequences

The necessary and sufficient integrability conditions are formulated in terms
of increasing sequences {ny} = {n1,na, ...} of positive integers which may be
finite or infinite.

Let & be a modulus of continuity. Then £ is a continuous, nondecreasing,
and subadditive function on [0,00) with £(0) = 0. By (3.32), the limit 0 <
S = lim, o u~'¢(u) exists. It can be finite or infinite, e.g. for £(u) = u!/?,
p = 1 or 2 respectively. Recall that functions in V are strictly increasing and
continuous from [0, 00) onto itself, and so they have inverses with the same
properties. Recall also that VM is the class of all functions = € V such that
the inverse 5! is a modulus of continuity. If = € VM with inverse £ then

v =0(£{(v)) asv |0 (3.81)

if and only if
Z(u) = o(u) asu | 0. (3.82)

We begin with the following class of lacunary sequences.
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Definition 3.64. Let £ be a modulus of continuity. A finite or infinite in-
creasing sequence {ny} of positive integers is called &-lacunary if for some
C < o0, the inequalities

D onkéng') < Cnpélny') and > &ng') < CEMnyt)  (3.83)
k=1 k=m

hold for each m = 1,2, ... such that n,, is defined.
Every finite sequence {n;} is {&-lacunary for any &.

Proposition 3.65. Let £ be a modulus of continuity. There exists an infinite
&-lacunary sequence {ny} if and only if & satisfies (3.81).

Proof. Suppose (3.81) holds. Let ny := 1. Given increasing positive integers
ny < or < My, let 6, i= 1/ 3700 nk€(1/ng). There is an ny, 11 large enough
so that 1/nm41 < 0m&(1/nm41) by (3.81), and £(1/npm41) < E(1/nym)/2 since
() [ 0aswv | 0. It follows inductively that the inequalities (3.83) both hold
with C' = 2 in each.

Conversely, suppose (3.81) does not hold. Then the limit S > 0 is finite.
Suppose a &-lacunary sequence {n;} exists. Then in the left inequality in
(3.83), as m — oo, the left side is asymptotic to m.S and the right side to C'S,
a contradiction, completing the proof. O

A sequence {ny} is called lacunary in the sense of Hadamard or Hadamard-
lacunary if for some 6 > 1,

Ngy1/nk >0 for each k£ > 1. (3.84)

If for some 0 < o < 1, &(u) = u®, u > 0, then each Hadamard-lacunary
sequence is also £-lacunary. To state a partial converse, the supremum of the
numbers 6 for which the condition (3.84) holds will be called the degree of
lacunarity of the given sequence {ny}.

Lemma 3.66. For each p > 1 and modulus of continuity &, any infinite
&-lacunary sequence can be decomposed into a finite number of Hadamard-
lacunary sequences in each of which the degree of lacunarity is at least p.

Proof. Let n = {nx} be an infinite -lacunary sequence. It is enough to prove
the lemma for some value of i > 1. Indeed if u is arbitrary and (3.84) holds
for some @ > 1, then let [ be the least positive integer such that 6! > u. Divide
the sequence {ny} into ! sequences n" = {n; 4}y, @ = 1,...,l. Then each
member of 7 belongs to one and only one of the sequences n’, and for each
i=1,. .l Ny 1)/ Mgkl > 0! > pfor k =0,1,..., proving the claim. Now
consider the sequence of intervals A(m) := [2™,2™TY) m = 0,1,.... There
exists a positive integer [ such that each A(m) contains at most I members
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of the sequence 7. Suppose not, that is, there exists a subsequence m; T oo
such that each A(m;) contains l; members of 7 and I; T oo. Then letting
M; = max{k: ni € A(m;)}, we have

M;
domkng) = > mb(ng) =1 min ngg(M; )
k=1

ke A(me) n€A(m;)
> 27 ME(MT)

for each i. This contradiction shows that 1 can be decomposed into 2[
Hadamard-lacunary sequences each of which has degree of lacunarity at least
2, proving the lemma. O

Definition 3.67. Let ¢ and ¢ be moduli of continuity. We say that an in-
creasing infinite sequence n = {ny} of positive integers is a W (¢, 1)-sequence
if

W (¢, ;1) = inf {W (¢, k): k > 1} >0,

where for each k£ > 1,

Onpir) gy _meo(ng')  md(ng) 1

o) " (g ) by ) nera(ng )

If (3.81) fails for £ = ¢ or for & =1 then W (¢, ;1) > 0 for any sequence
17 = {ng} since in this case for some constants ¢ > 0 and C' < o0, ¢ <
u1¢(u) < C forall 0 < u < ny' by (3.32). Next we define a class of sequences
with a slightly stronger property than that of W (¢, 1)-sequences.

W(p, s k) = rnax{

Definition 3.68. Let ¢ and @ be moduli of continuity. For each k& > 1, let

if k is odd (3.85)

d(nipr)  mp(ng?) }

o(ni ") np v (ngly)

Wo(6,6: k) = max {

and

Y(ngty)  ne(ngt)

(g ") mes1d(ng ),

We(op, 95 k) = rnax{ ) } if k is even. (3.86)

We say that an increasing infinite sequence nn = {nx} of positive integers is a
W'(¢,1))-sequence if ny =1 and for some finite constants ¢, and ¢,

Wo (o, 1;m) := inf {WO(¢,1/1;k): k is odd} =1/c¢, (3.87)

and

We(p,v;n) :=inf {We(¢,¥;k): kiseven} =1/ce. (3.88)
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Tt is clear that each infinite W’ (¢, ¥)-sequence 1 also is a W (¢, 1)-sequence
and we have the bound W (¢, ¥;n) > 1/ max{c,, c.}.

Lemma 3.69. Let ¢ and ¢ be moduli of continuity, and let n = {ny} be an
infinite W (¢, 1)-sequence with C := W (¢, 1;n). Then for each k > 1 and any
w€ [rgyromg ],

u o) (u) < 20 max {ned(ng; ) (ng ), ks d(ng ) (n )} (3.89)

In particular, if limy—o npd(ng ) (n, ") = 0 then ¢p(u)b(u) = o(u) asu | 0.
Moreover, if in addition ¢ and ¢ are concave then the factor 2 in (3.89) is
UNMecessary.

Proof. Recall that for £ = ¢ or v, £(u) T and by (3.31), v (v) < 2u™1E(u)

for 0 < u < v. Let n,;ll <u< nlzl for some k£ > 1. Then letting h; := n;

for each j, we have £(u) < &(hy) and u='€(u) < 2ng1£(hgy1). To bound
u~té(u)(u), since W (¢, 1; k) > C for each k, we have four cases:
(o) (u) < 2npq10(hi )Y (M)

- {QClnk+1(¢¢)(hk+1) if p(hi+1) = Co(hy),
= 120 i (90) (ha) if nk(hi) > Cng19 (hit1),

and

u () (u) < 2nps16(hisr ) (hy)

- {20—17% (o) (hk) if npd(h) > Cngy1¢(hei1),
2C g1 (00) (hisr) if Y(hrs1) > Cip(hy).

Therefore (3.89) holds, proving the first part of the lemma. The last part of
the lemma follows by Proposition 3.14. o

Next we define special sequences depending on moduli of continuity ¢
and 1. They will be shown to be ¢- and 1-lacunary for suitable ¢ and v in
Proposition 3.71.

Definition 3.70. Let ¢ and 1 be moduli of continuity. Define a sequence
1o = no(¢, 1) = {nk}, finite or infinite, recursively as follows. Let nq := 4° for
some integer s > 0. If n; has been defined for 1 <[ < k, where k is an odd
integer, then let

nppr =min {47 r €N, 46(477) < ¢(n; "), 47p(477) > dngap(ny ) }
(3.90)
provided the right side is defined. If k is an even integer then let

g1 =min {47 r €N, 4(477) < Y(nit), 47¢(47") > dng(ny ') }
(3.91)
provided the right side is defined. The recursive construction ends at a finite
ny whenever ngyq is undefined. Then we call {ng}r>1 a D’yackov sequence
for ¢, . If s =0, so n; = 1, we call it the D’yackov sequence 1o (¢, 1).
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A D’yackov sequence {ny} is easily seen to be infinite if (3.81) holds for
& = ¢ and & = 1. Conversely, suppose that a D’yackov sequence {ns} is
infinite. Then by (3.31) and (3.90), if k¥ > 1 is odd then

”k+1¢(n1;i1) > 2nk71¢(n2j1) >.> 2(k+1)/2¢(1)7

and so (3.81) holds for £ = ¢. If k > 2 is even then ngi1¢(ng ) > 28/2¢(1)
by (3.31) and (3.91), showing that (3.81) holds for & = ¢. Therefore (3.90)
and (3.91) are defined for each k > 1 if and only if (3.81) holds for £ = ¢ and
£ =1

The following shows that 79(¢, 1) is a ¢- and 1-lacunary sequence, and it
is a W (¢, v)-sequence with W (¢, 1;n0) > 1/16.

Proposition 3.71. Let {ny} be a D’yackov sequence for some concave moduli
of continuity ¢, 1 such that (3.81) holds for & = ¢ and & = 1. Then for
m=12,..., and & = ¢ or 1,

anf ny ) S nmé(n,t)  and Zf E(nh). (3.92)

OOIOO

Also, the D’yackov sequence ng = {ny} is a W' (¢,v)-sequence with ¢, < 16
and c. < 16.

Proof. By the remark following Definition 3.70, the sequence 1y (¢, ) = {ni}
is infinite. From the definition of {n;}, for k& odd, we have

¢(nk+1) <47'¢(n;") and ngp(ngt) < 4_1nk+11/)(n,;1_1).
Then by monotonicity of ¢(u) and u =19 (u) (Proposition 3.14), the inequalities
H(njn) AT 0(ng ") and ngtp(ng ") < A7 nkratb(ng )

hold for all k = 1,2, . ... The same inequalities hold with ¢ and v interchanged.
Thus for £ = ¢ or 1,

S €0n) < [6nt) + Elnka)] D247 < e,
k>m §=0

proving the second inequality in (3.92). For the first one, we have

S k() < [mn) + mpa&l )] 47 < St

k<m =0

proving (3.92).

To show that {nj} is a W'(¢, ¢)-sequence, we have by definition of {n;},
if k is odd, that either ¢(4n;+11) > 471¢(n; "), and then by concavity (Propo-
sition 3.14)
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Pl ty) =47 o(dn ) > 167 p(ng ),

or 4_1nk+1w(4n;+11) < 4ngyp(n; "), in which case since 9 is increasing,

nk+11/)(n,;1_1) < 16nk1/1(n,;1).

For k even, we have the same alternative with ¢ and % interchanged. Thus
Proposition 3.71 is proved. O

An inequality for Riemann—Stieltjes sums

An inequality to be given in Proposition 3.73 will be used to prove existence of
the full Stieltjes integral (Theorem 3.75). The proof is based on constructing a
special partition of a discrete triangle formed by indices: for an integer n > 1,
let

Dy :={(i,j) eNxN: 1<i<n, 1<j<i}. (3.93)

Lemma 3.72. Let F' and H be nondecreasing functions on an interval [a,b]
with a < b, such that F(a) = H(a) = 0 and 0 < x(b) < 1 for x = F or
H. Let {t;}, be a partition of [a,b] such that max{F(t;) — F(t;—1), H(t;) —
H(ti—1)} > 0 fori=1,...,n, and let {ng}r>1 be an increasing sequence of
positive integers with ny = 1. Let kg := max{k > 1: min{F(b), H(b)} <
n;l} Then there exists a doubly indexed sequence R = {Rjm: k > 0, m >
1} with the following properties: R contains exactly n nonempty sets. The
nonempty Ry, have k > ko, are disjoint, and are of the form

Rim = R(r1,72,75) = {(i,)) € Dp: m <j<r<i<rs}  (394)

for some integers rp = ri(k,m), 1 =1,2,3, with 1 <1y <ry <rs <n. Also,

(a) Dn = Ukzko Um21 Rk,m;
(b) if k is odd and Ry ., is nonempty then

H(ty,) — H(tr,—1) >nly  and  F(ty,) — F(tr,—1) <nj 5 (3.95)
(¢) if k is even and Ry, is nonempty then
F(tTQ) 7F(t7‘1*1) an;,l-l and H(trs)fH(trzfl) S”/ZI

Proof. A sequence {Ry m: k > ko, m > 1} with the stated properties will be
constructed recursively. When the recursive construction ends, any Ry, ,, not
yet defined are defined to be empty. Let Ry, := 0 for 0 < k < ko — 1 and
m > 1. By definition of kq,

1/ngy1 < min{F'(b), H()} < 1/ny,. (3.96)

The sets Ry, ., will be defined recursively in k > k¢ and for such k, recursively
in m > 1 until the recursion ends for that k, then until the recursion in k£ ends.
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Suppose that for some k > kg, R; ., has been defined for each 0 <1 < k—1, as
is true for k = ko with each Ry ,,, = 0. Let Wj_1 := Uf;ol Um>1 Rim. If the set
{(i,7): 1 <i < n}\ Wj_1 is empty, the recursive construction ends. Assume
that this set is not empty. For x = F or x = H, let A;x := x(t;) — x(ti—1),
i=1,...,n. Then define Ry ,, m =1,2,..., depending on whether % is odd
or even as follows:

(1) Suppose that k is odd. Given v = 1,...,n and k let

u(v,k) = min{r: v<r<n, (r,r) € Wi_1},

or u(v, k) := n+1if the given set is empty. Then let vy 1 :=n + 1, and for
m =1,2,..., recursively let

Vjgym+1 i= Max {u: 1<v<p:=min{u,k),vgm}t—1, (v,v) & Wi_4

“w
and ni}; < Z AjH} (3.97)

Jj=v
if the right side is defined, and let vg 41 = 0 otherwise. For each m =

1,2,..., if vgme1 > 1 then let Ry, be the set of points (i,5) € Dy, \ Wi—1
such that
1<J<Vkmt1 SUS Vpm — 1 (3.98)

If v mt1 = 0 then let Ry ., := 0 and the recursion in m for the given k ends.
(2) Suppose that k is even. Given v = 1,...,n and k let

v(v k) = max{r: 1<r<uv, (r,r) € Wi_1},

or v(v, k) := 0 if the given set is empty. Then let vy := 0, and for m =
1,2,..., recursively let

Vigym+1 := Iin {y: we=max{v(v, k), vkm} +1<v<n, (v,v) & Wi_1,

and n,;_il < i AiF} (3.99)

=

if the right side is defined, and let vy 41 1= n + 1 otherwise. For each m =
1,2,..., if vgmy1 < n then let Ry ., be the set of points (i,7) € Dy, \ Wi—1
such that

Vigom 1 <J < Vgmy1 <i<n. (3.100)

If v m+1 = n+ 1 then let Ry, := ) and the recursion in m for the given k
ends.

If k = ko is odd, then for all v, u(v,k) =n+1, and v 1 = n+ 1. So in the
definition of vy y,41 for m = 1, the condition on v holds at least for v =1 by
(3.96), and Ry 1 # (0. Symmetrically, Ry 1 # 0 for k = kg even.

For k > ko, we claim and will prove by induction on k three statements
(1), (i7), and (iii) as follows:
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(7) The set D,, \ Wg_1 is a union of sets {(4,7): ¢1 <j <i<¢qa}.
(74) The nonempty sets Ry, are rectangles of the form (3.94), with ry =
Vk,erl?

ri=ri(k,m) =1+max{s <ry: (s,s) € Ry,, UWp_1}, (3.101)

or r1 = 1 if no such s exists, where R;mw = () for k odd or w = 0, and
otherwise equals Ry, ,,; and

rs =rs(k,m) =min{s >ra: (s,8) € R ,, 1 UWir_1} —1, (3.102)

or rg = n if no such s exists, where R} = 0 for k even or w = 0, and
otherwise equals Ry, 4. 7

(¢it) Forr = 1,...,nlet Q. = {(i,7) : 1 <j <r <i < n}. There is a set
S(k) € {1,...,n} such that Wi, = U, cg(x) @r-

To begin the induction, for k = ko, statements (i) and (i7) both simplify
because Wy, —1 = 0. Thus (i) holds for one set with ¢; = 1 and g2 = n. For
(47), Ryy,m., if nonempty, as it is at least for m = 1, is either a set (3.98) for ko
odd, or a set (3.100) for ko even. In either case it has the form of a discrete
rectangle R(r},r5,7%) as in (3.94) for some integers 1 < v} < r) <71f <n
depending on m with upper left corner (r5,74) and r5 = vj m41 = 72 as stated
n (i7). These rectangles are disjoint for different m. To verify that rj = as
in (3.101) and r4 = rs as in (3.102), note that (s,s) € Ry m—1 if and only if
m > 2 and s = Vg, and apply the definitions of Rj, o Rgm, and Ry, for
k even and odd. So (ii) holds for k = k. Now (iii) for k = ko follows casily,
with S(ko) = {Vkg.m }m>2-

Next for the induction step, given k > ko and assuming (¢), (i), and (ii%)
hold with & — 1 in place of k, they will be proved for k. We first prove (i)
for k. Applying (iii) for k — 1, we have S(k — 1) = {nk_u}ii(ffl) for some
N(k — 1) and Ne—1,1 < Ng—1,2 < = < Nk—1 N(k—1)- Let Ng—1,0 = 0 and
Ng—1,N(k-1)+1 = n+1LIfS(k—1)isallof {1,...,n}, the recursion has ended
and there is no problem. Otherwise, there exists some ¢t =1,...,N(k—1)+1
such that ng_1, — ng—1,—1 > 2. It is then easily seen that ( ) holds for k
with, for each such t, (ql,qg) = (nk—1,1-1 + 1,nk_1, — 1). Thus we have (7)
for k. Suppose (i) holds for a given value of k > ko and (iii) for k — 1. We
want to prove (i7) for k. If Ry; = 0 then (44) holds vacuously, so suppose
some Ry, are nonempty. Let k be odd. If Ry ,, is nonempty then o =
ro(k,m) = vk m+1 > 1 and there is a unique ¢ € {1,...,N(k — 1) + 1} such
that np—1:-1 < ro < ni_1. In this case by the definition of Ry ,, we will
have r1(k,m) as in (3.94) equal to ng_1,—1 + 1, which confirms (3.101) since
R, .1 =0.Also, r3(k,1) = ni_1+ — 1, agreeing with (3.102). For m > 2 we
will have r3(k, m) = min(ng—1,¢, Vk,m)— 1 which also agrees with (3.102). Thus
(74) holds for k odd. A symmetric proof applies for k even, so the induction
step for (i7) is done.

Next, we want to complete the induction step by proving (iii) for a k > ko,
assuming (7) and (i) for k and (ii7) for k — 1. Specifically, (i7i) will be proved
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for S(k) = S(k — 1) UT(k) where T'(k) = {ra(k,m)}m>1. Let k be odd. If
Vg2 = 0, then S(k) = S(k—1) and there is no problem. Let S(k,0) := S(k—1)
and recursively if v 41 > 1let S(k,m) = S(k,m—1)U{vk m+1}; otherwise
the recursion ends with S(k, m) defined for a largest m = m(k). We will prove
by induction on M = 0,1,...,m(k) that

Uk,M = Wi_1 U U Rk’m = Vk’]y[ = U Q.. (3.103)

1<m<M reS(k,M)

For M = 0 this follows from (iii) for k — 1 as assumed. For the induction
step, let 7o := ro(k, M) = vg,p41. Clearly Re v C Qry, 80 Uk pr C Vi ns. To
prove the converse inclusion, let (i,7) € Q,,,i.e. 1 < j <ry <14 < n. Recalling
that k is odd, if j < ry = ri(k, M) then j <7 —1 =mnp_1,-1 < i <nby
(3.101). Thus (4,j) € Wi,—1 C U, by (iti) for k — 1, so assume j > ry. By
(3.102), if ¢ > r5 = r3(k, M) there are two possibilities. If r3 = nj_1 ; —1 then
J<ng_1:<i<mnsoagan (i,j) € Uyo C Ugm. Or if r3 = vy ps — 1, which
implies M > 2, and ¢ > r3, then 7 < vy <@ <nso

(4,5) € Quyrr = Qro(err—1) C U1

by the induction hypothesis in M, and Uy p—1 C U ar. So we are left with
r1 < j <rg <i<rs. Then by (i) for k, (i,7) € Rig,m C Uk, finishing the
inductive proof of (3.103) for k odd. There is a symmetric proof for & even.
For M = m(k) we then infer (ii¢) for k, completing the inductive proof of (i),
(47), and (4i7) up through the largest k for which Ry 1 is nonempty, as desired.

We claim that each (i,7) € D, is in U;>9 Up>1 Rim. Suppose (r,7) €
D,, \ Wi_; for some k > ko and either A.F > n,;_il with k even (Case 1) or
AH > n,;il with k odd (Case 2). In Case 1, vy, is strictly increasing in m
and vy, <7 < nfor m =1, so there is a largest such m, with vy, <r <
Vi.m+1- In fact by definition of vy ;41 it equals r, so (r,7) € Ry . There is
a symmetric proof in Case 2. Therefore each pair (i,i) € D,, is in some Ry,
because nji — oo and either A; F' > 0 or A; H > 0, and the claim is proved. At
each stage of the construction, if (ig, 7o) € Ry, m for some k and m, then each
point of the discrete rectangle {(i,7): 1 < j <ig < i < n} is in Ry for
some k' < k and some m/, by (iii) as proved above. Therefore each (i, j) € D,
is in some Ry, and (a) holds. Since each nonempty Ry, contains exactly
one point of the diagonal {(r,r): r=1,...,n}, there are exactly n nonempty
sets R m.

For (b), let k be odd, and let Ry, be a nonempty rectangle having the
form (3.94). Then the first inequality in (3.95) holds by definition of Ry .,
because for m = myg, r3(k, m), as given by (3.102), equals min(u(re, k), Vg m) —
1, which is the upper limit of the sum in (3.97), defining vy ;41 = r2(k, m).

The second inequality in (3.95), that is,

F(ty,) — F(ty,—1) <nj ', (3.104)
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will be proved next. Indeed, if k = ko then (3.104) holds because F(b) < n,?ol
by definition of k. Suppose that k > ko, so that k—1iseven and k—1 > ky. If
all Ry_1,m are empty then in (3.99) for £—1 in place of k and m = 1, the given
set of v is empty. Consider v = ro = ro(k,mp). Then 1 <v < n and (v,v) ¢
Wi—1. So the given inequality must fail for this v, and the contrary inequality
must hold. Since vy 1 = 0, it then follows that F'(t,,) — F(ty(ry,k—1)) < ng'.
By (3.101) with R; ., = ), we have

ri(k,mo) — 1 = max{s <ra: (s,5) € Wi_1} > v(re,k — 1),

and so (3.104) holds if all R_1 ,,, are empty. Thus suppose that not all Ry_1 .,
are empty, e.g. [y—1,1 is not empty. Let m be the largest integer such that
Vk—1,m < T2. Then Tl(k,mo) —-1> Vk—1,m = max{v(uk_lm,k — 1>>Vk—1,m}-
Thus (3.104) holds by (3.99) for & — 1 in place of k and v = 73, since
re < Vg—1,m+1. S0 part (b) of the lemma is proved. The proof of part (c)
is symmetric and we omit it. This completes the proof of the lemma. O

For moduli of continuity ¢, and for an increasing sequence n = {ny} of
positive integers, let

Alg,sm) = G()(1) + Y nrd(ng Nb(ny ) < +oo. (3.105)
k=1

For = € CV and for a Banach-space-valued function g on an interval [a, b] with
bounded Z-variation on [a, b], let N=(g; [a,b]) := g/||9l[a.5;(=) if |9]l{a.8;(=) 7
0 and let N=(g; [a,b]) := 0 otherwise.

Proposition 3.73. Assume (1.14) and a < b. Let &, € CV be such
that (3.82) holds for & = & and =& = W, let f € We([a,b]; X) with
f = Na(f;[a,b]), and let h € Wy([a,b);Y) with b := Ng(h;[a,b]). Let
n = {ng}tr>1 be an infinite W'(&~1, W=1)-sequence such that (3.87) and (3.88)
hold. Then for any u,v with a < u < v < b, and any partition {t;}_, of [u,v],

H i [£(t:) = f(to)]-[n(t:) — h(ti-1)] H (3.106)

< O0A@ ) o), @) |2l o), ) { ceva (f; [u, v]) + cove (h; [u, v]) },

where 0 < 1. Moreover, if A(®~1,W~1;n) < co then for any € > 0 there is a

d > 0 such that 0 < € provided 0 < min{ve (f;[u,v]), ve (h; [u,v])} < 0.

Proof. Tt is enough to prove the proposition when A(®~1, ¥~1;n) < co and
Ilfll@) = |~|lzy = 1, in which case f = f and h = h, if we agree that (3.106)
holds when it becomes 0 < 0 - (+00). For ¢ € [u,v], let F(t) := ve(f;][u,t])
and H(t) := vg(h;[u,t]). Then F(u) = H(u) = 0. Since the left side of
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(3.106) is zero if f or h is constant on [u,v], we can assume that F'(v) >
and H(v) > 0. By (b) of Theorem 3.7, we have F(v) < va(f;[a,b]) <1 nd
H(2) < (Ao, < L For x = f, b Fror H, let Ay = x(t) ~ x(6i
= 1,...,n. Suppose that for some 1 < i < n, f and h are constant
on [ti—1, ], so A f, Aih, ve(f;[ti—1,ti]), and vg(h;[ti—1,t;]) are all zero.
Then, we can write f and h as f; o G and h; o G respectively where G is
a nondecreasing continuous function from [a, b] onto itself, strictly increasing
except on [t;_1,t;] where it is constant, and replace t; by u; with G(u;) = tx
where j = kfor k =0,....i—land j = k—1fork =4i+1,...,n, so
that j = 0,1,...,n — 1. Both sides of (3.106) are the same for fl,hl, and
{uj}?:_ol as for f,h, and {t;}}_,. Iterating this step, either we arrive at a
degenerate interval, in which case the proposition holds, or at a case where
for each 1 < i < n, either A;F > 0 or A;H > 0. We have to bound the norm

of

U= [f(t:) = f(to)]-[(t:) = h(t:i)] = Y Aif-Aih,

=1 (i,5)€Dn

with D,, defined by (3.93). To this aim we apply Lemma 3.72 to F', H, {t;}1_
and = {nx} to obtain an integer ko > 1 and a sequence {Ri.m: k > ko, m >
1} of sets with the properties stated in Lemma 3.72. By Lemma 3.72(a), each
(i,7) € Dy, is in some Ry ., and so U = Z:O:ko Uy, where for r; = r(k,m) as
n (3.94),

Uy = Z Z Ajf'Aih = Z [f(trz) - f(trl—l)]'[h<t7'3) - h(tTQ—l)]'

m=1 (iaj)eRkJn m=1

For any u < s < t < wv, by (3.51), we have &(||f(t) — f(s)]]) < F(t) — F(s),
and the analogous inequalities hold for the functions ¥, h, and H. Then for
k > ko such that not all Ry ., are empty, we have

1l < > 1f () = F O lErs) = Altra—)|

<Y O(F(try) = Fltry—1)) ¥ (H (try) = H(tr, 1)),
m=1
where ¢ and ¢ are the inverses @1, W1, respectively. To bound this series
first suppose that k is odd. Since @,¥ € CV, it follows that ¢, 1 are concave
moduli of continuity, and so ¢(u) | and u='¢(u) T as u | 0 by Proposition
3.14. By Lemma 3.72(b) and since n is a W'(®¢~1, ¥ ~1)-sequence, it then
follows that

Uk < élng wratp(nify) Y [H H(tr,-1)]

m=1

< cof{mu(ng Vo(ng ") + nird(ngl )o(nl )} H() by (3.87)
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since the intervals [t,,_1,t,,] are nonoverlapping for fixed k. Second, the same
inequality with F'(v) instead of H(v) and ¢, instead of ¢, holds when k is even
by (3.88) and Lemma 3.72(c). Thus

U < {coH (v) + ccF(0)} > nug(ng No(ni )

k=ko
= 6A(¢7 s W){Ce’U@(f; [ua UD + COU&”(h; [ua UD}v

where
oo

0= A(g,¥sm) ™" > m(ng Yb(ngh).

k=ko

By the definition of kg in Lemma 3.72, n,?olﬂ < min{vg(f; [u,v]), ve (h; [u,v])}.
Since A(p,1;n) < 00, given € > 0 there exists 6 > 0 such that 6 < e provided
0 < min{vg(f; [u, v]), ve (h; [u,v]) < d, since kg + 1 and so kg goes to +oo as
& — 0. The proposition is now proved. O

Full Stieltjes integrability

Recall Definition 2.41 of the full Stieltjes integral. Now we are ready to prove
necessary and sufficient conditions for full Stieltjes integrability for all func-
tions f, h with bounded @- and W-variation respectively when @ and ¥ are
convex.

Definition 3.74. We say that a pair of functions @, ¥ € V form a Stieltjes
pair if, assuming (1.14), the full Stieltjes integral (S) f;’ f-dh exists for any
f € Was(la,b]; X) and h € Wy([a,b];Y).

Due to bilinearity of the full Stieltjes integral (Theorem 2.72), if §, ¥ € V
form a Stieltjes pair, then the full Stieltjes integral (S) [’ f-dh exists for all
f € Ws(la,b]; X) and h € Wy([a,b];Y).

When a = b, the integrals exist by definition and are 0, so in the definition
we could assume equivalently that a < b.

It will be shown in Corollary 3.77 that @, ¥ are a Stieltjes pair if and
only if ¥, @ are. For the RS and RRS integrals and continuous real-valued
functions, for example, this would follow from integration by parts, Theorem
2.80. For f and h with common one-sided discontinuities, however, as for the
RYS integral in Theorem 2.81, integration by parts is more complicated.

For a modulus of continuity ¢, an interval J, and a Banach space X, let
Hg(J; X) be the set of all functions f: J — X such that

sup [ f(t+u) — f(t)]| = 0o(d(u))  asu O,

tt+ue

and let Hy(J) := H}(J;R). If J = [a, b] let H[a, b] := H(]).
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Theorem 3.75. The following conditions about @ and ¥ in CV with inverses
¢ and ), respectively, are equivalent:

(a) @ and ¥ form a Stieltjes pair;

b) the integral (RS) [Z™ f dh exists for any f € H3[0,27] and h € Hy [0, 27);
¢) Ao, ;n) < oo for any ¢- and Y-lacunary sequence n;

d) A(g,;m) < oo for some W (o, 1)-sequence n;

)

(
@1
(e) A(p,1;m0) < 0o for the D’yackov sequence ng(p, ).

e
Proof. We begin by showing that all five statements are true if (3.81) fails for
¢ or 1. Suppose that v # o({(v)) as v | 0 for £ = ¢ or ¢. Then first, by the
remark following Definition 3.70, the D’yackov sequence 19(, ¥) is finite, and
hence (e) holds.

Second, if as u | 0, u # o(¢(u)), then ¢(u)/u remains bounded by the
remarks following Definition 3.67, and so u=t¢(u)y(u) — 0 as u | 0 since
¥(u) | 0. The same holds, interchanging ¢ and v, if u # o(¢)(u)). Therefore
there exists a sequence 7 such that A(¢, ;1) < co. Also, again by the remarks
following Definition 3.67, each {nj} is a W (¢, )-sequence, and hence (d)
holds.

Third, (¢) holds because every ¢- and w-lacunary sequence is finite by
Proposition 3.65. Finally, if f and h have bounded @- and ¥-variations re-
spectively, then one of them is of bounded variation by Proposition 3.39, the
other is regulated by Proposition 3.33, and the full Stieltjes integral (.S) ffl’ f-dh
exists in this case by Theorems 2.20, 2.17, and 2.42. So (a) and (b) hold. There-
fore for the rest of the proof we can assume that (3.81) holds for £ = ¢ and
for & = 1.

(b) = (c). Assuming that (c) fails to hold, we construct functions f €
H3[0,27] and h € HY[0,27] such that the integral (RS) 5™ fdh does not
exist. Suppose that A(¢,1;n) = oo for some sequence n = {nj;} which
is ¢- and w-lacunary. By Lemma 3.66, one can decompose 1 into finitely
many sequences 7' = {n}.} lacunary in the sense of Hadamard such that
for each of them, 20n) < nj, for all £ > 1, and for at least one of them,
Y ops1 np@(1/ny)(1/n)) = co. Fix {n}} satisfying the latter condition. For
each k > 1, let vy := min{4™: m € N, nj, < 4™}. Then 47 'y, < n}, < v4.
We note for later reference that

Vi1 > Mg > 20m) > 5up. (3.107)

Taking x = ¢ and v, since x is concave, we have x(1/vx) < x(1/n}) <
4x(1/vy) for each k > 1.

It will be shown that {v}} is ¢- and ¢-lacunary. By assumption n = {n;}
is ¢-lacunary, and so (3.83) holds for some C' = C(n). We have that ' = {n},}
is a subsequence of n. Thus for any m > 1 there is an [ > 1 such that n; = n/,

and
l

Do) < > me(ng!) < Crug(ng ') = Cnpyg(ni ).

k=1
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Therefore the first inequality in (3.83) holds with 7 replaced by 7. Similarly
the second inequality in (3.83) holds with n replaced by 7', and so 7 is ¢-
lacunary. Next using the inequalities between v and nj, stated before and
after (3.107), we have

D owd(vp ) <4 nib(ngt) < ACH, b0l ") < 42Crpne(vy,)
k=1 k=1

for each m > 1. Similarly it follows that S"3°  #(v; ') < 4Cé(v;;!) for each
m > 1. Thus {v} is ¢-lacunary. The same holds with ¢ replaced by 1, so
{vi} is indeed ¢- and t-lacunary.

We also have since x(1/v) > x(1/n},)/4 for x = ¢ or ¢ and v, > nj, for

each k that
> b (1)1 /) = oc.

E>1

Let ¢ | 0 be a sequence of positive numbers such that

> Ao (1/vi) (1)) = oo

E>1

Then define two real-valued functions f and h on [0, 27] by

f@) = Zc;@(ulf) cos(vgt) and h(t) := chw(ugl) sin(vgt)

k=1 k=1

for 0 <t < 2m. Both series are uniformly convergent by the second inequality
in (3.83) for £ = ¢ and & = ). We show next that the functions defined by the
two series are in H{[0, 2] and H3,[0, 27], respectively. For any u € (0,1/],
let m be the integer such that 1/vp,4+1 < u < 1/vp,. Then

[ft+uw) = fO <u ) ey ) +2 ) vy ') = Ti+To (3.108)

k<m k>m

for each u € (0,1/14] and t € [0, 27 —u]. Given € > 0 choose an integer ko > 1
such that ¢, < e for each k > kg. Then choose an integer ki > ko such that
Vkoqb(uk_ol) < evpp(v; ') for each k > kq, which is possible due to (3.81) for
& = ¢. Thus if u € (0,1/v,11], then in (3.108), m > k1 > ko and by the first
inequality in (3.83) twice, once for m there equal to ko here,

T < u[Cclukogb(u,;Ol) + eCrpmo(v,')] < e(er +1)Coh(u)

because v, ¢(v;,!) < ¢(u)/u by Proposition 3.14. Using the second inequality
in (3.83), it follows that T < 2¢C¢(u). Therefore f € HJ [0, 27]. Similarly it
follows that h € H)[0, 27].

To show that the integral (RS) 02“ fdh does not exist, for each positive
integer n, consider the tagged partition 7, = ({t; }?Zb, {tj}?i"l), where t; :=
7j/(2vy), 5 =0,...,4v,. Applying the identities
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sin 2u — sin 2v = 2sin(u — v) cos(u + v), (3.109)

2 cosucosv = cos(u — v) + cos(u + v),

where the first follows from cos§ = (e +e71%)/2, sin 6 = (! — e71%)/(2i), we
have

SRS(fadh;Tn)

4u. [e%e) . .
< 25 —1
= Z Z cred(vy (v )2 cos ﬂ;y];] sin % cos %ﬂ)w
J=1k,l=1
> V]
= Z ckad(vy, )Y(y, 1)81115
k=1 n
4y,
- 2 (v — v)j + Ty 2 (v +11)j — Ty
X Z { COs -+ cos }
= 4vy, dvy,

Since each vy is an integer power of 4 and vi41 > by for every k > 1 by
(3.107), each term with indices k or [ > n equals zero. Computing the inner
sum by the formula, valid for 0 < ¢t < 27 and any M =1,2,...,

sin((M 4 )t + s) —sin(3t + )

, 3.110
2sin ¢ ( )

M
Z cos(jt + s) =
j=1

which again follows from cos = (! +e71%)/2, sinf = (e — e~1%)/(2i), and
then some geometric series, noting that Mt = 4v,t is an integer multiple of 27,
we see that all terms vanish except those with v, — v for k = [, where (3.110)
does not apply. Then applying the inequality (sinu)/u > 2/7 for 0 < u < 7/2,
we get, that

Srs(f.dhim) = Y (v Ny 2vasin Tt > 23" cud (v e ")

k=1 n k=1

for each n > 1. Since the last sum increases without bound as n — oo, the
Riemann—Stieltjes integral for the functions f and h does not exist, proving
the implication (b) = (c¢).

(¢) = (d) holds since a D’yackov sequence is both ¢-, ¥-lacunary and a
W (¢, 1)-sequence by Proposition 3.71.

(d) = (e). Let n = {ni} be a W (¢, 1)-sequence such that A(¢,1;n) < oo
and let C' := W(p,v;n). We have to show that A(p,1;n9) < oo for the
D’yackov sequence 1o(¢, ) = {m;}7°,. To this aim we use Lemma 3.69 for
the sequence 7. Let I(k) := {l € N: ng < my < ngy1} for each k > 1. By
Definition 3.70, for & = ¢ or 1, 4&(m;,) < &(m; ') and mypaé(my.,) >
4mi&(m;t) for each 1 > 1. If M :=card I(k) > 3, let I; = I;(k) and Iy = l2(k)
be respectively the smallest and the largest integer in I(k). Then
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Enity) _ €my,) _ <1)L<M—1)/2J
€)= D) <\ ’

where |z] is the largest integer < z, and

nkf(ngl) <mllf(ml_11> <<
—\4

1) [(M-1)/2]
nk+1f(”;§i1) B mzzﬁ(mgl) .

Therefore card I (k) < 2+log,(C~1) for each k > 1. Since ¢ and v are concave,
this together with Lemma 3.69 gives the bound

D mud(m; Np(m ) < 20712+ logy (C71) A, v5m) <

1>11(1)

proving (e).

() = (a). Assuming (1.14) and a < b, let f € Ws([a,b]; X) and
h € Wy([a,b];Y). Due to bilinearity of the full Stieltjes integral (Theorem
2.72) and since if f or h is constant the integral exists, we can and do as-
sume that || f| /(@) = [|hl/w) = 1. Proposition 3.73 and the Cauchy test will
be used to show the existence of the refinement Riemann—Stieltjes and refine-
ment Young-Stieltjes integrals. Next we show that it is enough to consider
Riemann—Stieltjes and Young—Stieltjes sums based on tagged partitions with
suitable tags. Recall the definition (2.16) of Young-Stieltjes sums Sys.

Lemma 3.76. Let &, ¥ €V with inverses ¢, 1, respectively, be such that

o(u)(u) = o(u) asu | 0. (3.111)

Let f € Wa([a,b]; X) and h € Wy ([a,b];Y). Given € > 0, there is a partition
A of a,b] such that (a), (b), and (c) hold, where:

(a) For any refinement k of A and for tagged Young partitions ' = (k,&’) and
"= (m. ),

R(5,€,€") := [|Sys(f,dhs 7') = Sys(f,dhs )| < e
(b) For any refinement k= {t;}72 of A,

m

T(k, {7j}. {7]}) : Z|SRs(fj,dhj,q> Srs(fj,dhy; )| <

where forj =1,...,m, 7} = (k;,§}), 7 = (k;,§}) are tagged partitions of
[tj—1,t;] and for x=forh, xj:=x on (tji—1,t;), x;({tj=1) := x(tj=1+)
and x;(t;) == x(t;—).

(¢) If f and h have no common one-sided discontinuities then for any refine-
ment K of A and for tagged partitions 7' = (k,&'), 7" = (k,&"),

Q(r, &, ¢") = ||Srs(f,dh; T') — Srs(f,dh; 7")|| < e. (3.112)
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,u]) and H(u) := v (h;la,u]). By
b, we have (|| f(s') — f(s")[) <
¢( (v—) — F(u+)). Similarly, we
)). Let V := F+ H and let ¢y > 0.
b], by Theorem 2.1(b), there exists

Proof. For u € [a,b], let F(u) := (f
(3.51), for any a < u < §" < ¢ v
F(v=) — F(u+). Thus |[f(s") - ( ol
have [|h(v—) = h(u+)|| < ¢(H (v—) = H(u

Since V is nondecreasing and finite on [a,
a partition A = {z}}"_, of [a, b] such that

N

[a

<

<
+

V(zi—=) = V(zi—1+) < €0 foreach I =1,... k. (3.113)

For (a), let k = {t;}7_, be a refinement of A\. Let §’ = {s *, and £’ =
{7}, be sets of tags with s}, s/ € (t;—1,t;) for i =1,...,n. By (3.113), it
follows that

Bl €89 < Z 1#(50) = £ 6= = htia)]|

< zn: d(V(ti—) = V(tic1+H))(V(ti—) = V(ti-1+))

< V() sup u”lg(u)ip(u).

0<u<eg

Therefore statement (a) holds by assumption (3.111).

For (b), let k = {t-};"o be a refinement of A, and let r; = {t;i}.’,
be a partition of [tj—1,tj] for j = 1,...,m. Let & = {s/;};2, and &} =
{s7:}i2, be two sets of tags for xj, and let w;; = min{V(t;;),V(t;—)} —
rnax{V( jie1), V(tj—14)} for i = 1,...,n; and j = 1,...,m. Then each uj
is less than €y by (3.113) since & is a reﬁnement of \. As for f and h, by (3.51),
for i = 1,...,n;, we have that each || f;(s};) — f;(s7;)|| is bounded by ¢(u;),
and each ||h;(t;i) — h;(tji—1)| is bounded by 1(u;;). Then we have

m N

T(k, {TJ/'}, {TJI/}) < ZZ Hfj(SQ-i) - fj(sgi)H th(tji) - hj(tj,ifl)H

j=1i=1

< Zl Zl $uji)(usi) <V (0) sup u™'¢(u)i(u).

0<u<eg

Now (b) also follows from the assumption (3.111).

To prove (¢) suppose that f and h have no common one-sided discontinu-
ities. Then by Proposition 3.44, one can choose u = {w;—1,v;: 1 =1,...,k} C
(a,b) such that for each I =1,... k, we have zj_1 < w1 < v < z,

min {(b(F(ul_l) — F(Zl_1>),w(H<ul_1) — H(Zl_1>)} < Eo/k,

and
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min {6 (F(z0) — F(w)), vw(H (=) — Hw))} < eo/k.

Let A := AU pu. Then (¢) will be proved, and (a) and (b) still hold, for X" in
place of A. Let k = {t;}_, be a refinement of X', and let I be the set of indices
i € {1,...,n} such that either t; € {z1,..., 25} or t,—1 € {20,...,25-1}. For
G=F,HorV,let A,G:=G(t;) —G(t;—1) fori=1,...,n. Let & = {s}},
and " = {s/}"_, be two sets of tags for k. Then we have

Q(r,€,¢")

< 2 1D = FEDI 1A = At < Z¢ (AiF)$(A:H)

< 2k(eo/k) max{@(F (b)), ¢ (H (b))} + > ¢(A V) (A;V)
il

< 2¢o max{p(F (1)), (H (1))} + V(b)) sup u™'p(u)i(u),

0<u<eg

(3.114)

where the last inequality holds by (3.113). This together with assumption
(3.111) proves statement (c) of the lemma. O

Now continuing the proof of Theorem 3.75, by Proposition 3.71, the
D’yackov sequence 1o(¢, 1) is a W'(¢,1)-sequence with ¢, = ¢. = 16 (cf.
(3.87) and (3.88)). Since A(¢,1,1n9) < oo, by Lemma 3.69, it follows that
(3.111) holds. Suppose that f and h have no common one-sided discon-
tinuities. For a tagged partition 7 of the form ({t;}7, {t;-1}}L;), con-
sider a tagged refinement of the form 7/ = ({s;},{si}i~,). Thus for each
j=0,...,m, there is an i(j) € {0,...,n} such that s,y = t;. Then recalling
that HfH(qs = ||h[|(zy = 1 and using Proposition 3.73 with [u,v] = [t;_1,;]
for each j, we have for some 6; € (0, 1],

|Srs(f,dh; ") — Srs(f,dh;7)||
mo i)

| X - fip )G i)

J=1 i=i(j—1)+1

< 16A(¢, 15 mo) Zej{up(f; [tj-1,5]) + v (h; [tjflatj})}
j=1
< 324(¢,43m0) max 0,

(3.115)

where the last inequality holds by iterating (3.51), and then (3.9). By the sec-
ond part of Proposition 3.73, the right side of (3.115) can be made arbitrarily
small provided given € > 0 one can choose a partition {t;}"" of [a,b] such
that for each j =1,...,m,
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min {ve (f;[tj—1,t;]), ve (h; [ti—1,t5]) } <e. (3.116)

So, let € > 0 be given. By Proposition 3.40, there exists a partition {z;}F_, of
[a, b] such that for each [ =1,... k,

max {ve (f; (-1, 1)), vo (h; (z1-1, 21)) } < e. (3.117)

Since f and h have no common one-sided discontinuities, by Proposition 3.42,
there exists p = {w_1,v: 1 = 1,...,k} C (a,b) such that for each | =
1,...,k, 211 <uj_1 < v <z, we have

min {ve(f; [z1-1, wi—1]), ve (h; [z1-1, w—1]) } <,

and
min {ve (f; [vr, 1)), v (h; v, 21]) } < e.

Therefore if {t;}7" is a refinement of A U p, then (3.116) holds for each
j=1,...,m. Again using (3.115) and Lemma 3.76(c), we conclude that the
Riemann—Stieltjes sums for f and h satisfy the Cauchy test under refinement,
and hence (RRS) f{lj f+dh exists provided f and h have no common one-sided
discontinuities.

Now let f and h be any functions in We([a, b]; X') and Wy ([a, b]; V'), respec-
tively, except that || f[|(¢) = [[hl/w) = 1 as before. Let 7 = ({t;}72¢, {s,}711)
be a Young tagged partition of [a,b]. For each j = 1,....m, let 7, =
({tji}i2o, {s5i}i21) be a Young tagged partition of [t;_1,%;]. Then UTL, 7; is a
Young tagged refinement of 7. Also for each j = 1,...,m, let f; be a function
defined on [tj_1,t;] so that it equals f on (¢;—1,t;), fj(tj—1) := f(tj—1+), and
fi(t;) :== f(t;—). Likewise for each j =1,...,m, define h; on [t;_1,t;]. Then

NE

Sys(f,dh; ) — Sys(f,dh; U;jj) = _ [f(s5) = ftj—a )] -[h(t;—) = h(tj-1+)]

7j=1

+ Zm: {fj(tj—l)'[hj(tj) — hj(tj-1)] — Sys(f;, dhy; Tj)} = R+T. (3.118)

We will show that the norm of R+ T is small for suitable partitions 7. At this
stage no assumptions have been made on the partitions 7 or 75, 7 = 1,...,m.
A partition 7 will be chosen near the end of the proof. The norm of R will
be made small using part (a) of Lemma 3.76. To bound the norm of 7" will
be less easy. To this aim Proposition 3.73 and part (b) of Lemma 3.76 will
be used after decomposing each term of T into three parts as follows. Let
j € {1l,...,m}, and let r; = {uj;—1,vji}.2; C [tj—1,t;] be a partition of
[tj—1,t;] such that

tj_l = ujo < 551 <vj1 < tjl, tjﬂlj—l < Ujnj—1 < Sj,n; < Vjn; = tj, (3.119)

and
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tjyifl < Uji—1 < S5 <V < tji for 7= 2,... y Mg — 1. (3120)

Let & = {s;i, 1 jz‘}w_l U {sn,} and &' = {vji,w5i}727 " U {0jn,}. Then 7/ =
(r,&5) and 7" = (k;,&]) are tagged partltlons of [tj_1,t;], and

fiti—1)-[h;(t;) = hj(ti—1)] — Sys(f5, dhy; 1)
= {fj(tj—1)[hj(t;) = hj(tj—1)] = Srs(fj, dhy; 7))}
+{Srs(fj,dhj;]) = Srs(fj,dhj; 7))}
+{Srs(f;,dhj; 7)) — Sys(fj,dhj;75) } =: Tjn + Tja + Tis.

For T3 suppose that in (3.119) and (3.120) wuj; | tj; and v;; T t;; for i =
1,...,n; — 1. Then since ATh;(t;_1) = h(tj—1+) — h(tj—1+) =0,

Fi(sin)-[hy(vjn) = hy(tj—1)] = fi(sjn)-[hi(ti—) — hy(tj—1+)].
Fori=2,...,n; — 1, we have
Fisgi)-[hs(vji) = by (uji1)] — fi(sji)-[hy(ti—) — hi(tjia+)],

fi(tji): [hj(uﬁ — hj(vi ] Ji [ j(tjit) — hy(tji— )]
Since A™h;(t;) = h(t;—) — ( —-) =
)]

Fi(sjm)- [ () = R (ujim,; 1)) = Fi(sjmy)-[hj(ti=) = hj(tn;—1+)]

Thus we have that each Tj3 — 0 as uj; | tj; and vj; Tty fori=1,...,n; — 1.
Now Proposition 3.73 with n = 79 can be applied m times, once to each
sum Tj; formed by the functions f; and hj, with [u,v] = [tj 1,t;]. Since

valfyiftr-1,ts]) = val(f(ty1.85) and v i [ty-1.85]) = v (b (65-1,8,),
we then have as in (3.115) for some 6; € (0, 1],

ZnTﬂn < 16A4(6,w:m) 3 O { v (1o )) + v (B (151 1) }

< 32A(¢, Wy no) rnax 0;. (3.121)

Now we are ready to specify partitions 7 for which the norm of R + T in
(3.118) is small. Let ¢ > 0. By the second part of Proposition 3.73, there exists
d > 0 such that in (3.121), max; 6; < e for any partition {t;}". of [a, b] such
that

max vw (hj; [ti—1,t5]) = ax v (h; (tj—1,t5)) < 0. (3.122)
By Proposition 3.40, there exists a partition A of [a, b] such that (3.122) holds
for any refinement {t;}72, of \. We can and do assume that (a) and (b) of
Lemma 3.76 hold for \. Let 7 = ({t;}7L, {s;}}],) be a Young tagged partition
of [a, b] which is a refinement of A, and let 7; = ({¢;; }.2, {s;i}.;) be a Young
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tagged partition of [t;_1,¢;] for j = 1,...,m. For each j = 1,...,m and
= 17 ceey Ny — 1, letting Ui T tji and Vji l tji7 it follows that Z;nzl ||TJ3|| <€
for some r; = {u;j;—1,vj},2, satisfying (3.119) and (3.120). Then ||R|| < e for
Rin (3.118) and Y77 | [|Tj2|| < € by (a) and (b) of Lemma 3.76, respectively.
Summing the bounds, we have

[Sys(f,dh;7) = Sys(f,dh; Uy || < IRI+ Y {ITll + 1Tl + 1Tyl }

j=1
< e+ 32eA(p, P;m0) + €+ €.

Since ¢ is arbitrary, (RYS) [ fl’ f+dh exists by the Cauchy test under refinement,
proving the implication (e) = (a). Since Hy[a,b] C Wala,b] (by Proposition
3.32 with G the identity function), and likewise for 1) and ¥, clearly (a) implies
(b), so the proof of Theorem 3.75 is complete. O

Notice that in Theorem 3.75, condition (¢) (or (d)) is symmetric in ¢ and
¥. Thus we have the following:

Corollary 3.77. @ and ¥ in CV are a Stieltjes pair if and only if ¥ and ¢
are.

3.5 Sufficient Conditions for Integrability

Let &,¥ € V have inverses ¢, ¢ respectively which are moduli of continuity,
so that &, ¥ € VM. For ¢t > 0, let

In(t) = In(6,dus0) == (RS) [ 2 ay(u)

0+ tuqs( | (3.123)
= 16%1 (RS)/E le/)(u) < +oo0.

Note that the integral clearly exists for each € € (0,t) and increases as € | 0.
Finiteness of Ig(1) (or equivalently, of Ig(t) for any ¢t > 0) will be called
Beurling’s condition, since Beurling [14] made use of it. Since ¢(u) > 0 and ¢
is increasing, Ip(t) = (LS) [ u~'¢(u) dep(u) if either is finite. Specifically, the
integrals from € to t are equal by Propositions 2.13, 2.18, 2.27 and Corollary
2.29, and as € | 0 we have monotone convergence for the LS integral.

Theorem 3.78. Let &,¥ € CV with inverses ¢, 1 respectively. If the Beur-
ling condition Ig(¢,di; 1) < oo holds then @ and ¥ form a Stieltjes pair, and
b)) = o(u) as u | 0.
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Proof. To prove the first part of the conclusion we show that Theorem 3.75(d)
applies, that is, there is a W(¢,v)-sequence n such that A(¢,v¥;n) < oo.
Recursively choose ny := 1, and for each k& > 1 given ng, let ng41 be the
smallest integer n such that n > ng and ¥(1/n) < (1/2)¢(1/ng). Then n :=
{nr} is a W(¢,v)-sequence (Definition 3.67) since for each k > 1, niy; <
2(ng+1 — 1) and so by subadditivity of v,

w@;)2¢6@fijﬂ2%¢&;§7)>%%$)

Using (3.31), for each k£ > 1, we have

[ Atase = So( D)) ()] 2 T ()0 ()

Summing over k it follows that A(¢,1;n) < oo, proving the first part of the
conclusion. Moreover, limy_, oo nxd(ny, )¥(n; ') = 0, and so the second part
follows from Lemma 3.69, proving the theorem. O

Let ¢, 3,7 € R with ¢ > 0. The function g = g. 3,4 from (0,e"°] into R
defined by

g(z) = c(log i)6<log log é)ﬂf (3.124)

will be called a simple logarithmic function. A finite linear combination of
simple logarithmic functions with real coefficients will be called a logarithmic
function. The following considerations hold for more general functions, but
the given functions will suffice for present purposes.

Lemma 3.79. Let c,o, 3,7 € R with ¢ > 0 and o > 0. Let g = g 3,4 be the
simple logarithmic function (3.124) and let f(x) := z%g(x) for 0 < x < e™°
and f(0) := 0. Then there exists a § = 6(a, 5,7) > 0 with 6 < e~ ° such that

(a) f is convex on [0,0] if either « > 1, or a =1 and 3 < 0;

(b) f is convex on (0,0] (unbounded near 0) if a =0 and > 0;

(¢) f is concave on [0,0] if 0 < a <1, oraa =0 and § <0, or a =1 and
6> 0.

Moreover, if « > 1, 8 <0, and v < 0, then f is convex on the entire interval
[0,e7¢].

Proof. Clearly f is continuous on (0,e~¢]. It is continuous from the right at
0 unless @ = 0 and either § > 0 or f = 0 and v > 0. There is a logarithmic
function g1 such that the derivative ¢'(z) = 27 1g(z)g1(x) for 0 < z < e™©
and g1(x) = o(1) as = | 0. It follows that if &« > 0 and « # 1, then for all
O<zr<e™®,

1"(2) = 22 2g(2) [ala = 1) + ga(a)],
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where g9 is a logarithmic function and g2(z) =o(1l) asxz | 0. lf a > 1, 8 <0,
and v < 0, then go is nonnegative on (0,e~¢], and so the last conclusion
follows.

To prove (a), (b), and (¢), if « > 0 and o # 1, then f”’(z) ~ ala —
1)z*"2g(z) as o | 0, and the conclusions follow if a > 1 or 0 < o < 1. If
a =0, then f =g on (0,d] and

" cf 1\A-1 1\~
9" (x) = x—2(log E) <log log E) [1+0(1)]
asx | 0. If 8 <0, fis continuous at 0. The corresponding conclusions follow.
If « =1, then

f(x) =24 () + xg" (x) = fﬁ(log i)ﬁ_1<log log i)ﬂf [1+0(1)]

as « | 0. Conclusions (a), (b), and (¢) are now proved. a

A function f as defined in the preceding lemma can be restricted to an
interval [0, 4] and then extended to [0, 00) by letting

0 if z =0,
f(z) =< z%(z) if 0 <o <4, (3.125)
f(O)+(x—0)f(0—)if x> 6.

Then f is convex or concave on [0, 00) if it is on [0, d], and likewise for (0, c0)
and (0,4] (if « =0 and 8 > 0).
The converse to Theorem 3.78 does not hold by the following.

Example 3.80. Let Gy > 0 and 81 > 0. Applying Lemma 3.79, take numbers
5(0,—,0) and (1, B1,0). Let ¢ := min(e="1,5(0, —fo,0), (1, 51,0)) > 0.
For 0 < z < ¢, let

1 1\ B
o(x) == <log —) and (x) = x(log —) .

x x
Notice that ¢/(z) = |logz|? — Bi|logz|[**~1 ~ |logz|® as = | 0. Also,
Y'(z) > 0 for 0 < = < e P, Extending ¢ and ¢ to [0,00) by (3.125),
both functions are continuous, concave, and increasing. Thus Beurling’s con-
dition Ip(¢,dw;1) < oo holds if and only if 5y > B1 + 1. The condition
A, 10;m9) < oo for the D’yackov sequence (Definition 3.70) ng = {ny} re-
duces to > o [logng]?~P0 < co. The D’yackov sequence is lacunary in the
sense of Hadamard with § = 4 as in (3.84), and so ny > 4F for all £ > 1. On
the other hand, by (3.90), lognyo > 4'/%01logny, for all k > 1, so the series
converges if and only if Gy > (1. Notice that the preceding condition holds if
and only if Ig(1,d¢; 1) < oo, that is, Beurling’s condition holds with ¢ and
1) interchanged.
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Next, pairs (¢, %) such that Beurling’s condition holds both for (¢, ) and
for (¢, ¢) will be characterized. For functions ¢ and 1 from [0, co) into [0, c0),
let

)= ok (k") < 4oc. (3.126)
k=1

Proposition 3.81. Let ¢ and ¢ be moduli of continuity.

(1) The following five conditions are equivalent:
(a) O(¢,1) < oo
(0) Yopeo 280(1/2F)0(1/2%) < oo
() Yopen 280(1/28)p(1/2871) < o005
(d) 3oz, 28(1/25 ) (1/2%) < oo
(e) Ip(p,dep; 1) < oo and Ip(vh,de; 1) < oo.
(i) If for some 6 >0,

B(1/2Y) < (1-opp(1/2t ) (3.127)

fork=1,2,... and Ig(¢,de;1) < oo, then (a)—(e) hold.
(7i1) There exist pairs ¢, ¥ for which Ig(1,d¢;1) < oo but (a)—(e) do not
hold, specifically ¢ and v in Example 3.80 with By — 1 < (1 < Bo.

Proof. For (i), clearly (¢) implies (b) since ¢ is nondecreasing. The sum in (b)
equals

S PP u(yy Y,

(c) are

whose convergence implies (¢) since ¢ is nondecreasing. So (b) and
d (d) are

equivalent. Similarly, interchanging ¢ with 1, it follows that (b) an
equivalent.
For the sum in (a) we have

oo 2kHI_g

=Y > s(i/n)w(1/n),

k=0 n=2k

from which it follows easily that

Zza 1¢2 J 22k¢2 k— 1 (2~ kﬂ)

O(¢, 1) < > 2" 27),

k=0

so (a) is equivalent to (b).
For (b) = (e), by monotonicity of ¢, we have
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poau =3 [ MW ap) <23 8 00/2 /2 < o
= J2k U k=1

Similarly, interchanging ¢ and v, it follows that Iz(¢,dg; 1) < co.

For () = (b), let 0 < € < 1. Applying (2.91) with F(u) := u~!, and then
applying (2.93) twice, first with h = 1 (integration by parts) and second with
h(u) :=u~!, we have

(RS)/ Wdu:—(&?)/ ¢(U)¢(U)d(%) (3.128)
S sy [0 ) ) [ g

u
By Theorem 3.78, we also have (¢u)(u) = o(u) as w | 0. Thus letting € | 0
on the right side of (3.128), we get that the limit of the left side exists and is
finite. Also, with definitions as in (3.123), we have

o)+ (rs) [ AL g,

L) o+ (as) [ L0

o+ U o+ U

= (RS) do(u).

By monotonicity of ¢ and 1, for each k > 1, we have

21—k

(RS) /2 -

Summing over k, it follows that (b) holds, and hence all five conditions are
equivalent.
For (ii), if (3.127) holds and Ip(¢,dy; 1) < oo, then

K > 94201121 /24,

Ip(¢,dy; 1)
Y@ [ 1 23 2t ! - ve )
k=1 27k =1
§ _ 1_
> 5};2%(2 ),

implying (¢) and thus (a)—(e).

For (iii), taking ¢ and ¢ in Example 3.80, we have I5(1),d¢;1) < oo if
and only if 51 < By, while Ig(¢,de;1) < oo if and only if 81 < By — 1. So
Proposition 3.81 is proved. O
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Summing up: the equivalent conditions (a)—(e) of Proposition 3.81(7)
clearly imply Beurling’s condition Ig(¢,dw;1) < oo, which by Theorem 3.78
implies the equivalent conditions (a) through (e) of Theorem 3.75, but in
neither case do the converse implications hold in general. Also, we have the
following:

Corollary 3.82. Assume (1.14). Let ®,W € CV with inverses ¢, 1, respec-
tively, and let O(¢,v¥) < oo. The full Stieltjes integral (S) fé’ f-dh exists if
f € Was(la,b]; X) and h € Wy ([a,b];Y).

3.6 Love—Young Inequalities

The Love—Young inequality gives a bound for an integral in terms of a suitable
p-variation norm of the integrand and ¢-variation seminorm of the integrator.
Namely by Corollary 3.91 below in this section, if f € Wy[a,b], h € Wy[a, ]
with1 < p < 00,1 < q< oo, andp~t+¢g~! > 1, then the full Stieltjes integral
(S) [? f dh exists and we have the inequality

b
) [ £an] < KNSl o, (3.129)

with the constant K = ((p~' 4+ ¢ ). Here ((r) := Y02, n™", r > 1, is the
Riemann zeta function.

L. C. Young in 1936 [244] first published an inequality of the form (3.129),
with the constant 1+ K in place of K. He acknowledged that E. R. Love had
contributed to finding a proof, hence the name “Love—Young inequality.” As
Young pointed out, inequality (3.129) formally resembles the Holder inequality
(1.4). In contrast with the Holder inequality, in the Love-Young inequality
(3.129) it is not possible to take p~! + ¢=! = 1, as Proposition 3.104 will
show. However, L. C. Young in 1938 [247] extended (3.129) to f € Wg|a, b]
and h € Wyla,b] with @, ¥ € V having inverses ¢, 1, respectively, such that
O(¢, 1), defined by (3.126), is finite, for a suitable constant K. Theorem 3.89
below gives such an inequality when @ and ¥ are convex.

A Love—Young inequality for sums

Recall that CV is the subclass of convex functions in V. We start with a
Love-Young inequality for Riemann—Stieltjes sums. Such sums are defined for
functions over nondegenerate intervals [a, b], and so we assume that a < b.

Theorem 3.83. Assume (1.14). Let ®,W € CV with inverses ¢, 1, respec-
tively, and let f: [c,d] — X and h: [a,b] — Y. Then for any partition {t;}1",
of [a,b], and for any sp =c<s1 <---<s,=d andv € {0,1,...,n},
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H if(sz)[h(tz) — h(ti_l)] — f(Sy)[h(b) _ h(a)] H

< iqs(vqﬁ(f;k[c,d})>w<v¢(h;k[a,b]))'

=1

(3.130)

Remark 3.84. The theorem will be applied when t;_; < s; < t; for i =
1,....,nand a = ¢ < d < b, so that we have Riemann—Stieltjes sums, and

v (f; e d]) < va(f;la,b]).

Proof. We can assume that ¢ < d. Let x := ({s;}g, {ti}1o). Let A;f :
f(SZ) — f(SZ',l) and Alh = h(tl) — h(tifl) fOI‘ 1= 1, ey N AISO7 let S(H) .
iy f(si)-Ash. Then we have

S(k) = f(e)[n(b) = h(a)] + Y Aif-Ah (3.131)

1<i<j<n

because Zgzl A;f = f(sj) — f(c). On the other hand, since f(s;) = f(d) —
> j<icn Aif, we also have

S(x) = @) hO) — @] — 3 Aif-Ash. (3.132)

1<j<i<n

Thus we have representations of the left side of (3.130) in the cases v =0 or
n. Now let v € {1,...,n —1}. Then (3.131) for ({s;}7_,,{t;}7_,) gives

j:l/7

D flsa)Ah = f(s)[h(b) =Bt + Y Aif-Ajh. (3133

i=v+1 v<i<j<n

Also, (3.132) for ({si}/_g, {ti}1_o) gives

S fls-Ah = fs) (b)) — @] = > AfAR (3134

1<j<isv

Adding (3.133) and (3.134) gives the representation

S(k) = f(su)-[h(b) —=h(a)) = = > Aif-Ajh+ D Aif-Ajh (3.135)

1<j<i<v v<i<j<n

of the quantity we are aiming to bound. Therefore it is enough to bound the
norm of the right side of (3.135). To this aim we replace A;f by an element
xz; € X and A;h by an element y; € Y. Then, applying the following lemma,
the proof of the Love—Young inequality for sums will be complete. O
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Let © = (x1,...,2n), x; € X, and y = (y1,...,Yn), ¥s € Y. For &, ¥ € V,
let

o:e(o><e(1><.-.<e(m)=n},

and let vy (y) be defined similarly. Then the following holds:

Lemma 3.85. As in Theorem 3.83, assume (1.14), and let &, ¥ € CV with
inverses ¢, 1, respectively. Then for any finite sequences x = (x1,...,%y),
2, €X,andy= (y1,..-,Yn), ¥i €Y, and for any integer v € {0,...,n},

H_ Doowyit Y @iy Siqﬁ(%@)w(%@)) (3.137)

1<j<isv v<i<j<n
Proof. Given two ordered m-tuples £ = {&1, ..., &} and n = {m,...,nm} of

elements of X and Y, respectively, and an integer r € {0,...,m}, let
L&mr) = > &Gmi= Y, &y, SeEmrm)i= > &y,
0<j<i<r 1<j<i<r r<i<j<m

where 19 := 0, S.(§,1;0) := 0 and Sgr(&,n; m, m) := 0. Also let

Um(fan; ’I") = _SL(€>"7;T) + SR(€777;Ta m)

We have to bound the norm of U,(z,y;v). To this aim we replace a pair
(21, x141) of elements in = by a single element x; + 241, and a pair (y;—1,v1)
of elements in y by a single element y;—1 +¥;, and show that for new sequences
z', 3y’ both of length n — 1, and a new v/ equal to either v or v — 1, the norm
of Up(x,y;v) —Up—1(2,y'; ") does not exceed the (n —1)st term of the right
side of (3.137) if v € {1,...,n}, or the nth term if v = 0. Repeating this
reduction recursively we will get the desired bound.
To begin, for any 1 <1< n,let yo = z,41 = 0 and let

rii=a; for 1<j<I-1, 2=z +mz41,2) =241 for [<j<n,

j
yji=y; for 0<j<i-1,y :=y-1+y,y;j:=y+ for [<j<n

(where x,41 = 0 is used when [ = n). Then z’ = (2f,...,2/,_;) and
y = (yy,...,y,_1) are two sequences of elements of X and Y, respectively,
depending on I. If 1 <1 < v then Sg(2’,y';v —1,n— 1) = Sg(x,y;v,n) and
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Sp(2',y5v—1)

0<i<v—1 1<i<l

(@) )+ Y war )

1<i<v—1

=Ty + Z zi-(y1 + -+ yio1) = xey + So(@,y;v).
1<i<v

If v <1 <nthen Sp(2/,y';v) = Sp(x,y;v) and
Sr(@',y'v,n—1)

= Z wé-(y£+~-~+y;,1)=in.(yﬁ...wn)

v<i<n—1 v<i<l

+ (@ wn) e+ y) Y @i o+ Yn)
I<i<n

=—zpy+ Y @i+ +yn) =~z + Sr(x,yiv,n).

v<i<n
Let v/ .=V (v,1) :=v—1ifl <v,and let v/ := v if [ > v. Then
Un(x,y;v) = Una (2,45 0') = 211 (3.138)

forl € {1,...,n}\ {vr} and v € {0,...,n}. We choose a particular value of
using the following fact:

Lemma 3.86. Let @, ¥ € CV with inverses ¢,v, respectively. Given two or-
dered m-tuples u = {u1,...,um} and v = {v1,..., 0} of nonnegative real
numbers, there is an index v, 1 < r < m, such that

Uy vy < ¢(% i qs(uj))w(% i: u(vy)). (3.139)

Proof. Take the least r such that u, v, = min{u;v;: j = 1,...,m}. Using
the inequality between geometric and arithmetic means, we have

e (E) " (H)™ <0l S0 (55 )

by convexity, proving the lemma. O
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Now continuing the proof of Lemma 3.85, apply (3.139) to u = {||zi||: [ €
{1,...;np\{v}}and v = {Jjyi]|: T €{1,....,n}\{v}} withm=n—-1ifv >1
or to u = {[|zy||}]., and v = {||yi||}}-, with m = n if v = 0. This gives an
index r € {1,...,n}\ {v} such that ||z, -y,|| < Ch.(ve(z),ve(y)), where

o [Slsmu(em) c=0,
Comi(s:1) = {¢Es/<m —1))(t/(m — 1)) if ¢ > 1, (3.140)

forany s,t > 0,m € {3,...,n},and ¢ € {0,...,n}. Forl =7, let z(*~ 1 := 2/,
y™=D =4/ and v(*~D := /. Then by (3.138)

V(50| < Cos (w(2), 00 (9)) + [T (20, 0=, D)
Let v := wv. Notice that "~V = 1if v = 1 and v = 0 if v = 0.
Applying the same argument to z("~Y, y(™=1 and v~V instead of x, v,
and v, one gets a similar inequality for the sum U,,_;(z(»=1), y(»=1. pn=1)
in terms of a sum U, _o(x("=2) y(=2): p(=2)) of the same kind and a term
Crr_1.penn (va (21, vy (y=1))). By the definitions, we have vg(z("~1) <

vep(x) and vy (y"~ V) < wg(y). Proceeding in this way we obtain sums
Uy (20 y(m): (™)) for m = n —1,...,2 and the bound

|Un (2, y;v) Z o ( ) + [[Ua(@®,y@; 0@ (3.141)

To bound the last term consider two cases depending on whether v = 0 or
v > 1. From the definition of v/, we have v¥) = 0 for all j if v = 0, and

() >1forall j >2ifrv>1.In the first case, »(?) = 0. Then applying the
preceding argument again we obtain for [ € {1,2},

Ui((@®), (y®); 0®)) = Sr((2®), (5);0,1) = (2®)3-(4);
and by (3.138),

Us(z®,y@;0@) — U (2@, (y@); @) = 22y

Thus applying (3.139) for I = r € {1,2}, we get the bound

02, 55| < 6 Do (P 4 (g (2)) (00 ).

In the second case,

Us (2@ @, @y _ ) —50@®,y?);2) = —aP P if v =2,
2(55 Yy sy ) - (2) ,,(2). _ (2 (2 e (2)
SR(I Y 7172) =Ty Y2 if v =1L

Then the bound



178 3 @-variation and p-variation

022,525 0)]|| < ¢(ve(@)) v (ve(y))

holds. Inserting these bounds and (3.140) into (3.141) we obtain the desired
inequality (3.137). O

So, the proof of Theorem 3.83 (a Love—Young inequality for sums) is com-
pleted. The following corollary of it will be used later on.

Corollary 3.87. Assume (1.14). Let f € Wy([a,b]; X) and h € Wy([a,b];Y)
with 1 < p,q < oo, p~t+q~ 1 > 1. For any tagged partition T of |a,b] and any
s € [a,b], we have

[Srs (f,dhs7) = f(s)[n(b) — M@)]]| < Kp.gll 1l o) 12l ) (3.142)

where Kp g =1+ C(p~' +¢71), and K, 4 = ((p~! + q71) if in addition, s is
a tag of T. Moreover, we have

|Srs(f.dh; )| < o™t + @ DI f gl p)- (3.143)

Proof. Since (3.143) is a simple consequence of (3.142) we prove only (3.142).
We use Theorem 3.83 with @(u) = u?, ¥(u) = u?, u > 0,1 < p,q < oo, and
pt4+ gt > 1. Let 7 = ({t;}70, {s:}71) be a tagged partition of [a,b], let
s € [a,b], and let sp := a. Then by (3.130) with a = ¢ < d =b and v = 0, we
have

|Srs(f,dh;T) — f(s)-[h(b) — h(a)]|
< ||Srs(f,dh;7) — f(s0):[(b) — h(a)]l| + [ f(s0) — f(s)[|[h(b) — h(a)]
<<Cp T+ DIl Pl + 11l 2] 0

and the first conclusion holds. If s € {s;}"_; then (3.142) with K, , = ((p~ '+
~1) follows from (3.130) alone, proving the corollary. a

Next is a Love—Young inequality for Kolmogorov sums defined by (2.22)
and approximating the Kolmogorov integral.

Proposition 3.88. Assume (1.14). Let &,@ € CV with inverses ¢, 1, re-
spectively. For a nonempty interval J, let f € We(J; X) and p € AZy(J;Y).
Then for any tagged Young interval partition T of J and any tag s € J of T,

| Sys (f, dp; J.T) — || < Z¢(U¢ (3 J) )¢(W<Z; J)). (3.144)

Proof. We can assume that .J is nondegenerate. First suppose that J = [a, b]
for some —oco < a < b < oo. Let 7 be a tagged Young interval partition
of J, let s be a tag of 7, and let h := R, , be the function defined by
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(2.3) corresponding to the interval function u. Given € > 0, since p is upper
continuous, by Lemma 2.24, one can find an interval [c,d] C J and a tagged
partition 7 of [¢,d] such that s is a tag of 7 and the norm of the difference

[Sys(f,dps J,T) = f(s)u(J)] = [Srs(f,dhs7) = f(s)[h(d) — h(c)]]

is less than €. By Theorem 3.83, it then follows that

[ Sys(f, dps J, T) — )| <€+Z¢<v¢ ))zp(mh}jc’dp).

By Proposition 3.31(a), v (h;[e,d]) < ve(p;e,d]) < vg(u). Since € > 0 is
arbitrary, the conclusion follows if J is a finite interval.

Let J =R, let T = ({(ti—1,t:)}11,{si}1~,) be a tagged Young interval
partition of J, let s be a tag of 7, and let e > 0. If Osc(f) = 0 there is
no problem, so assume Osc(f) > 0. Since p is upper continuous, there are
u,v € R such that

ma‘X{HMH(—OO,u],Sup? Hlu‘H[v,oo),sup} < E/OSC(f).

Let a :=s; —1if 57 < wu and a := u otherwise. Also let b:=s,, +1if 5, > v
and b := v otherwise. Let 7’ be the tagged Young interval partition of (a,b)
obtained from 7 by replacing the interval (—oo, 1) with (a,t1) and replacing
the interval (¢,,_1,00) with (t,—-1,b). Then s € (a,b), s is a tag of 7', and

Sys(f,du; J,T) — f(s)-pu(J
—SYS<f>dM7( >b)’ /) ( ) ((a b))
+ [f(s1) = f(9)]-p((=00, a]) + [f (sn) = f(s)]-p([b, 00)).

The sum of the norms of the last two terms on the right is less than 2¢ by
the choice of u and v. Applying the bound obtained in the first part of the
proof to the first difference on the right, the conclusion of the proposition
follows again since € > 0 is arbitrary. The case when J is a half-line can be
treated similarly and therefore is omitted. The proof of the proposition is now
complete. O

Love—Young inequalities for the full Stieltjes integral

Next is a Love—Young inequality, named for the special case (3.129), for the
full Stieltjes integral defined by Definition 2.41. Recall the definition (3.126)

of O(¢, ).

Theorem 3.89. Assume (1.14). Let ®,W € CV with inverses ¢, 1, respec-
tively, and let f € We([a,b]; X) and h € Wy ([a,b];Y). If O(¢,%) < co then
the full Stieltjes integral (S) fs f-dh exists and the inequality
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) [ soran] < o2y (3.145)
@ k=1

holds for any s € [a,b].

Proof. We can assume that a < b. The full Stieltjes integral (5) f;’ f-dh ex-
ists by Corollary 3.82. Let s € [a,b]. If (S) [’ f-dh = (RRS) [ f-dh then
(3.145) follows from (3.130) with a = ¢ < d < b, approximating the inte-
gral by Riemann-Stieltjes sums. Otherwise (S) [ f-dh = (RYS) [’ f-dh and
(3.145) again follows from (3.130) because by Proposition 2.18, each Young-
Stieltjes sum including a tag s = s, can be approximated arbitrarily closely
by Riemann—Stieltjes sums also including a tag s. This completes the proof
of the theorem. a

Corollary 3.90. Assume (1.14). Let ®,¥ € CV, and let f € VN\/(p([a,b];X),
h € Wy([a,b;Y). If O(@ 1, W=1) < oo then the full Stieltjes integral
(9) f}; f-dh exists and the inequality

9 [ s < Kl (3.146)

holds with the constant K := max{¥~1(1),0(®~1, w~1)}.

Proof. The existence of (S) [? f-dh follows from Theorem 3.89. Tt is enough
to prove (3.146) for a < b. Due to bilinearity of the full Stieltjes integral
(Theorem 2.72), we can assume || f||(@) = [|h[|(#) = 1. Then by (3.9) we have
ve(f) <1 and vy (h) < 1. Thus ||h(b) — h(a)|| < ¥~1(1) by the second part of
Theorem 3.7(b), and (3.146) follows from (3.145). ad

The following is the special case of Theorem 3.89 and Corollary 3.90 when
¥ (v) = P and ®(u) = u? with p > 1, ¢ > 1, and p~* + ¢~ ! > 1. Recall the
Riemann zeta function ((r) = >, n~" for r > 1.

Corollary 3.91. Assume (1.14). Let f € Wy([a,b]; X) and h € Wy([a,b];Y)

forp>1,q>1, andp~t+q~1 > 1. Then the full Stieltjes integral (S) f; f-dh
exists and we have the inequalities

) [ 1= £ < Kol ol (3.147)

for any s € [a,b], where K, ,:=C((p~t +q 1), and
p.a

9 [ s < Kyl slighilo 3.118)
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The next theorem extends Corollary 3.91 to the indefinite integral Is(f, dh)
defined by

Is(f,dh)(z) :== (S) /7” f-dh, x € [a,b].

Theorem 3.92. Assume (1.14). Let f € Wy([a,b]; X) and h € Wy([a,b];Y)
forp>1,q>1, and p~* + q~! > 1. Then the indefinite integral Is(f,dh)
exists, has bounded p-variation, and satisfies

115 (f,dh)|[ ) < Epall il )

where Kp 4 :=C(p~t +q71).

Proof. We can assume that a < b. The indefinite integral Is(f,dh) exists by
Corollary 3.91. Let k = {t;}]_, be a partition of [a,b] and K := K, ;. Then
by additivity of the full Stieltjes integral (Theorem 2.73), by (3.148), and
iterating (3.51), we have

sp(Is(f, dh); ZH /t f.thp

< KPUFIE S vpls tir ) < KPULIE, 011,
i=1

Taking the supremum over x and pth roots, the proof of the theorem is com-
plete. O

Love—Young inequalities for the Kolmogorov integral

Recall that the Kolmogorov integral was defined in Section 2.3, and that
AZs(J;Y), @ € V, is the set of all additive upper continuous interval functions
of bounded @-variation on a nonempty interval J having values in the Banach
space Y (Definition 3.16).

Theorem 3.93. Assume (1.14). Let &,¥ € CV with inverses ¢, 1, respec-
tively, be such that ©(¢, 1) < co. For a nonempty interval J, let f € Wa(J; X)
and p € AZy(J;Y). Then the Kolmogorov integral %J f-dp exists and the in-
equality

|17 snan] = So(ED(HEED) )

holds for any s € J.

To prove the theorem we use the following;:



182 3 @-variation and p-variation

Lemma 3.94. Let &,¥ € CV with inverses ¢, 1, respectively, be such that
O(¢, ) < oco. For any A, B € (0,1/2], we have

Z¢( ) ( )<49(¢ 1) max{A, B}.

Proof. We have

> 00.0) =Y Z ¢>( Ji(5) = 3 2 o),

=1 k=2~

Take the integer m > 1 such that 277! < max{A, B} < 27™. Then using
the preceding lower bound for ©(¢, ), it follows that

S o(@)e(B) =33 s(@)e(2)

k=1 i=0 k=21

< 2ok Y (k) < 1006, ) max(A, B).

proving the lemma. O

Proof of Theorem 3.93. We can assume that J is nondegenerate. First
suppose that J = [a,b] for some —co < a < b < oco. Let h 1= Ry,
be defined by (2.3), and let A, f be defined by (2.23). Then Ul[/(iL; [a,b]) =
v (h; J) < ve(p;J) < oo by Proposition 3.31(a). Also, we have vg(f; [a,b]) <
29(|| fllsup) + va(f; J) < oo. Then the integral (RYS)f f-dh exists by Corol-
lary 3.82, and so the Kolmogorov integral 3@ 5 J-du exists by Corollary 2.26.
Let s € J. Then (3.149) follows by the Love—Young inequality (3.144) because
one can approximate the Kolmogorov integral 3(;_] f-dp arbitrarily closely by
Kolmogorov sums Sys(f,du; J, T) based on 7 having s as a tag.

Now let J = R and € € (0,260(¢,1)]. Using Propositions 3.42 and 3.50,
choose a,b € R such that a < b and

O(¢, ¢) max{va(f; A), ve(pn; A)} <€

holds when A = (—o0,a) or A = (b,0). By Lemma 3.94, we then have for

each such A, .
() ()

k=1

By the first part of the proof, there is a tagged Young interval partition (A, &)
of [a, b] such that for any tagged refinement B of A,
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”SYS(fa d:U'; [avb}v (Aa 6)) - SYS(fa d.“; [aab]aB)H <e

Let 7y be a tagged Young interval partition Ay := {(—00,a), A, (b,00)} with
tags s € (—o0,a), &, and t € (b,00), and let 7 be a tagged Young interval
partition of J which is a refinement of Ag. Let 7y, k = 1,2, 3, be the restriction
of T to (—o0,a), [a,b], and (b, 00), respectively. Then by the Love—Young
inequality (3.144) for Kolmogorov sums over the intervals (—oo, a) and (b, 00),
it follows that

[Sys(f,dp; J,T) — Sys(f, dp; J, 7o) ||
< |ISys(f,dp; (=00, a), Th) — f(s)-pu((—o0, a))|l
+[|Sys(f, dp; [a,b], T2) — Sys(f, dus; [a, b], (A, )]l
+[Sys(f, dp; (b, 00), Tz) — f(t)-p((b; 00))|| < 3e.

Thus the Kolmogorov integral 3(5] f-du exists by the Cauchy test. Now (3.149)
for any s € J follows by the same Love-Young inequality (3.144) because
one can approximate the Kolmogorov integral ; [+dp arbitrarily closely by
Kolmogorov sums Syg/(f,dw; J,U) based on U having s as a tag. The case
when J is a half-line can be treated similarly and therefore is omitted. The
proof of Theorem 3.93 is complete. m]

The following is the special case of Theorem 3.93 when ¥(v) = v? and
P(u)=u? withp>1,¢g>land pt +¢71 > 1.

Corollary 3.95. Assume (1.14). Forp > 1 and q > 1 such that p~t4q~* > 1
and for a nonempty interval J, let p € AZ,(J;Y) and f € Wy(J; X). Then
the Kolmogorov integral 3€J f-du exists. Moreover, for any nonempty interval
AC J and any s € A,

|17 = r@an] < Kyl fllaolillao (3.150)
where Kp 4 :=((p~ +q7 1), and

| 7] < gl 7l gl o (3.151)

By Theorem 2.21, if the Kolmogorov integral %J f-du exists on a nonempty
interval J, then

£ f-du = {A — ff-d,u: Ae j(J)} (3.152)

is an additive interval function on J. Next we show that it is upper continuous
and has bounded p-variation under suitable conditions. For 1 < p < oo, let
Q,:=[L,p/(p—1))ifp>1, and Q; := {+oo}. To include the case ¢ = o0, we
write Wao(J; X) for the class of all regulated X-valued functions on J, and
I lla,io0) := I - [ 4,sup for nonempty A € 3(.J).
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Proposition 3.96. Assume (1.14). For a nonempty interval J, let p €
AL, (J;Y) for 1 < p < oo, and f € Wy(J;X) for ¢ € Q,. Then ¥ f-du
is an additive upper continuous interval function on J of bounded p-variation,
and for each nonempty A € 3(J),

H 3€ f'dI“HA,(p) < Kpq

Lt llalla, o) (3.153)
where K, 4 1= Cp~t+q V) ifp>1, and Kpgi=1ifp=1.

Proof. We can assume that A C J is a nondegenerate interval. The result
holds clearly if f = 0, so we can assume that || f|lsup > 0. First let p = 1. If
J = [a,b] then the integral  ; f-dyu is defined by Theorem 2.20 and Corollary
2.26. Let J = (a,b) and € > 0. By Proposition 3.50, there are ¢, d € (a, b) such
that ¢ < d and

v1(p; (a, ¢]) + vi(p; [d, ) < €/ flsup-

Since the integral is defined over [c, d] by the preceding references, there is an
interval partition 4 of (a,b) such that the norm of any difference between two
Kolmogorov sums based on tagged refinements of A is less than 2¢. So the
integral  ; f-dyu is defined by the Cauchy test. The case when .J is half-open
can be treated similarly and therefore is omitted. Thus the interval function
(3.152) is defined on J and is additive by the second part of Theorem 2.21.
By Proposition 2.22 it is upper continuous. Applying the triangle inequality
to Kolmogorov sums, we get

Hff'dMH <N asupllll a,r)s (3.154)

which also holds if A is a singleton {z} C J. To prove (3.153), let A = {A;},
be a Young interval partition of A. Then by (3.154) and (3.69), we have

su(f fdps A) < I fllasup Y o1 (s Ai) < [ fllasupllpl

i=1

A, (1)

This together with Lemma 3.53 implies (3.153) with p = 1. If p > 1 the proof
is the same except that now the integral ; f-dp exists by the preceding
corollary, and (3.151) is used instead of (3.154). The proof of the proposition
is complete. O

Optimality of Love—Young inequalities

Recall that CV is the class of all continuous increasing convex functions
@: [0,00) — [0,00) such that #(0) = 0 and &(u) > 0 for u > 0. In Sec-
tion *3.4, necessary and sufficient conditions were given for @ and ¥ in CV to
be a Stieltjes pair. The conditions were rather complex. One may ask whether
in the special case ®(u) = uP, u > 0, for 1 < p < oo, simpler conditions could
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be found. If ¥(u) = u? for u > 0 and 1 < ¢ < oo also, then we know that
(@, W) form a Stieltjes pair if p~t 4+ ¢! > 1. They donot if p~1 +¢=* = 1. In
fact, Proposition 3.104 will show that for any p, ¢ > 1 with p~*4+¢~! = 1 there
exist f € Wy[0,1] N'Hy/,[0,1] and g € Wy[0,1] N Hy4[0, 1] such that fol fdg
does not exist in any of the senses we have been considering. On the other
hand, there are some necessity results giving g € W, under some conditions,
e.g. Corollary 3.109. Thus one might ask whether there is some ¥ € CV not of
the form w9, perhaps u? times some logarithmic factors, giving a Love—Young
inequality as in (3.149) provided that (RY)S) [ fdh exists for all f € W,. The
next proposition shows that for some such h there is no such ¥.

Also, we write {(u) ~ n(u) asu | 0 or u T oo if (u)/n(u) — 1 asu | 0 or
u T oo, respectively.

Proposition 3.97. Let 1 < p,q < oo, p~' 4+ ¢~ ' = 1. There is a right-
continuous function h € W;|0, 1] such that h(0) = 0 and (RYYS) o f dh exists
for each f € Wy[0,1], but there is no function ¥ € CV such that

heWyl0,1] and Zn*/?’u‘/ (1/n) < oo. (3.155)

Remark 3.98. With &(u) = uP for u>0, > 00 n~YPU~1(1/n) = O($,¥).
By Proposition 3.81 and Theorem 3.78, ©(®,¥) < oo is a sufficient condition
for @, ¥ to be a Stieltjes pair. The condition is not necessary by Example 3.80.

Proof. Let &,(u) = u?In(1/u)®? for 0 < u < e72 and &(0) := 0. Then
one can check that & has a derivative £, on (0,e™?) which extends to be
continuous and strictly positive on (0, 6_2] Define &, for e72 < u < 400 so
that it is linear there, and C'! and strictly increasing on (0, 00), namely,

E(u) = fq(e_Q) + 52(6_27)(11, — 6_2), u>e 2

Let &' be the inverse function of &. Then & ' (u) ~ (u/[In(1/u)]¥?)1/7 as
u | 0. Let h be the function on [0,1] with value & '(1/k) on the interval
(1/(2k +1),1/(2k)), k = 1,2,..., and 0 elsewhere. Then {¢;'(1/k): k >
1} € £, and h € W;[0,1] by Proposition 3.60(c) since w,(h;[0,¢]) <
23 opt11/c 1/[k(In k)3/2] — 0 as € | 0. Clearly, h is right-continuous. Also,
the following holds for the local g-variation:

= > |ATh = 22 Y(1/k)]? Oiy[k(lnk)?’/?] < o0
(0,1) k=1

for some C' < 00. To prove the existence of (RYS) [? f dh, let f € W,[0,1]. For
m > 1, let {z;}_, be a refinement of the partition {0, {(2k+1)~%, (2k)~1: k =
1,...,m}, 1} of [0,1], and let i(m) € {1,...,n—2} besuch that 0 = 2y < 21 <

- < Zitm) = (2m~+1)~1. For a tagged Young partition 7 = ({;}7, {yi}1=1).
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a sum of some of the terms of the Young—Stieltjes sum Sygs(f,dh;7) defined
by (2.16) is

n—1

Up,r = Z {[fAih](l’i)+f(yi+1)[h(xi+1*)*h(Iﬂr)]}-

i=i(m)

For i > i(m), A*h(x;) = A~h(z;) = &H/k) if 2 = 1/(2k + 1), o

=&, 1 (1/k) if 2 = 1/(2k), both for k = 1 ,m, and Aih(xl) =0 other—
wise. We also have h(zj1—) — h(z;+) =0 because h is constant on the open
interval (x;, z;41), which is either included in some [(2k+1)71, (2k)~1) or else
h = 0 on the interval. Thus

Ui = 6 (1K) [F(1/ 2k + 1)) — F(1/(2R))].
k=1

Since [fATh|(0) = [fA™h|(1) = 0, the sum of the remaining terms of
SYS(fa dh;T) is

i(m) i(m)—1

nyz zi=) = h(zio1+)] Z Fl@) [h(@it) — hia—)].

We can assume that in Vj, ., for each k > m, z; € ((2k + 1)1, (2k)™1) for
at most one value of i. Indeed, if ;1 < 2k +1)7! <2y < - < w4y <
(2k)~! < 24441 for some [ > 1, then A*h(x;) =0 for j = i,...,i+ 1 and
h(zj—) — h(zj—1+) = 0 for j = i+ 1,...,7 + I. Thus we can replace the
summands for j =i+ 1,...,i + 1 by f(yiti+1)[R(@iri+1) — h(x;)], preserving
the value of the sum V;,, . Then we have, recalling that h is right-continuous,

i(m)—1

Vi = > h(@)[f(@:) = f(yis1)]
i=1 (3.156)

i(m)—1

and V,,, » — 0 as m — oo uniformly for all z; < (2m + 1)~!. Indeed, the last
single term tends to 0 as m — oo because f is bounded and h(z) — 0 as
x | 0. By definition of h, we have the bound

max{ 3 h@) S Al \q} <23 [et/m)"
i<i(m) i<i(m) k>m
and for f we have

max{ S [f@) = Fr)l’s D 1)~ f@)} < up(f:10,1]) < oo

1<i(m) 1<i(m)
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Thus one can apply Holder’s inequality (1.4) to show that the two sums in
(3.156) tend to 0 as m — oo uniformly for all z; < (2m + 1)~!. Therefore f
is RY'S integrable with respect to h over [0, 1], and

(rvs) [ ran = ST 0L/ k 1) - 10 /28]
0 k=1

where the sum converges absolutely.
Suppose that there is a ¥ € CV such that (3.155) holds. Since h € Wy [0, 1],
we have

00 > Zq/og (1/k)
(3.157)
> ZQ’icard{k > 1: 27 <Wwog M (1/k) < 217
i=1
For each i > 0, let N; := card{k > 1: Wo&, '(1/k) > 27'}. Then for i large
enough so that N; > 1, we have 1/(N; + 1) < &o¥~1(27%) < 1/N;. Thus
letting M; := 1/¥~1(27%) for i = 1,2, ..., it follows that N; is asymptotic to
1/€,00 =1 (27%) = M{/1In(M;)?/? as i T co. Moreover, by (3.157), we have

00 > 22 (N; = Ni—1) > —N0/2+Z2 =i,
i=1
Hence >20°, A; < oo with A; := M{/[2'In(M;)?/2]. On the other hand, using
convergence of the series in (3.155) and Proposition 3.81(i)(b), we get that
Yoo, Bi < oo with B; := 2i/4 /M;. There is a finite o such that M; > e for
1 > 1ig. Since ¢ > 1, it follows that

M = Z [111(M¢)]73/4 < Z [ln(]\/[i)]*i”/p(qﬂ)]
i:io i:i()

_ ZAg/(q-&-l)B;l/(q-&-l) < o0

i=1g

by Hélder’s inequality (1.4). Hence M; > exp{((i — io)/M)*/3} for i > i.
Thus ' '
limsup 2° In(M;)*?/M{ < limsup2'/M; = 0.

So A; — 00 as i — 00, and the series ), A; diverges, a contradiction. ad

Note: if right (or left) continuity is omitted from Proposition 3.97 then the
examples of Proposition 3.108 would apply, making the statement less inter-
esting.

Next is a formulation of Proposition 3.97 for interval function integrators
w rather than point functions h.
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Corollary 3.99. Let 1 < p,q < oo, p~' +q~' = 1. There is an interval

function p € AZ[0,1] such that 3@[0 1 fdp exists for each f € W,[0,1], but
there is no function ¥ € CV such that

we AZg[0,1] and Znil/pwfl(l/n) < 0.

n=1

Proof. Let p be the interval function uj on [0,1] defined by (2.2) with
h: [0,1] — R from the conclusion of Proposition 3.97. Then p is non-zero, ad-
ditive, and upper continuous by Theorem 2.8(c) with h € R0, 1] and h(0) = 0.
Moreover, i € AZ;[0,1] by Lemma 3.29 and Propositions 3.60 and 3.30, us-
ing right-continuity of h. Thus by Corollary 2.26, 3@[0’1} fdu = (RYS) f(} fdh
exists for each f € W,[0, 1]. By Proposition 3.30 once again, the @-variation
of p is bounded or not depending on whether the ®@-variation of A is bounded
or not. The conclusion then follows from Proposition 3.97. O

Substitution rules

An equality between integrals [ f d(f gdv) and [ fgdv, if it holds under some
conditions, is often called a substitution rule. We start with one such rule for
the refinement Riemann-—Stieltjes integral.

Proposition 3.100. Let h € Wpyla,b] and f,g € Wyla,b] for some p > 1,
q > 1 with p~! +q~' > 1. Suppose that the pairs (h,g) and (h, f) have no
common one-sided discontinuities on [a,b]. Then g and fg are RRS integrable
with respect to h, f is RRS integrable with respect to the indefinite RRS
integral Irrs(g,dh)(y) := (RRS) [Y gdh, y € [a,b], and

b b
(RRS) / Fdlpns(g,dh) = (RRS) / Fodh. (3.158)

Proof. We can assume that a < b. The RRS integrability of ¢ and fg with
respect to h follows from Corollary 3.91 because fg € W, by Corollary 3.9.
The indefinite integral I(g,dh) := Irrs(g,dh) is in W, by Theorem 3.92. The
functions f and I(g,dh) have no common discontinuities on the same side at
the same point by Theorem 2.75. Hence f is RRS integrable with respect to
I(g,dh) by Corollary 3.91. To prove (3.158) let 7 = ({x;}1, {vi}1-1) be a
tagged partition of [a, b]. Let J; := [x;_1,x;] for i = 1,...,n. Since the RRS
integral is additive for adjacent intervals by Theorem 2.73, we have

n

4 1 ,dh €Z; -1 ,dh Ti—1
;f(y)[ (9. dh)(z;) — I(g, dh)(zi-1)] 5.159)

= Z Fyig(ys) [Px:) — h(zi—1)] + Zf(yi)(RRS)/ l9 — g(y:)] dh.

i=1 Ti-1
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Let p;1 > p and ¢ > ¢ be such that P1_1 + Q1_1 > 1. By Lemma 3.45, h €
Wy, [a,b] and g € Wy, [a,b]. Then by the Love-Young inequality (3.147) it
follows that for a finite constant K = K.

if@»\(RRS) /

T4

LTi—1

l9 — 9(ys)] dh‘ < Kl f lsup D Wl i, oo 191l )
i=1

< max ((Osc(h; Ji))Pr=P)/PL A (Osce(g; J,»))(QI_Q)/C“) (3.160)

1<i<n

% | fllsup (Ose(h) P =P/21 v Osc(g) @0/ ) 222" g2
The last inequality follows by applying first (3.65), then writing a product
AB as (AN B)(AV B), using Holder’s inequality (1.4), and finally iterating
(3.51). By Theorem 2.1(b), given any e¢ > 0, there is a partition {u;}7.,
of [a,b] such that Osc(g; (uj_1,u;)) < € and Osc(h; (uj—1,u;)) < € for each
j=1,...,m. For j =1,...,m take any v; € (u;j—1,u;). Let n = 2m and
{witiio = {u;}7 o U{v;}jL,. Then for each i =1,...,n,

min(Osc(g; [zi—1, 24]), Osc(h; [1-1, 2:])) < €,

since one endpoint of [x;_1,z;] is in the interior of an interval (wj_1,u; ),
and at the other, at least one of the two functions g and h is continuous
from the side within [z;_1,x;]. It follows that one can make the right side
of (3.160) arbitrarily small by choosing an appropriate 7, and the same will
hold for any refinement of 7. Thus taking the limit on both sides of (3.159)
under refinements of 7, the relation (3.158) follows. This concludes the proof
of Proposition 3.100. O

The next substitution rule, for the Riemann—Stieltjes integral, extends
Proposition 2.86 (in which p = 1) to functions having bounded p-variation
with p > 1. Recall that Q, = [1,p/(p — 1)) if p > 1, Q1 = {400} and
Weo(J; X) = R(J; X), the class of all X-valued regulated functions defined
on J.

Proposition 3.101. For a Banach space X, 1 < p < oo, and q € Q,, let
h € Wyla, b, g € Wy([a,b]; X), and f € Wyla,b] be such that the two pairs
(h,g) and (h, ) have no common discontinuities, and gf: [a,b] — X is the
function defined by pointwise multiplication. Then the following Riemann—
Stieltjes integrals (including those in integrands) are defined and

b b b
(8) [ dlns(g.dh)-f = (1S) [ gf-ah = (8S) [ gains(ah. ), (3161

where Irs(g,dh)(t) := (RS) fat g-dh € X and Irs(dh, f)(t) := (RS) fatfdh
fort € [a,b], and - denotes the natural bilinear mapping X x R — X.
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Proof. We can assume that a < b and p > 1. Since the pairs (g,h) and
(f, h) have no common discontinuities, the indefinite integrals Irs(g,dh) and
Irs(dh, f) exist and are in Wy([a, b]; X) and W,a, b], respectively, by The-
orems 3.92 and 2.42. The discontinuities of Irs(g,dh) and Igs(dh, f) are
subsets of those of h by Theorem 2.75, and so the pairs (Irs(g,dh), f) and
(9, Irs(dh, f)) have no common discontinuities. Thus the leftmost and right-
most definite integrals in (3.161) exist by Corollary 3.91 and again by Theorem
2.42. Since gf € Wy([a,b]; X) by Theorem 3.8 with k = 2 and the functions
gf and h have no common discontinuities, the middle integral in (3.161) ex-
ists for the same reasons as the other two integrals. We will prove only the
first equality in (3.161) since a proof of the second one is symmetric. Let
7= ({t:}7y, {si}7_,) be a tagged partition of [a,b]. Then

|Srs(dIrs(g,dh), f;7) = Srs(gf, db; 7)|| < || f [lsupR(T),

where
n

Rir) =32 (rS) [ gan— gtooy e e ]|

i=1 ti-1

As in the proof of Proposition 3.100, by the Love—Young inequality (3.147)
with p; > p and ¢; > ¢ such that pfl + qfl > 1, and with the finite constant
K = K, 4,, we have the bound

T 1917, (an)

R(r) S K Y|

< K mas ((Ose(h: 1) ™77/ A (Oselg: Ji)) @™

1<i<n

X (OSC(h; [a, b])(PL=P)/PL v Osc(g; [a, b})(ql_Q)/QI) Hh”z{)pl ||g‘|(qé)ql7

where J; = [ti—1,t;] for i = 1,...,n. By Theorem 2.1(b), given any ¢ > 0,
there is a partition {u;}7L, of [a,b] such that Osc(g;(uj-1,u;)) < € and
Osc(h; (uj—1,u;)) < eforeach j =1,...,m. Let § be the minimum of uj—u;_;
for j =1,...,m and let {¢;}7; be a partition of [a,b] with mesh less than ¢.
Then for each i =1,...,n,

min(Osc(g; [tifl, tl]), OSC(h; [tifl, tl])) < 26,

since each [t;_1,t;] contains at most one u; and either g or h is continuous at
uj. It follows that R(7) — 0 as mesh |7| | 0. The proof of Theorem 3.101 is
complete. O

A substitution rule for the Kolmogorov integral of functions with values
in a Banach algebra will be given in Section 4.6 (Proposition 4.40).
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3.7 Existence of Extended Riemann—Stieltjes Integrals

The Love-Young inequality, Corollary 3.91, showed existence of integrals
(RYS) [ f-dg for f € Wy([a,b]; X) and g € W,([a,b];Y) if p,g > 1 and
p~t 4+ ¢ ! > 1, and gave a bound (3.147) for such integrals. A main fact in
this section will be Proposition 3.104, showing that such integrals need not
exist if p~! + ¢~! = 1, for any of the several extended Stieltjes integrals we
have considered. In order to include the central Young integral among those
which do not exist, we will next prove a proposition and corollary about this
integral.

By Theorem 2.51(a), for regulated functions, if their refinement Young—
Stieltjes integral exists then so does the central Young integral, and the two
are equal. Thus Theorem 3.89 gives sufficient conditions for existence of the
central Young integral. By Proposition 2.52, there is a pair of functions f, h
for which [ f dh exists in the central Young sense but not in the refinement
Young—Stieltjes sense. The next fact gives a sufficient condition for the two
integrals to agree.

For any interval A C J, Banach space (X, | - ||), and 1 < g < oo, let

oA X) = {1 Zm{g | € oA, J; X): ZHszq < oo},

where (A4, J; X) is defined in Definition 2.9. Also, recall that Wao([a, b]; V) :=
R([a,0];Y).

Proposition 3.102. Assume (1.14) and a < b. Let 1 < p,q < oo with
gt +pt =1, let h € Wy([a,b];Y), and let f € R([a,b]; X) be such that
A~ f € t9((a,b), [a,b]; X) if ¢ < oco. Then (RYS) [° f-dh exists if and only if
(CY) [? f-dh does, and the two integrals are equal.

Proof. The proof is given only for the case 1 < ¢ < oo because proofs for
the cases ¢ = 1 and ¢ = oo are similar. We can assume that [|A[/,) > 0. By
Theorem 2.51 it suffices to prove that the refinement Young—Stieltjes integral
exists if the central Young integral does. Suppose that (CY) [ f-dh exists.

Then by Proposition 2.48, (RYS) f° f“?).dh exists, where £ is defined by
(2.46). Thus by Lemma 2.49, it is enough to prove that (RYS) [ Ay f-dh

exists, where A @ b)f = f - f7 , using the definitions before (2.1) and in
(2.46). By Holder’s inequality, the sum Z(a,b) A~ f-A*h converges absolutely
and so unconditionally in Z. Let € > 0. Then there exists a finite set Ay C (a, b)

such that
HZA FAER) @) -3 A fAihH<e
TEN (a,b)

for any set u C (a,b) including A\;. Since A~ f € ¢9((a,b), [a,b]; X) and h €
Wy ([a,b];Y), there exists a finite set Ay C (a, b) such that
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S A= @l < (/1hlgy)”

yev

for any set v C (a, b) disjoint from A2. Then X := {a,b} U U )z is a partition
of [a,b]. Let 7 = ({t;}7q, {si}1) be a tagged Young point partition of [a, b],
where {¢;}7 is a refinement of A\. Recalling the definition (2.16) of Young-
Stieltjes sum, by Holder’s inequality, we then have

|svs(ai s him) = > A= pa®n|
(a)

<HZA F-AFR)(t ZAfAihH
+| 3 410 hti) — )|

- _ 1/q
<et+ (DA fs0N) Rl < 26
=1

Therefore the integral (RYS) [ 5 A(a b) f-dh exists, and the proof is complete.
O

The next fact follows from Proposition 3.102.

Corollary 3.103. Let 1 < p,q < oo withp~t+q~ ' =1, let f € W,([a,b]; X),
and let h € W,([a,b];Y). Then (CY) [2 f-dh = (RYS) [ f-dh if either side is
defined.

The following shows that integrals f; f+dg need not exist in any of several
senses for f € W, and g € W, with p~! + ¢~ = 1. Here it will be shown that
f can have further regularity properties, the Holder property f € H;/, and
f €W, and likewise for g, although of course f ¢ W, for any r < p. Here
the two integrals of most interest may be the RYS integral, since we have
used it the most, and the Henstock—Kurzweil H K integral, since it appears
to be a very general integral. The Lebesgue—Stieltjes integral is very general
as regards integrands f, but not integrators g, and so its nonexistence is not
surprising.

Proposition 3.104. If p~! 4+ ¢ ! =1 and 1 < p,q < oo, then there exist
continuous functions f € W;[0,1]NH1,,[0,1] and g € W, [0, 1]NH1 /4[0, 1] such
that the integral (A) f& fdg does not exist for A = RS, RRS,RYS,CY, HK,
or LS.

Proof. For j = 1,2,... and ¢t € [0,1], let &(t) := 277/Psin(27F!7t) and
n;(t) == 279/9(1 — cos(2’t1nt)). Then ¢; and 7; are both periodic of pe-
riod 1/27. For i = 1,2,..., let a; := 1 — 27" and J; := [a;_1,a;], where
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ap := 0. If j >4, then &; and 7; are 0 at both endpoints of J;, and J; includes
27=% complete periods of both functions. Also, if 5 > 4 and k > i, then the
Riemann-Stieltjes integral (RS) [¢¢ & dn, = 0 for j # k and

(RS)/ 1 &;dn; :27T/ 1 sin?(29 ) dt = 7w /2°.
ai—1 a;—1

Let m; := 2¢ > ¢ for all 4, and on J;, let f; := Z;mfnl & and g =
Z;n’;l +1 7 Then (RS) [7i | fidg; = m for all i. Let f := f; and g := g; on .J;
for each ¢ and f(1) := g(1) := 0. Then f and g are well defined and continuous
at each a; for i > 1 since &;(a;) = n;(a;) = 0 for j > min(2°1,2%) = 2¢ > .
At ap =0, f = f1 and g = g1 are right-continuous.

Let o := 1/p. It will be shown that each f; is Holder of order . For
any s,t € [0,1] with s # ¢ we have 27%~! < |s —t| < 27F for some unique
nonnegative integer k. Then using (3.109) and |sinz| < min{1, |z|} for each
real z,

|fi(s) = filt |<Z|£J —&(t ‘<27T‘3_t|z21 ) +222 gox
j=1 i<k i>k
47 2
2—ka <C — e
{2171171 + 1727(1} — (O‘)‘S | )

where for k = 0 the sum over the empty set of indices is zero, and C(«a) <
+oo depends only on a. So f; is Holder of order « = 1/p. Since f; = 0
at the endpoints of J; for each ¢, it follows that f is also a-Holder, with
If(s)— f(t)] <2C(a)(t — )™ for 0 < s <t < 1, and since f(1) =0, the same
holds for ¢ = 1. Likewise, ¢ is Hélder of order 1/¢. Thus by (1.7), f € W,[0,1]
and g € Wy[0,1]. To show that f € W;[0,1], let ¢ > 0. By Proposition
3.42, there is a u € (0, 1) such that v,(f;[u,1]) < €/2. Since f is smooth on
each interval J;, and so is in Wi[0,u], f € W;[0,u] by Lemma 3.61. Thus
by implication (a) = (b) of Proposition 3.60, there is a partition {z; };-":_01 of
[0, u] such that 377" Y0, (fi (251, 7)) < €/2. Letting z, := 1, it then follows
that >7" ) v, (f; (zj 1,2j)) < €, and so f € W;[0, 1] by the reverse implication
(b) = (a) of Proposition 3.60. Similarly it follows that g € W;[0,1].

We have that (RS) [} fdg exists for each u € [0,1). Suppose that
(A) [y fdg exists for A = RS, RRS, RYS, or HK. By Theorem 2.75 and
property IV, defined by (2.72), we have

u 1
tim(4) [ sdg=(4) [ rag

Also we have that (A) [77  fdg = 7 for each i by construction if A = RS, or
by Propositions 2.13 and 2.18 and Theorem 2.69 if A = RRS, RYS, or HK,
respectively, a contradiction. Thus (A) f& fdg does not exist for A = RS,
RRS, RYS, or HK. Also this integral does not exist for A = CY by Corollary
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3.103 and for A = LS since neither g nor f is of bounded 1-variation (if either
were, the RS integral would exist by Theorems 2.17 and 2.42). The proof of
Proposition 3.104 is complete. O

The Henstock—Kurzweil integral

We begin with necessary conditions for existence of HK integrals.

Proposition 3.105. Let 1 < p,q < oo with p~* +q~ ' =1, and let h be a
real-valued function on [a,b], a < b, which is either right-continuous or left-
continuous at each point. If (HK) fgfdh exists for each f € Wyla,b], then
h € Wyla,b].

To prove this fact we first prove two lemmas.

Lemma 3.106. If h & Wyla,b] with a < b then:

(i) For at least one c € [a,b], vy(h; J) = +oo for all intervals J with ¢ € J C
[a,b] and J relatively open in [a,b].

(i7) If a < ¢ < b then either for all intervals J = [c,d], ¢ < d < b, or for all
intervals J = [d, c], a < d < ¢, we have vg(h; J) = 400 for all such J.

Proof. If (i) fails, then we have a covering of [a, b] by finitely many relatively
open intervals J; on each of which vy (h; J;) < 400, a contradiction. Statement
(i) then follows. O

Lemma 3.107. If h & Wyla,b] with a < b then there is a ¢ € [a,b] and
a sequence {u;}j>1 C [a,b] with u; T ¢ oruj | ¢ such that 3°°°, |h(u;) —
h(uj—1)|? = 4o0.

Proof. Let ¢ be as in the preceding lemma, part (i). If ¢ € [a,b) and
vg(h;le,d]) = +oo for all ¢ < d < b, then for a given such d and some
u, ¢ < u < d, vg(h;fu,d]) > 1 and v,(h;[c,u]) = 400, so we can iterate.
A similar iteration leads to the conclusion of the lemma if ¢ € (a,b] and
vg(h;[d,c]) = +oo foralla < d < c. a

Proof of Proposition 3.105. Suppose h & W,[a, b]. Then by the preceding
lemma and by symmetry, we can assume that >°2 |h(u;) — h(u;j-1)|? = +o0
for some u; | ¢ € [a,b). Taking a subsequence, we can assume that b; :=
h(uj—1) — h(u;) # 0 for all j. Replacing u; by u; + 0; for small enough §; > 0
if h is right-continuous at u;, or replacing u; by u; —d; for small enough d; > 0
if h is left-continuous at u;, we can assume that h is continuous at u; for all
j=0,1,.... There exists a sequence {a;: j > 1} in 7 such that a;b; > 0 for
all j > 1 and
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> ab; = 4. (3.162)

To see this, since b := {bj};j>1 ¢ ¢9, it follows from well-known facts in
functional analysis that there is some {a;};>1 € 7 such that Z]oil a;b; does
not converge, e.g. [53, Theorems 6.4.1, 6.5.1]. The same will hold for some a; #
0 for all j and then for a; having the same sign as b;, still with {a;},;>1 € 7.
Let f be a function on [a, b] such that f = a; on (u;,u;—1) foreach j =1,2,...
and f = 0 elsewhere. Given u € (ug,ug—1] for some k > 1, let f, be the
function on [a,b] equal to f on [a,c] U (u,b] and zero on (¢, u]. Then f, is a
step function and vy (f — fu) <23 ;5. ]a;[P — 0asu | ¢, and so f € Wyla,b]
by Proposition 3.60(c). For ¢ < u < b such that ¢ < upy1 <u <up < -+ <
ug < b,

(HEK / Fdh = apeh(u) — +Za] (1) — h(uy)].  (3.163)

Indeed, the integral on the left side exists by Proposition 2.56. By Lemma
2.57 applied recursively, given € > 0 there is a gauge function §(-) on [u, b]
such that for each d-fine tagged partition 7 = ({x; }7_o, {vi}7=1) of [u,b], the
Riemann—Stieltjes sum Sgs(f,dh; ) differs by at most e from the integral
on the left side of (3.163), and each uj, j = 0,...,k, is a tag y;(;) for some
i(j) € {1,...,n}. Thus

Srs(f,dh;7) = apgpr[M(@iry—1) — h(u)] + Zaj (P(zii—1)=1) — h(z45))]-

Since h is continuous at each u; and bounded by Proposition 2.60, the
Riemann-—Stieltjes sum can be made arbitrarily close to the sum on the right
side of (3.163) by further refining J-fine tagged partitions. Likewise, h(z;(x)—1)
can be made to approach h(uy). Therefore (3.163) holds. By Proposition 2.58
and (3.162), in (3.163) letting u | ¢, it follows that (HK) [° f dh = +0c0. This
contradiction proves the proposition. O

The following shows that the left- or right-continuity of the integrator in
Proposition 3.105 cannot simply be omitted.

Proposition 3.108. Let h be a real-valued function on [a,b] with a < b. If for
some uy | ¢ € [a,b), ur <b, h(ur) — 0 (however slowly) and h(z) =0 for all
other x € [a,b], then (RYS) [° fdh = (HK) [° fdh =0 for any f: [a,b] — R.

Proof. Given € > 0, define a gauge function d(-) on [a,b] so that if z & F :=
{c} U{ug}r>1 then [x —d(z), x4 d(x)] does not intersect F. Define each 0 (uy)
so that ugy1 < ur — 6(uy) for all k > 1 and wuy, + d(ug) < ug—y for k > 2.
Finally define d(c) so that |f(c)h(x)] < € for ¢ < x < ¢+ d(c). Let 7(0) =
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({xi} o, {vi}7=,) be a é-fine tagged partition of [a,b]. By definition of §(-),
if x; = y; = uy for some k, then y;11 = ux. Without changing the Riemann-—
Stieltjes sum Sgs(f,dh;7(0)), we combine two adjoining intervals into one
whenever they have a common tag. Then h(z;)—h(z;—1) = 0 except possibly if
y; = ¢ when | f(c)[h(z;) — h(zi—1)]| = | f(c)h(x;)] < €. Thus [Srs(f,dh;7)| < e
for any d-fine tagged partition 7 of [a, b] and the conclusion follows for the H K
integral. Since hl = hff) = 0 on [a, b] the Young—Stieltjes sums Sys(f, dh;7)
are all 0 by (2.16), and so the conclusion holds for the RYS integrals. O

Corollary 3.109. Let p, g, and h be as in Proposition 3.105. If (RYS) ffl’ fdh
exists for each f € Wyla, b, then h € Wy[a, b].

Proof. In the proof of Proposition 3.105, the integral on the left side of (3.163)
also exists as an RY'S integral with the same value because h is a step function
over each interval [u,b] with ¢ < u < b. By (3.162), lim,|.(RYS) [2 fdh =
+00. On the other hand, by property IV (Theorem 2.75), the indefinite RY:S
integral is a regulated function, and hence bounded. This contradiction proves
that h € Wya, b]. O

3.8 Convolution and Related Integral Transforms

Suppose that the basic assumption (1.14) holds. For an interval J = [a, b]
andy € R, let J —y:=[a—y,b—y], with —co —y := —0c0 and oo — y := o0.
Let u and v be upper continuous and additive interval functions on R with
values in X and Y, respectively. Letting f;(y) := p(J — y), y € R, define the
interval function p*r on R by

v (J %,uJ y)-dv(y %f]du

provided the Kolmogorov integral is defined for every interval J C R. We
will say that pxv is the convolution of p and v. The following relates the
p-variation properties of the three interval functions u, v, and p*v.

Theorem 3.110. Let p,q € [1,00) and p~! + ¢! > 1. Assuming (1.14), let
we AL,(R; X) and let v € AT,(R;Y). Forr given by 1/r =1/p+1/q¢—1,
we have pxv € AT, (R; Z) and

vy < Cllull o)

for some finite constant C' = C(p, q).

Thus (u, v) — p+v is a bounded bilinear operator from AZ, x AZ, into AZ,
if 1 <p,g,r<ooandl/p+1/q—1/r= 1. The proof of the theorem is given
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below. It is a consequence of an analogous result for an integral transform
of a more general kind, but for finite intervals, defined as follows. Let G be
a Y-valued regulated function defined on [a,b], and let H be an X-valued
function on [¢, d] X [a, b]. Define an integral transform F = F(H,dG) on [c, d]
with values in Z by

b b
F(z) := (RYS) / H(z,y)-dG(y) = (RYS) / H(z,)-dG (3.164)

provided the refinement Young—Stieltjes integral exists for each x € [e, d].
An inequality bounding the ~-variation of the integral transform F is
proved in this section for a suitable v € [1,00). Hypotheses on H for this
bound are expressed in the following terms. For 1 < (,p < o0, a < b,
and ¢ < d, let Wg,(X) = W p([c,d]x[a,b]; X) be the class of functions
H: [c,d]x[a,b] — X such that Agqup,(H) < 0o and Bgyp,p(H) < 00, where

Apsup(H) 7= Ap sup (H; [¢,d], [a,0]) := sup [H(y)l[jea5),  (3.165)

y€la,b]

Bsup,p(H) = Bsup,P(H; [C, d]a [aa b]) = Sl[lpd] ”H(Iv ')H[a,b],(p)' (3166)
xE|c,

It is convenient first to bound the y-variation of the integral transform K :=
F(H — H(-,a),dG). Thus the function K is defined by

b
K(x) = (RYS)/ [H(z,y) — H(z,a)]-dG(y), c <z <d,

a

provided the refinement Young—Stieltjes integral is defined for each =x.

Theorem 3.111. Let p,q,3 € [1,00) and p~* + ¢~ ! > 1. Assuming (1.14),
a <b, and c < d, let G € Wy([a,b];Y) and let H € Wg,([c,d]x[a,b]; X).
Then the function K is defined and for some finite constant C = C(p,q,[3),
the bound

15[,y < CApsup(H)? " Boup o (H) =P G| (3.167)
holds with ~ given by

1y = (p/B)1/p+1/q—1). (3.168)

Before starting to prove the theorem we give two corollaries. The first is
a bound for the 7y-variation seminorm of the function F defined by (3.164)
under the assumptions of Theorem 3.111. By the definition of v and since
g>1,wehave 3/y =1+p(g ' —1) <1, and so v > 3. By Lemma 3.45, we
have
1H ()l ) < IH )l < Apsup(H).

Since F' = K + H(-,a)-[G(b) — G(a)], and since || - ||(,) is a seminorm, the
following holds:
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Corollary 3.112. Under the assumptions of Theorem 3.111 and with the
same constant C', we have the bound

HFH 60) SCA[”S“P(H)'BMBSUP@(H)17([?/7) HGH (@)

(3.169)
+ A sup(H) |G (D) — G(a) .

A second corollary is a bound for the r-variation seminorm of a convolution
HxG defined on R by (H*G)(z) = (RYS) [’ H(x — y)-dG(y) provided the
refinement Young—Stieltjes integral exists for each x € R. Here we have in
mind the case that G is defined on R, with G(y) = G(a) for y < a and
G(y) = G(b) for y > b. Then [ H(z — y)-dG(y) is naturally defined as
(RYS) [ H(x — y)-dG(y).

Corollary 3.113. Let p,q € [1,00) and p~' + ¢=t > 1. Assuming (1.14)
and a < b, let G € Wy([a,b;Y) and let H € W,(R; X). For r given by
1/r=1/p+1/q—1, we have HxG € W,.(R; Z) and

[5G g,y < (1 + O Hlle, )| Gl 0,010 (3.170)

where C = C(p, q,p) is the constant in (3.167).

Proof. Corollary 3.112 will be applied when 8 = p and v = r. For —oo <
c<d< oo, let H(z,y) = H(rx —y) for x € [c,d] and y € [a,b]. Then H €
Whp([e,d] x [a,b]; X) with Apsup(H) < [|H||r,(p) and Bsup,p(H) < [|[Hl|r,(p
leen a point partition x = {z;}], of R, by (3 169) applied to F(H,dG) on
[e,d] = [xo, xy], we have

$r(H*G; )" < || Flljwo,ent,(r) < (1 + OV H Iz, () Gl fa,01, ()

and the conclusion follows since k is an arbitrary partition of R. O

Convolution of interval functions

Before proving Theorem 3.110 we give conditions under which the convolution
of interval functions is well defined and upper continuous. For this we need a
convergence theorem for Kolmogorov integrals.

Lemma 3.114. Let 1 < p,q < oo and p~' +q~ 1 > 1. Assuming (1.14), for a
nonempty interval J, let p € AZ,(J;Y) and let {fi}i>1 C Wp(J; X) be such
that supy, || frllp) < oo and fr, — 0 as k — oo on a dense set containing all
atoms of p. Then ¥ fr-dp — 0 as k — oo.

Proof. We can assume that J is nondegenerate. The Kolmogorov integral
3€J fr-du exists for each k by Corollary 3.95. Let € > 0 and let r > ¢ be such
that p~' +7=! > 1. By Lemma 3.55, ;& has r*-variation, and so by Lemma
3.29, there is a Young interval partition {(z;-1,2;)}72; of J such that
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m
S v (i (2721, 27)) < . (3.171)
j=1

For each j = 1,...,m, let t; € Aj := (zj_1, 2;) be such that fi(t;) — 0 as
k — oo. For each k > 1, by additivity of the Kolmogorov integral (Theorem
2.21), we have

m

?ﬁfk dp =Y felz)nlz}) + > fulty)w(A;) + > Ffr — fiulty)]-du

zjed j=1 j=1A4j

The first two sums on the right converge to zero as k — oco. For the last sum,
by a Love—Young inequality (3.147) and applying Holder’s inequality (1.4), it
follows that

ZH fﬁ Jr = fr(t; dMH
< Kpr Z 1kl a0l 12l] 4, ()
j=1

Kpr ( zil: vp(fi3 Aj)) v ( i or (s Aj)) v

<Ky, sup Il eIl p) s

where the last inequality holds by (3.51) applied recursively, and (3.171). Since
€ > 0 is arbitrary, the conclusion follows. O

The following gives conditions for the existence of the convolution of in-
terval functions.

Proposition 3.115. Let 1 <p,qg<oo and p~t+¢ ' > 1. If uy € AZ,(R; X)
and v € AT (R;Y) then the convolution pxv is a well-defined additive upper
continuous interval function on R with values in Z.

Proof. Let fi(y) := p((—o0,x] —y) for x,y € R. For any partition x = {t;}7

of R, we have

fl’a Z ||:U' &€ 7t2,f£ ])Hp S UP(.u7R) < Q.

Thus the bound v, (fz;R) < v,(u; R) holds for any x € R. In particular, the
integral F, f,-dv exists by Corollary 3.95. Similarly it follows that the func-
tion y — u(J — y), y € R, has bounded p-variation uniformly in the interval
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J C R, and so the convolution pxv is well defined. To show its additivity
note that if A, B € J(R) are disjoint and AU B € J(R) then for each y € R,
A—y,B—y e J(R) are disjoint and AUB —y = (A —y)U (B —y) € J(R).
Then pxv is additive since p is additive and the Kolmogorov integral is linear
with respect to the integrand by Theorem 2.72 (Property I) and Corollary
2.26. To show upper continuity of uxv, for x € R, let g := R4, — o0, that is,

g(x) = prv((—00,2]) = %fﬂ((*oo, z —y))-dv(y)

for x € R. For any x’ < 2", we have
9(2") — g(a’) = F u((@’,2"] —y)-dv(y) — 0
R

as o',z"” | x or 2/,2"” 7 x for any x € R by Lemma 3.114 since p is upper
continuous and the set of all atoms of v is at most countable by Proposition
2.6(c). Thus ¢ is a regulated function on R with values in Z. Moreover, for
each z € R,

¥ ul(=00,2) —y)dv(y) — g(a—) = lim# u([z,2) — y)-dv(y) =0

R 21z R
by Lemma 3.114 again. Similarly g(z+) = g(x) for each x € R. It then follows

that the function R, —oc = g on R satisfies statement (f) of Theorem 2.6,
and so pxv is upper continuous. The proof of the proposition is complete. O

Next, Theorem 3.110 will be proved assuming Theorem 3.111 and Corol-
lary 3.112.

Proof of Theorem 3.110. The convolution v is well defined by Proposi-
tion 3.115. To prove the stated bound let ¢ > 0. By Proposition 3.115 again,
the convolution interval function pxv is upper continuous, and so there is
0 < M < oo such that

max{”/’c*yH(foo,7]W],supa H/’L*VH[M,OO),SUP} <€

Let A = {4;}, be an interval partition of R. In taking the supremum of
sr(uxv; A) over all such partitions we can assume n > 4 by upper continuity.
Let A; = (—oo,u] and A,, = [v, 00) for some u < v. Let @ := min{—M,u} —1
and b := max{M, v} + 1. Then

sy (prv; A) < 27" 4 27 Yo, (urv; (a, b)), (3.172)
as can be seen for p := p*v by writing
lp(AD " = llp((=00,a]) + p((a, uD) " < 277 (e + [lp((a, ul)]")

and similarly for A,,, while U?:_QIAJ- C [u,v] C (a,b).



3.8 Convolution and Related Integral Transforms 201

Let 0 be an increasing homeomorphism from (a, b) onto R. For z € R, let
H(z,y) := p((—o0,x] — 0(y)) if y € (a,b), H(z,a) := H(xz,a+) = p(R), and
H(z,b) := H(xz,b—) = 0. For any y € [a, b] and partition {z;}}_, of [a,b],

Z [1H (zi,y) — H(zi1, ) ||” = Z (i1, i) = O)IP < vp(p).

For each z € [a,b] and partition {y;}7" of [a, b],

ZHH z,y;) — H(w, g0 = leu 2= 0(y;),x — 0(y;—)DIIP < vp(p).

Thus H € Wp,pq% b] X [a, bh X), Ap,sup<H) < HMH(p)a and Bsup,p<H) < HMH(p)'
Let v9(J) := v((J)) for intervals J C (a,b) and let v¥({a}) := v?({b}) :== 0
Then [|t(|{a0,(q) < I¥[l(g), and so v € AZ,([a,b];Y). Also, let G(y) =
R0 4(y) = v%([a,y]) for y € [a,b]. Thus |G|/, < |[¥](y by Proposition
3.31(a). By a change of variables in the Kolmogorov integral (Proposition
2.30), we then have

Rypw,— oo (fﬁb pl((—o0, 2] — 0(y))-dv’ (y)

— (RYS) / H(z, y)-dG(y) = F(z)

for x € [a,b], where the next to last equality holds by Corollary 2.26 and
since v9({a}) = v?({b}) = 0. This together with Proposition 3.31(a) and
Corollary 343(d> give that HM*VH(a,b),(r) = ||Ru*u,—oo||(a,b),(r) = ||FH[a,b],(r)-
The conclusion now follows from Corollary 3.112 with 8 = p, v = r, and the
bound (3.172), since the interval partition A of R and e > 0 are arbitrary. O

Integral transforms

To prepare for a proof of Theorem 3.111 we consider periodic functions. As-
sume that H: R — X and G: R — Y are periodic with period A > 0, and
thus so is the function z — H(z +u)-G(z +v): R — Z, for any u,v € R. Let

L (rs) / H-dG and
(3.173)

F(z) := —(Bo) H(y —2)-G(y)dy

(0,4]

>|>—‘ >|

for each real number z, provided the Riemann—Stieltjes integral and the
Bochner integral with respect to Lebesgue measure (Definition 2.31) are de-
fined.
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Lemma 3.116. Assuming (1.14), let H: R — X and G: R — 'Y be periodic
with period A > 0. Let G be continuous, let H be bounded and \-measurable
for Lebesgue measure \, and let the integral I exist. Identifying L(R, Z) with
Z, I is the derivative of F' at 0.

Proof. By the change of variables y — y/A, it is enough to prove the lemma
for A = 1. It is enough to prove that

131%1 |F(t) = F(0) = tI|/t=0= ltilrg | F(0) — F(—t) — tI]|/t. (3.174)

We prove only the first equality since the proof of the second one is similar.
Denoting by m := m(t) := [t~1] the largest integer < t=1, for y € [0,1] and
€ (0,1), let

m

Udy) =Y _H(y+ (i = Dt)[Gly +it) = Gly + (i = )i)]. (3.175)

i=1
By periodicity, we have for each ¢ € (0,1),
F(t) — F(0) = (Bo) [ ]H(y)'[G(y+t) - G(y)]dy
0,1

= (Bo) m ™ Uy (y) dy.
[0,1]

(3.176)

Next we compare Uy(y) with a Riemann—Stieltjes sum for the integral I. Let
y € [0,1], let t € (0,1), and let k = k(y,t) be the minimal integer such that
y+kt>1. Then k € {1,...,m+ 1}. First suppose that 1 < k < m. Define a
tagged partition 7 (y,t) = ({t;}72¢, {5;}j21) of [0,1] by letting

_Jy+GFE-1t—-1 forj=1,...,m—k,
= +(G-m+k—1Dtforj=m—k+1,...,m,

tj =54 for j=1,....m—1,1% =0, and ¢, := 1. Then t,,_; = y, the
mesh of 74 (y, t) is < 2¢, and by periodicity, we have

m—k
= > H(y+(G+k—1)t=1)}[Gy+(G+k)t—-1)=Gly+(G+k—1)t—1)]

+ Y Hy+(G—m+k—1)t)[Gy+ (G —m+k)t)—Gly+ (i —m+k—1)t)].
j=m—k+1

The jth term in the last display equals H(s;)-[G(t;) — G(tj—1)] except for
j=1,m—k, and m. Thus
Ui(y) = Srs(H,dG;i(y, 1)) + H(y + kt)-[G(0) = G(y + kt)]
+H(y + (m — 1)t)-[G(y +mt) — G(y)]
+H(y + (k= D) [G(y + kt) — G(1)]
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for any y € [0,1] and t € (0,1) such that 1 < k < m. Let € > 0. There exists
a d > 0 with § < ¢/2 such that for each u € [0,1], ||G(u) — G(u + s)|| < € if
—0 < s <¢and ||l - Srs(H,dG;7)|| < € if the mesh of a tagged partition 7
is less than 24. Since the mesh of 73 (y,t) is less than 26 when 0 < t < 4, it
then follows that ||Uy(y) — I|| < € + 3¢||H||sup for any such ¢ and y € [0,1].
Using relation (3.176), we then have

() —P;(O) —tI| < (Bo) /M IIUt(le— I dy + HI<1 B %)H

< 2¢[1 + 3||H ||sup] + €|l ]| (3.177)

for any 0 < t < min{d, 1/2}.
Now let y € [0,1] and ¢ € (0,1) be such that k = k(y,t) = 1. By periodicity,
we have

Uly) =H(y) - [G(y + 1) = G(y)]
+ 3" Hy+jt = DGy + (j + 1)t — 1) = Gy + jt — 1)]. (3.178)

Jj=1

Let tj_ 1 :=s; =y+jt—1ifj=2,....m—1, 8 =y+t—1, 5, =
tm—1:=y, to := 0 and t,, := 1. Then 71 (y,t) := ({t;}720, {s;}]21) is a tagged
partition of [0,1] with the mesh less than 2¢. Each term of (3.178) equals
H(sj)|G(tj) — G(t;j—1)] except for the first term and the terms for j = 1 and
m — 1. Thus

Ui(y) = Srs(H,dG; 11 (y, 1)) + H(y +1)-[G(0) — G(y + )]
+H(y) Gy +1t) = G + H(y + (m — 1)t)-[G(y + mt) — G(y)].

Lastly let k =mork =m+1.Let s; := y+(j—1)tif j=1,...,m, to =0,
tj=sj+1ifj=1,...,m—1and t, := 1. Then 7, (y,t) := ({;} 720, {5, }jL1)
is a tagged partition of [0, 1]. Since y + (m — 1)t < 1, in this case we have
y < 2t and the mesh of 7,,,(y, y) is less than 3¢. Each term of (3.175) equals
H(s;)-[G(t;) — G(ti—1)] except for i =1 or m. Thus

Ui(y) = Srs(H,dG; i (y, 1)) + H(y)-[G(0) — G(y)]
+H(y + (m —1)t)-[G(y + mt) — G(1))].

As in the case 1 < k < m, given ¢ > 0 there exists a § > 0 such that (3.177)
holds for any 0 < ¢t < min{d, 1/2}. The first equality in (3.174) is proved, and
so the lemma is proved. O

Assuming H, G, and F to be as in (3.173), for each k =0,1,2,..., let

k k
Fy, = 2; [F(2754) - F(0)] = %“3") /[ A [H(y —27"4) — H(y)]-G(y) dy,
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provided the Bochner integrals are defined. Notice that Fy = 0 by periodicity.
The next lemma gives a relation between consecutive terms of the sequence
{Fr}r>1-

Lemma 3.117. For each k > 1, we have the equality

Fo—Fiy = T (B0 [ (=2 )~ HO)J60) ~ G+ 27 a)

Proof. Let k > 1. By periodicity, we have

;1—ka = (Bo) /[0 ; [H(y) — H(y +2""A)]-G(y +27%4) dy (3.179)
and
A? —k —k —k
serFir = (Bo) /[ =2 ) 2 a2 )y

(3.180)
In the representation Fy, — Fy,_1 = F},/2 + F,/2 — Fy_1, using (3.179) for the
first Fj/2 and (3.180) for Fy_1, the desired equality follows, completing the
proof. O

The next lemma will be used to bound each ||Fj, — Fj—1]|.

Lemma 3.118. Let 1 < p < oo, let A > 0, and let H: R — X be \-
measurable for Lebesgue measure \. If the p-variation of H over any interval
of length A never exceeds K, then for each integer n > 1,

l/ |H (t+ A/n) — H@)||" dt < K/n. (3.181)
Aoy

Proof. Let h(t) := H(At) for each real number ¢. Then h: R — X is a A
measurable function with p-variation v, (h; [t,t+1]) = v,(H; [At, At+A]) < K
for each real number ¢. Thus using a change of variables in (3.181) we can
suppose that A = 1. Let n > 1. Then by a change of variables again, we have

/[0,1] [+ 1/m) - 2O dt:;/Am |1t + 1/m) = HQ)|” at

— o ]Z |H(t+1i/n) — H(t+ (i —1)/n)||" dt

§/ vp(H; [t t+1])dt < K/n,
[0,1/n]

where A;, := [(i — 1)/n,i/n] for i = 1,...,n. The proof of Lemma 3.118 is
complete. O
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For H: [¢,d] x [0, 4] — X with A >0, and G: R— Y let
1 A
I(z) = In(x) == 7 (RS) / Hz,y)-dGly), z€led,  (3.182)
0

provided the Riemann—Stieltjes integral is defined for each zx.

Proposition 3.119. Letp,q,8 € [1,0), p 1 +¢ > 1,a:=1/q, c < d, and
A>0. Let H € Wgs,([e,d] x [0, A]; X) be such that H(-,0) = H(-,A) =0, and
let G: R+—Y be periodic with period A and be a-Hélder continuous on [0, A].
Then the function I is defined and there exists a finite constant C = C(p, g, 3)
such that for v > 1 given by (3.168), we have

HIH [e,d],(7) (3.183)
< CAﬁ,Sup (H; [Cv dL [07 ADB/’YBSUP,pU{; [Cv dL [07 ADI_(B/’Y) HGH [0,A],(Ha) "

Proof. Tt is straightforward to check that since § > 1, we have 0 < 1/y <1
in (3.168) and so 1 < v < 0.

Since G is continuous and p~! + ¢! > 1, the function I(z), = € [c,d],
is well defined by Corollary 3.91 and Theorem 2.42. We extend H (x,-) from
[0, 4] to R by periodicity. Let y be a real number and let m be the integer such
that y < mA < y+ A. Then by periodicity and since the p-variation seminorm
is subadditive over intervals (Proposition 3.35(a)), for each = € [¢, d],

IH (@) |+ a1.) < H @) [im-1)ama), ) + (5 )l ma, a1,
= 2|[H (x,)|j0,4],(0) < 2Bsup,p(H; [, d], [0, A]).

Likewise, for each y, ||GH[y,y+A],(HQ) < 2HG||[O,A],(HQ)~ If HGH[O,A],(HQ) =0
then (3.183) holds. Moreover, (3.183) also holds if Bsup »(H;[c,d], [0, 4]) =0
because G(A) = G(0). Since the inequality (3.183) is homogeneous, we can
and do assume that

Bsup7p<H; [C, d}, [0, AD =1 and ||GH[O,A],(HQ) = 1, (3184)
and so for each y,
Bsup,p(H; [C, d]a [ya Y+ AD <2 and HG”[%y-i-A],('Ha) <2 (3185)

In particular, G and H(z,-), x € [c,d], are regulated, and so bounded mea-
surable functions. For each k£ = 0,1,... and each x € [c,d], let

2k
Fule) 1= Z5(Bo) [ [Hwy=270) — H(a)]-Glo) dy
o (0.4 (3.186)
= F(Bo) o H(x,y)- [G(y +27%4) — G(y)] dy.
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By Lemma 3.116, I(x) = limy_,o Fj(z) for cach = € [¢,d]. By Lemma 3.117,
(3.185), Holder’s inequality, and Lemma 3.118, respectively, for each k > 1
and x € [¢, d], the following inequalities hold:

1 (@) = Fir (@)

2k—1
<4 /[
1 1/p
< pemtgioe) (2 / |H(@,y —27%4) = H(,y)||” dy)
A o,

< A1l =(RB)/(py),

R 1H 2,y — 275 4) = H(z, )| |G(y) — Gy + 27" )| dy

because oo+ 1/p — 1 = 3/(py) by (3.168). Thus for each k > 0 and z € [c, d],
we get the bound

|1(z) — Fi(x)] < A~ Z 91=(8)/(pv) — 2~ kB)/(P7) (3.187)
i=k+1

where C; = 24°71/(2%/) —1). Let k > 1 and ¢ < s < t < d. By (3.186),
(3.185) for GG, and Holder’s inequality, we get

k

[F% () = Fr(s)]| < %/ 1H (t,y) — H(s,9) Il |Gy +27"4) = G(y)|| dy
[0.4]

< AT LR+ A (5 ¢, (3.188)

where 1 1/8
A= ags.t) = (& / |E(ty) — Hs0)"dy)
[0.4]

By considering three cases, we will show that for any ¢ < s <t <d,
1) = I(s)]| < C2A/7, (3.189)

where Cy := 242~ 1[21/7 1-2/(28/(P7) _1)]. Assuming this is true, and applying
it for a given partition k = {¢;}]_, of [c, d], it follows that

1

57(15’1)1/7 < CZ(/I

1/
[ oG @) S oy s el 0, 4D
0,

Due to (3.184), the proof will be complete.

To prove (3.189), let ¢ < s < t < d. First suppose that 1 < A < co. Then
(3.189) follows from (3.187) with & = 0 because 2C; < Cs. Second suppose
that 0 < A < 1 and choose k > 1 so that 27%/? < A < 2=(k=1)/p_ By (3.187),
it then follows that

|(z) - Fu@)l < C1A%"

for all x € [e, d]. Also by (3.188) and (3.168), we have



3.8 Convolution and Related Integral Transforms 207
|Fr(t) — Fu(s)|| < 4>~ 1227 AP/,

Then (3.189) is a consequence of the last two inequalities because Co = 2C1 +
A*=121+(/P)  Third suppose that A = 0. Since F, — I pointwise, and by
(3.188),

1) ~ 1(9)]| = Jim [|F(t) — F(s)]| = 0.

Thus (3.189) holds in this case also, proving the proposition. O

Next we show that one can remove the periodicity condition on G in the
preceding proposition by increasing the constant C' in (3.183).

Proposition 3.120. Under the hypotheses of Proposition 3.119 except for
periodicity of G, the conclusion holds with a possibly larger constant C =
C(p,q, 0, 4) in (3.183).

Proof. Define G on [0, A+ 1] by

= . [G(y) ify €0, 4],
Gly) == {G(A) +[G(0) — G(A)(y — A) if y € (A, A+ 1].

Then for u € [0, A] and v € [A, A+ 1], we have

IG(v) = Gw)|| < |G(v) = G(A)|| + [|G(A) = G(u)]
< 1G(A) = GO)[llv — Al + |Gl (1) [ A — ul*
S NGl A% v = A" + |1Gl[(3) |A = ul®
S NGl lv = ul* (A% + 1)
Thus ||G||(7.) < (1+ A%)||G]|(3..) Also define H on [c,d] x [0, A+ 1] by

7 o H(:L‘, ) if (‘T’ ) € [C, d] [OaA]a
Hw.y):= {0 Vi (x,Z) € [c,d] i (A, A+1].

Then Ag gup(H; [c,d], [0, A+ 1]) = Ag qup(H; [¢, d], [0, A]) and
Bsup,p(H; [C, d}a [07 A+ 1}) - Bsup,p(H§ [C, d}, [07 AD
since H(xz, A) =0 for all « € [¢,d]. For each = € [c,d], let

) 1 A1 ) A
I(z) = A—H(RS) ; H(z,y)-dG(y) = A—HI($)~

We can extend G by periodicity outside the interval [0, A+ 1]. Since H and G
satisfy all the conditions of Proposition 3.119 except for constant factors (e.g.
A+ 1 in place of A), we can apply it to I. Then we get
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A+1, -
I lle,a1,v) = T”IH[c,d],('y) <

x Ag sup(H; [¢,d], [0, A])*/Y By » (H; [e, d], [0, A]) =/ DNG 10 a1, 7409

CU+A*+1) (3.190)

proving the proposition. O

Secondly we show that one can also remove the assumption H(-, 4) =0 in
Proposition 3.119, again by increasing the constant C' in (3.183).

Proposition 3.121. Under the hypotheses of Proposition 3.119 except for
periodicity of G and H(-,A) = 0, the conclusion holds with possibly a still
larger constant C' in (3.183).

Proof. Let H be the same as H except that H(-,A) is replaced by 0. The
value of the integral I does not change when H is replaced by H since G
is continuous. Since Bgupp(H) < 2Bsupp(H) and Ag up(H) < Apgsup(H),
(3.183) with a further factor 2'=(%/7) times (A + 1)(A® + 1)/A follows from

Proposition 3.120, specifically (3.190). |

Thirdly we show that for a continuous function G, in the preceding state-
ment the a-Holder seminorm can be replaced by the ¢-variation seminorm.

Proposition 3.122. Let p,q,3 € [1,00), pt+qt > 1,¢c < d, and A >
0. Let H € Wga,([e,d] x [0,A4]; X) be such that H(-,0) = 0, and let G €
Wy ([0, A];Y) be continuous. Then the function I in (3.182) is defined and there
exists a finite constant M = M (p, q, 3, A) such that for v given by (3.168), we
have

11l o) (3.191)
< MAg sup(H; [e,d], [0, A])*/7 By p (H; [e, d], [0, AN~/ Glj0,.47,0)-

Proof. Since G is continuous and p~! + ¢! > 1, the function I(x), z € [c, d],
is well defined by Corollary 3.91 and Theorem 2.42. If ||G|[(9,,(q) = O then
(3.191) holds. Thus we can assume that [|G|lo,4),(q) = (A/2)Y/4. For each
y €10, 4], let
0(y) = vq(G;[0,9]) +y/2.

Also because G is continuous, by Corollary 3.43, 6 is a continuous increasing
function on [0, 4], 6(0) = 0, and 6(A) = A. Let ¢ be the inverse of 6, and
for each y € [0, 4], let G(y) := G(¢(y)) and H(-,y) := H(-,¢(y)). For any
0<s<t<A, we have

|G(t) = G()]|* < vq(G:[0,0(t)]) — vq(G5 [0, B(s)])
=t—s—(1/2)[(t) — §(s)] <t —s.
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TNhuS for a := l/q, ||GH[07A]7(7.~10) 1 = (2//1) ||GH[0 A] (9)- AISO we have
H(-,0) = H(-,0) = 0, Agsup(H) < Agsup(H), BbUD,p<H) < Bsup,p(H), and
for each = € [c, d],

A
= (85 [ fita)aci)

by a change of variables property for the RS integral (Proposition 2.77). Since
all the conditions of Proposition 3.121 hold for G and H, we get that (3.191)
holds with M = (2/A4)/4C for the C from Proposition 3.121. O

For a finite sequence y = {y]} ", in a normed space Y and 1 < ¢ < oo,
let ve(y) = va(y; {1,m}) as deﬁned by (3.136) with &(u) = u?, u > 0.

Lemma 3.123. For a Banach space Y, let {co,...,cm} C Y, let A = {2}
be a point partition of [a,b] with a < b, and let g: [a,b] — Y be the function
such that fort € [zj—1,z;] and j=1,...,m,

9(t) = ¢jm1 + (¢ = ¢j1)(t = 2j-1) /(2 — zj-1)-
Then for any q > 1,
vq(g3 [a,b]) < 37 v ({ej — ¢j1}Ly)- (3.192)
For' Y =R the factor 3971 in (3.192) is unnecessary.

Proof. Let ¢ > 1 and let k = {¢t;}", be a point partition of [a,b]. If £ is a
refinement of A then

m
ti —tio1 \4
sgin) =Yl = el 3 (EEE)
]:1 e (3.193)
<Y ey — el

1

<.
Il

Otherwise, let A, B, and C be the sets of values of i such that (¢;_1, ¢;) contains
no z;, just one z;, or more than one z;, respectively. Let A; := ||g(¢;) —g(ti—1)||
for each i. For i € B and ¢;_1 < z; <,

Ai < llgt:) = gzl + llg(z) = g(ti-a)ll-

For ¢ € C, let j; and J; be the smallest and largest j respectively such that
ti—1 < z5 < t;. Then

A; < lg(ti) —g(z7,) +1l9(z5,) — g(ti-1)]|-

Jensen’s inequality gives (a + b+ ¢)? < 397 1(a¥ + b7 + ¢?) for any a,b,c > 0.
Thus s,(g; k) < 37715, where S is obtained from >y llej = ¢j—1|7 by, for

(Z-]i) - g(zji)
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each ¢ € C such that J; > j; + 2, deleting all the terms with j = 75, +1,...,J;
and inserting the one term [[c;, — ¢;, [|7. Thus S < vy({c; —¢;—1}]2,) and the
inequality (3.192) follows.

Now suppose that Y = R. Again let k = {¢;}_, be a point partition of
[a,b]. Since u? 4+ v? < (u 4 v)? for any u,v > 0, we can assume that the
consecutive increments c¢; — ¢;_1, ¢;41 — ¢; of g have opposite signs for j =
1,...,m—1.Thenif g(t;—1) < g(t;) > g(ti+1), we can assume that g has a local
maximum at ¢;, since otherwise ¢; could be replaced by such a point, increasing
sq(g; k). So g(t;) = ¢; for some j. Likewise if g(t;—1) > g(t;) < g(ti+1) then
g(t;) = ¢; for some j since we can take a relative minimum of g. It then follows
that s,(g; k) = Zle lej,. — ¢, 7 for some 0 = jo < j1 < -+ < jr < m,
proving (3.192) with no factor 377! in this case. The proof of the lemma is
complete. O

Proof of Theorem 3.111. Since p~! +¢~! > 1, the function K (), x € [c, d],
is well defined by Corollary 3.91. By the change of variables y — (y—a)/(b—a),
y € [a,b], it is enough to prove the theorem for [a,b] = [0,1] (Proposition
2.77). Since Agsup(H — H(-,0)) < 2Agqup(H) and Bgup p(H — H(-,0)) =
Bgup,p(H), we can and do assume that H(-,0) = 0. To prove the theorem we
will approximate each K (z) by a similar integral with a continuous integrator
and apply Proposition 3.122.

Let € > 0 and let k = {z;}7", be a point partition of [c,d]. For each
j=1,...,m, there exists a point partition \; of [0, 1] such that

H(RYS) /01 [H(zj,y) — H(Ij*hy)]'dG(y)Hw
< ||Sys(H(zj,) — H(zj—1,),dG; 1) || + e/m

for each Young tagged point partition 7; of [0,1] which is a refinement of
Aj, where Syg is the Young-Stieltjes sum defined by (2.16). Let {t;}_, be a
simultaneous refinement of all m partitions \; and let s; := (t,—1 +¢;)/2 for
i=1,...,n. Then 7 = ({t;}1y, {si}1~1) is a tagged Young point partition of
[0, 1] such that

s(K; k) SG+ZHK(:UJ-;T) fK(xj,l;T)"Y, (3.194)

j=1

where K(z;7) := Sys(H(z,-),dG;7) for € [c,d]. Let p = {u—1, v}
be such that ;1 < w1 < 8 < v; < t; for i = 1,...,n, vg := 0, and
Uy, = 1. Also, let wg := 0 = tg, wo;_1 := 8;, and we; :=t; fori =1,...,n.
Then 7(u) := ({vi, ui} g, {w;}27,) is a tagged partition of [0,1]. Define the
function g on [0, 1] by
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for each [u,v] = [uj—1,v], 7 =1,...,n, and each [u,v] := [v;,u;], 1 =0,...,n
Also define the function h on [¢,d] x [0, 1] by letting for each x € [c, d],

hz,y) = H(xz,s;)ify € [uj—1,v;) for some i =1,...,n,
LY = H(x,t;) if y € [vi,u;) for some i =0,...,n,

and h(z,1) := H(z,1). Notice that h(-,0) = H(-,0) =
that Agsup(h) < Agsup(H) and Bsypp(h) < Bgupp(H
[c,d], we have

0. It is easy to verify
). Also for each z €

Srs(H(z,-),dG;7(n)) = (RS)/0 h(z,y)-dg(y) =: Irs(x; (1))

For each x € [¢,d], letting u;—1 | t;—1 and v; T ¢; for each i = 1,...,n, it
follows that Irs(x;7(n)) — K(x;7). Thus one can choose 7(u) such that for
the given x = {x;}7.,,

ZHK wj;7) = K(aj—i;0)||" < e+ D [[Hns (@3 7(1) = Ins (xj-1; m(w))[|

Jj=1

By Lemma 3.123, [|g/|() < 3'=/?||G||()- Applying (3.194) and Proposition
3.122 with A =1, H =h, and G = g to Igs(-; (1)), it follows that

SV(KQ ’f)l/’y < 2¢!/7 + MAﬁ,SUp(h)ﬁ/’yBsup,p(h) B/7) HQH(q
< 2t/ 317(1/(1)MAﬁ,sup<H)ﬁ/’yBsup,p( ) (B/7) HGH(q)

Since € > 0 and & are arbitrary, (3.167) holds. The proof of Theorem 3.111 is
complete. O

3.9 Notes

Notes on Section 3.1. L. C. Young [246] suggested the notion of @-variation
and attributed the introduction of the power case ®(u) = uP to Norbert
Wiener. Wiener [241] actually defined ,(f) as in (3.79). We do not know of
a definition of v, as opposed to v, before that of Marcinkiewicz [156].

Theorem 3.7 is due to Musielak and Orlicz [176, pp. 32-33]. It is analogous
to corresponding results for the Luxemburg norm on Orlicz spaces.

The case of Corollary 3.9 for p-variation, when @(u) = w? for u > 0 for
some p with p > 1, was noted by G. Krabbe [124], [125].

The definition (3.17) of the complementary function and Proposition 3.11
are due to Birnbaum and Orlicz [18]. W. H. Young [253] discovered the in-
equality (3.21) and proved it under additional conditions on P and Q.

Proposition 3.13 is a special case of Theorem 3 of Luxemburg [148, Section
I1.2], where a notion of complementary function allowing infinite values was
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used. The example following Proposition 3.12 and showing sharpness of the
inequalities (3.24) was suggested by a similar example in [148, Section II.2, p.
49] showing sharpness of (3.27).

Notes on Section 3.2. The ®-variation of an additive set function was
defined by I. Kluvének [118] as follows. A set function is any function from a
family Q of sets into a Banach space. It is called additive if whenever A and B
are disjoint sets in Q such that AUB € Q, we have u(AUB) = u(A)+u(B). A
family Q of subsets of a set {2, containing the empty set, is called a semiring
if for any A and B in Q, we have AN B € Q and A\ B = Ui<,<,C; for
some finite n and disjoint C; € Q. A family P of disjoint sets in Q is called a
partition if for every A € Q, the subfamily {B € P: BNA # 0} of P is finite.
The set of all partitions is denoted by II = I1(Q). Let & € CV be such that
limg o @(t)/t = 0 and lim;_.o D(t)/t = co. Let (X, - ||) be a Banach space,
let @ be a semiring of subsets in a set (2, and let p: Q — X be an additive
set function. For A € Q and a partition P € I, let

sa(i.P; A) =y o(|u(AN B)|)).

BeP

For a set of partitions A C IT and A € Q, let
va(p1, A; A) := sup {sa(u, P; A): P € A}

Then [118, p. 108] the P-variation of a set function p with respect to the family
of partitions A is the set function A — vg(p, A; A), A € Q. The definition
reduces to Definition 3.16 in case @ = A is the semiring of all subintervals of
a nonempty interval J and p is an additive interval function on J.

Notes on Section 3.8. The quantity @,(f) related to the local p-variation
was introduced by N. Wiener [241] and later used by many authors. The local
p-variation vy (f) first appeared in Love and Young [147, p. 29].

Notes on Section *3.4. Theorem 3.75 extends Theorem 2 of D’yackov
[60], which proved equivalence of (b) through (e) and the part of (a) about
Riemann—Stieltjes integrability. The main ingredient in the proof, an inequal-
ity for Riemann-Stieltjes sums (Proposition 3.73), is also due to D’yackov
[60].

Rubinstein [197] introduced the class of {-lacunary sequences (as in Defini-
tion 3.64) in connection with his work on Fourier series of functions in Hélder
classes.

Notes on Section 3.6. L. C. Young [244] proved (3.129) with a constant
K =1+ ((p~' + ¢ ') when the full Stieltjes integral is replaced by the Y
integral defined in the notes to Section 2.5 (see Section 2.11). He also noted
that the first, unpublished, proof of an inequality for finite sums, Theorem 3.83
for @(u) = u?, ¥(u) = u?, u > 0, for real-valued f and h on the same interval,
was due to E. R. Love. Given such an inequality for finite sums, it seems
that the main remaining difficulty in obtaining an inequality for integrals is
to define an extension of the Riemann—Stieltjes integral to functions possibly
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having common (even one-sided) discontinuities, as Young did with the Yj
integral.

In fact Love (unpublished) and L. C. Young [244] proved somewhat more,
namely that a term || f||()l|h/[¢q) on the right side of an inequality such as
(3.142) can be replaced by a supremum sup,, (s, (f; %)/Ps,(h; £)1/9), where
ranges over partitions of the given interval.

Love [144, p. 290] wrote in 1993: “L. C. Young (1936), partly in conjunc-
tion with the present writer, showed that Riemann—Stieltjes integration could
reach out into areas inaccessible to Lebesgue—Stieltjes integration.” There
were previously known cases of such a phenomenon. For example, when f
is of bounded variation and h is continuous but of unbounded variation,
(RS) f; f dh exists and can be evaluated by integration by parts, whereas the
Lebesgue—Stieltjes integral as it stands does not exist. But Love and Young
found a much broader class of cases.

A year after L. C. Young’s 1936 paper [244], a related joint paper by Love
and Young appeared [146]. More recently, Love in 1993 [144] modified L. C.
Young’s proof to give the constant in (3.129), namely K = ((p~! + ¢~ 1) as
opposed to 1 + K.

L. C. Young in 1938 [247, Theorem 5.1] proved that if f € Wgla,b] and
h € Wyla,b] with ¢, ¥ € V having inverses ¢, 1, respectively, such that
O(¢, 1) < oo defined by (3.126), then the integral (RYS) fgfdh exists and
for any s € [a, b], the inequality

(RYS) /b [f = f(s)] di| < 20§:¢(“¢Tm)¢(WTW) (3.195)
@ k=1

holds. Our Theorem 3.89 gives a conclusion of the form (3.195) under the
additional hypothesis that @ and ¥ are convex but without the constant 20.
A function @ € V is log-convez if

d(uv?) < ad(u)+ BP(v) for u,v >0 and a,f >0, a+ [ =1.

Leéniewicz [138] By the inequality u®v” < au + Bv (Lemma 5.1.3 in [53]), if
@ €V is convex then it is log-convex. A function ¢ € V is log-convex if and
only if &(u) = x(Inwu) for u > 0, where y is a convex function on R. Related to
Theorem 3.89 is Theorem 4.01 of Les$niewicz and Orlicz [139]: for log-convex
functions @, ¥ € V with inverses ¢, 1, and real-valued functions f € Ws|a, b,
h € Wyg|a, b], if their Riemann—Stieltjes integral is defined then

|(RS3) /abfdh] < ¢(va(f)) ¥ (ve (h)) + g:l“?(%Tm)w(WT(m)

Lemma 3.86 can easily be proved for log-convex functions @, ¥ € V. That
lemma is the only part of the proof of Theorem 3.83 where convexity is used, so
the theorem would follow for log-convex @ and ¥ in V. Examples of log-convex
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functions in V that are not convex are given by ¥(u) = u? for 0 < p < 1. For
such ¥, however, a function in Wy must have bounded variation (cf. Corollary
3.39), and so the existence of the full Stieltjes integral with suitable bounds
holds whenever the other function is regulated (cf. Theorem 2.84).

Notes on Section 3.7. L. C. Young [244] gave the counterexamples in
Proposition 3.104 (except that he did not consider the H K integral). Lesnie-
wicz and Orlicz [139] modified this example to show that the series condition
(3.126) is best possible for convex functions @ and ¥ satisfying the Ay and Vs
growth conditions: for some constants ¢,d > 1 and uy > 0, $(2u) < c¢P(u) and
20 (u) < d=1@(du) for 0 < u < ug, respectively, and the same for ¥ instead of
P.

Notes on Section 3.8. L. C. Young [245, pp. 458-459] gave a proof of
an earlier version of Theorem 3.111 under certain periodicity and continuity
assumptions. His result when applied to the convolution F*G yields (3.170)
with p~* + ¢! — r=! > 1. The conclusion fails for p~! + ¢! — 771 < 1.
Theorem 3.111 for real-valued and periodic functions is due to F. W. Gehring
[74, Theorem 3.2].

Corollary 3.113 is a slight extension of a statement of Gehring [74, Theorem
4.1.4]. L. C. Young [248, Theorem 7.8] generalized Corollary 3.113 to func-
tions with bounded @-variation using a different extended Riemann—Stieltjes
integral. There is a corresponding theorem in A. Zygmund [258, (1.26) on p.
39] for a convolution (FxG)(z) := (27)~" [3™ F(z — y) dG(y) defined in the
Riemann—Stieltjes sense for each x such that the functions F(x — ) and G
have no discontinuities in common, when F(x + 27) — F(x) is constant for
x € R, F has bounded variation on [0, 27], and G satisfies similar conditions.

More general results than Lemma 3.118 for real-valued functions are due
to J. Marcinkiewicz [156, Theorem 4] and F. W. Gehring [74, Theorem 1.3.3].
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Banach Algebras

Throughout this chapter K denotes either the field R of real numbers or the
field C of complex numbers.

Definition 4.1. A vector space A over K is called an algebra over K if it is
equipped with a binary operation, referred to as multiplication and denoted
by juxtaposition, from A x A to A such that for z,y,z € A and r € K,

(a) z(yz) = (zy)z;
b)) (x4y)z=zz+yz, x(y + 2) = 2y + xz;
(c) r(zy) = (rz)y = 2(ry).

An algebra A is commutative if for all z,y € A,

(d) zy = yz.

An algebra A is wunital if there exists an identity element I € A such that
I+#0 and for all z € A,

(e) Tx =2l = a.

If K=TR, A is called a real algebra, and if K = C, a complez algebra. A subset
of an algebra A is a subalgebra of A if it is an algebra with respect to the
operations of A.

It is clear that if A is a unital algebra, then the identity element I is
unique.

Definition 4.2. An element x of a unital algebra A is said to be invertible
with inverse y if yz = zy = 1.

If y and z are two inverses of x, then y = yzz = 2z, so the inverse is unique.
Let 27! :=y.

Definition 4.3. Let S be a nonempty set and A a unital algebra over K. The
pointwise operations on S are defined as follows. For A-valued functions f, g
on S, a scalar r € K, and any s € S, let

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 215
in Mathematics, DOI 10.1007/978-1-4419-6950-7_4,
© Springer Science+Business Media, LLC 2011
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(rf)(s) =rf(s), (f+9)(s) = f(s) +g(s),
(f9)(s) = f(s)g(s), 1I(s) := 1.

The set A of all A-valued functions on S with pointwise operations is an
algebra with identity I(-). An algebra of A-valued functions on S is a sub-
algebra of A®. An algebra of K-valued functions will be called an algebra of
functions.

For S and A as in the preceding definition, let ) # E C S with E # S
and V:={f € A%: f =0o0n S\ E}. Then V is a unital algebra of A-valued
functions on S with identity 1g - I, but contains no constant functions (also
if A =K). If A is commutative, then so is any algebra of A-valued functions.
Although C is an algebra over R, for an algebra of C-valued functions (which
are not all R-valued) we always take K = C.

4.1 Ideals and Normed Algebras

Let A be a commutative algebra over K. Then an ideal in A is a subalgebra
I of A such that zy € [ for all z € A and y € I. I is a proper ideal if I # A.
A mazimal ideal is a proper ideal which is not strictly included in any proper
ideal.

Theorem 4.4. Let A be a unital commutative algebra over K and I a proper
ideal in A. Then I is included in some maximal ideal.

Proof. Proper ideals are partially ordered by inclusion. The identity 1 belongs
to no proper ideal. The union of an inclusion-chain of proper ideals is an ideal
and does not contain I, so it is proper. The conclusion then follows from
Zorn’s lemma. a

A mapping f from one algebra A over K to another D is called a homo-
morphism if f(cx +y) = cf(x) + f(y) and f(ay) = f(z)f(y) for all z,y € A
and ¢ € K. For any commutative algebra A over K and ideal I in A, we can
define cosets t + [ forx € Abya+1:={x+y: yel}. Thenu+I=v+1T
if and only if u —v € I. Let A/I be the set of all cosets x + I for = € A. If we
define algebra operations on A/I by

(z+D)+(u+I) == z+u+l, (z+1) (u+I) := zu+l, clx+1) = cx+1,

for z,u € A and ¢ € K, then these operations are well defined because I is an
ideal. Thus A/I is an algebra over K and  — x + I is a homomorphism from
A onto A/I.

Theorem 4.5. Let A be a unital commutative algebra over K and L a maxi-
mal ideal in A. Then A/L is a unital commutative algebra in which all nonzero
elements have inverses.
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Proof. Clearly I+ L is the identity in A/L. The 0 element is L = 0 + L.
For any « € A, x + L is a nonzero element in A/L if and only if = ¢ L.
Let x € A and = ¢ L. We need to show that z + L has an inverse. Let
I:={ay+wu:y € A ue L} Then I is an ideal strictly including L, so
I=A. Thus zy +u=1forsomey € Aanduée€ L,soxy € I+ L andy+ L
is the desired inverse of x + L. O

Definition 4.6. A normed vector space (B,| - ||) over K will be called a
normed algebra over K if B is an algebra over K and (z,y) — xy is a bounded
bilinear operator B x B — B, so that for some M < oo,

lzyl| < Ml ] ly]] (4.1)
for all z,y € B.
If a normed algebra lacks an identity then one can be adjoined, as follows.
Proposition 4.7. Any normed algebra B is included in a unital one.

Proof. If B is not unital, let U := B x K with multiplication (z, z)(y,w) :=

(xy + zy + wzx, zw) and norm ||(x,z)|| := [|z|| + |z|. Then U is a unital
normed algebra with identity T = (0,1). B is isometric as a normed alge-
bra to {(z,0): z € B} C U. O

As the following shows, it can be assumed that M in (4.1) equals 1 and
]| = 1.

Theorem 4.8. Let (B, ||-]|) be a unital normed algebra. Then there is a norm
|| -1 on B equivalent to || - || such that (B, || -||) is a normed algebra,
lzyll < ll=] lly] (4.2)

for all x,y € B, and
1| = 1. (4.3)

Proof. Let (4.1) hold for || - || for some M < oco. Define

||| := sup [lzul| /[u].-
u#0
It is easily seen that || - || is a norm and that (4.2) and (4.3) hold for || - ||. By
(4.1) we have ||z|| < M||x| for all x. Conversely, ||z|| > ||l=||/|T||, so || - || and

Il - || are equivalent. 0
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Definition 4.9. A Banach algebra is a normed algebra (B, | - ||), complete
for || - ||, such that (4.2) holds and if B is unital, (4.3) also holds. If B is an
algebra and || - || is a norm on it, then || - || is called a Banach algebra norm iff
(B, || - ||) is a Banach algebra.

Example 4.10. Let X be a Banach space over K. The linear space Bx :=
L(X, X) of all bounded linear mappings from X into itself with pointwise ad-
dition and scalar multiplication, and with the product defined by composition
(ST)x = S(Tz), x € X, and the operator norm (1.17), is a unital Banach
algebra over K.

Let S be a nonempty set and A a unital algebra. A subset E of AS separates
points of S if for each s,t € S with s # t, there exists f € E with f(s) # f(¢),
and E strongly separates points of S if, further, for each s € S, there exists
f € E with f(s) # 0. Note that, if E is an algebra of (K-valued) functions on
S which strongly separates points of S and if s, € S with s # ¢, then there
exists f € F with f(s) =0and f(t) =1

Definition 4.11. If S is a nonempty set, A is a unital algebra, B C A is an
algebra of A-valued functions on S, and || || is a norm on B, then (B, || - ||) will
be called a Banach algebra of A-valued functions on S iff B strongly separates
points of S and (B, || - ||) is a Banach algebra. If A = K then (B, || - ||) will be
called a Banach algebra of functions.

Remark 4.12. Because of the strong separation, a Banach algebra of A-
valued functions B is unital iff it contains as identity I the constant function
I(). Then, by Definition 4.9, the norm satisfies ||I(-)|| = 1. A Banach algebra
of (K-valued) functions is unital iff it contains all constant functions.

__ For example, Theorem 3.7 and Corollary 3.9 imply that the Banach space
Wa(J) with the norm || - |[jg] (Definition 3.5) of real-valued functions is a
Banach algebra of functions. The Banach algebra property holds when the
functions have values in any Banach algebra:

Proposition 4.13. Let & € CV, let J be a nondegenerate interval, and let
A be a real unital Banach algebra. Then (Wg(J;A), | - ||j#)) is a real unital
Banach algebra of A-valued functions.

Proof. By Theorem 3.7, W@(J; A) is a Banach space with the norm || - /4.
By (4.2), for z,y € A, (x,y) — xy is a bilinear and 1-bounded mapping from
A x A into A. Thus by Theorem 3.8, the pointwise product fg of two functions
fig € qu(J A) also is in qu(J A) and || fgllie) < Iflli#)ll9llj#)- Since A is

unital, the constant function I(-) equal to I on J is the identity for We(J; A)
and || I(-)|lqg) = 1 by (4.3) and since [ I(-)||(#) = 0, proving the corollary. O
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Another example of a real Banach algebra of functions is the Banach space
of all bounded real-valued a-Hélder functions with 0 < a@ < 1 and pointwise
operations on a nondegenerate interval. This will be a special case of the next
theorem. Let X, Y be normed spaces, let U be a subset of X with more
than one element, and let 0 < a < 1. Recall that H,(U;Y) is the class of
all a-Holder functions f: U — Y with the seminorm |||,y = [I.f|lv,#.)
defined by (1.18). Ha,0o(U;Y) denotes the class of all bounded functions f in
Ho(U;Y) with the norm

[l = 1f o = 1 losup + 1 F o, e0) (4.4)

where || fllsup = || fllvsup is the sup norm. By the next theorem, Hq, 0 (U;Y)
with this norm also has the Banach algebra property if Y does.

Proposition 4.14. Let 0 < o < 1, let U be a subset of a normed space X,
and let A be a real unital Banach algebra. Then (Ha,oo(U; A), ||+ |l#.,) s a real
unital Banach algebra of A-valued functions.

Proof. 1t is easy to check that H, o (U;A) is a Banach space with the norm
I |7, - Let f,9 € Ha,oo(U; A). For any s,t € U we have

1(f9)(s) = (f) @I < [1F(s)llllg(s) = g + lg@II]f(s) = f@)]
< 1 fllsupllg(s) = @I+ llgllsupll £ (s) = F()]]-
Then
1fgllrta) < [ lsupllgllra) + lgllsup [ £l 3¢0)-

Since [| fgllsup < [[fllsupllgllsup, we have that [[fglls, < [[fll#.llglln.- Since
A is unital, the constant function I(-) equal to I on U is the identity for

Ha(Us4) and | 1() e, =1 by (4.3) and since [ 1() ) =O. .

4.2 The Spectral Radius

Let B be a Banach algebra over K. For any x € B, the spectral radius is defined
by
g n|l/n
(@) = inf 2”7, (45)

where n ranges over positive integers, and z" := 122 - - 2, with z; = x for
7 =1,...,n is the nth power of x. Clearly for any ¢ € K and x € B,

r(cx) = |c|r(x). (4.6)

In general, r(-) is not necessarily a seminorm, e.g. if B is the algebra of 2 x 2
matrices, z = (§§), and y = (9 9), then r(z) = r(y) = 0 but r(z +y) = 1.
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Theorem 4.15. For any Banach algebra B and x € B,

r(z) = lim |lz™||*/".

n—oo
Proof. For each n > 1, let a,, := ||z™||*/". Then clearly liminf, .. a, > ().
Conversely, for any positive integers n and k,

1/nk
ane < (I271F) 7 = an,
and for r=0,1,...,n—1,

& 1/(nk+r)
anisr < (a3 ll") :

Letting k — oo while n is fixed, we get limsup,,_ .., am < a,. Taking the
infimum in n gives limsup,,,_, . am < 7(x), and the conclusion follows. O

Theorem 4.16. In any unital Banach algebra B,

(a) if x € B and r(x) < 1 (and so if ||z|| < 1), then T+ x has an inverse,
given by

(I+2)~" = (~1)*a¥, (4.7)

where 2° := T and the series converges absolutely. In particular, |y~! —
I <€/(1—¢€) whenever y € B and ||y — I|| <e < 1.

(b) the set U of all invertible elements is open. In particular, if x € U and
lyl| < 1/[|z=1|, then  +y € U and

(oo}

(@+y) "t =D (D)@ e (4.8)

k=0

Proof. By the definition of spectral radius, r(x) < ||z| for all z, so suppose
r(z) < 1. Then the series (4.7) is absolutely convergent in B by the root test.
For any n=1,2,...,

n

(I+z) ( Z(q)%k) — T (—z)™ o1

k=0

as n — oo, and the two factors on the left commute, proving (a).

For (b), let # € U and let y € B be such that ||y|| < 1/|[z~!||. By part (a),
T+ 2=ty is invertible. Then z := z +y = (1 + 2~ 'y) has an inverse because
z7l and (I+271y)~! exist, and 271 = (I+2ty)~tz~!. Thus U is open and
(4.8) follows from (4.7). a
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Definition 4.17. For any complex unital Banach algebra B and = € B, the
spectrum o(z) of = is the set of all z € C such that zI — z is not invertible.

If 2 € C\ o(z) then (21— z)~! exists and is called the resolvent of z at 2.
For any z,w € C\ o(z), the resolvent equation

(l—2) ' —(wl—2)"'=—(z —w)(zl —2) H(wl —2)! (4.9)
holds and is a consequence of
(zI—2)t = (21 —2) (wl — 2)(wl —z)*
=(zI—2) ' [(w—2)T+ (21— )] (wl —2)"!
= (w—2)(z1 — 2) " Hwl —z)"' + (wl — )~ .

To state some properties of the spectrum, recall that holomorphic functions
with values in a Banach space are defined in Definition 2.94.

Theorem 4.18. For any complex unital Banach algebra B and x € B,

(a) the spectrum o(x) is a compact subset of {z € C: |z| < r(z)};
(b) the function z — (21— x)~1 is holomorphic from C\ o(x) into B;
(¢) o(x) is nonempty.

Proof. The set of invertible elements is open by Theorem 4.16(b), and z —
21 — z is continuous from C into B, so o(x) is closed. If |z| > r(z), then
r(z/z) <1 by (4.6), so T — x/z is invertible by Theorem 4.16(a), and

(I—2) ' =(1/2)(T—2/2)"". (4.10)
Soo(x) C{ze€C: |z] <r(x)} and (a) is proved.

For (b) let w € C\ o(z), zy := wl — z, and let z € C be such that
|z —w| < 1/||z3,|]. By Theorem 4.16(b), z € C\ o(z) and

(1—2) " = ((z = w) T+ zu) ™ = 30 —w) (D)
k=0
where 27" = (x71)", n = 1,2,.... Since |z — w| < 1/||z,!||, the series

converges absolutely in B, so (b) is proved.

To prove (c), suppose o(z) = (). So (for z = 0) 27! exists. By the Hahn—
Banach theorem, let L be a continuous linear functional on the Banach space
(B, || - ||) with L(z=!) = 1. For any z € C let g(z) := L((zI — z)~!). By part
(b), g is an entire holomorphic function from C into C. By (4.7) and (4.10),
g(z) — 0 as |z| — o0, so g is bounded and by Liouville’s theorem (see e.g. [42,
Theorem 9.11.1]), g is constant and so g = 0, but ¢g(0) = 1, a contradiction,
proving (¢). The proof of Theorem 4.18 is complete. O
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Theorem 4.19 (Mazur-Gelfand). A unital Banach algebra B over C in which
every non-zero element is invertible is equal to {z1: z € C}, and so B is iso-
morphic to the complex numbers.

Proof. Let x € B. If for each z € C, zI — x is nonzero and so invertible, o(x)
is empty, contrary to Theorem 4.18(c). The theorem is proved. O

Theorem 4.20. For any unital complex Banach algebra B and x € B,
r(x) =sup{|z|: z € o(x)}.

Proof. Since o(z) # () by Theorem 4.18(c), s(x) := sup{|z|: z € o(z)} > 0,
and s(x) < r(z) by Theorem 4.18(a). In proving r(x) < s(z), we can assume
r(z) > 0. For any z € C with |z| < 1/s(z), I — zz is invertible, since it clearly
is if 2 = 0, whereas for z # 0, 2711 — z is invertible because [271| > s(x). The
function f with f(2) := (I—zx)~! is holomorphic from {z: |z| < 1/s(x)} into
B by Theorem 4.18(b). Thus by Propositions 2.100 and 2.96, the Taylor series
of f around 0 exists and converges absolutely on the whole disk |z| < 1/s(z)
(the whole plane, if s(z) = 0). For |z| small enough, say < 1/r(z), by Theorem
4.16(a), the Taylor series is > po 2"z, so hy, = 2¥ in (2.94). Thus for 0 <
t < 1/s(z), limsupy_, o, t*[|"|| = 0, so tlimsup,_, . |2F||*/* = tr(z) < 1. Tt
follows that r(x)/s(x) <1, so r(z) < s(x), finishing the proof. O

Theorem 4.21. In any commutative unital Banach algebra A,

(a) the closure I of any ideal I is an ideal;
(b) the closure of a proper ideal is a proper ideal;
(¢) any mazximal ideal is closed.

Proof. If xp,yn € I, 2, — x € I, y, -y €I, c €K, and u € A, then
CLy — CT, ULy — UL, TnlYn — ¢y, and x, + Y, — x + y, so (a) holds.

A proper ideal contains no invertible elements. By Theorem 4.16(a), ele-
ments in an open neighborhood of T are all invertible and so belong neither
to I nor to I, so (b) holds.

If M is a maximal ideal then M C M, a proper ideal by (b), so M = M
and (c) holds. 0

4.3 Characters

Definition 4.22. Let B be a Banach algebra over K = C. Then a function ¢
from B into C is called a character if
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(a) ¢ is an algebra homomorphism, that is, for all z,y € B and ¢ € C,

¢lex +y) = cp(x) + d(y) and  o(ay) = ¢()d(y);
(b) if B is unital, ¢(T) = 1.
Let M(B) denote the set of all characters of B.

Remark 4.23. In the definition of character, (b) is equivalent to the assump-
tion that if B is unital, ¢ is not identically 0.

Recall that for any normed space (X, ||-||) and any continuous linear func-
tional ¢ from X into K, the dual norm is defined by ||¢|]" := sup{|¢(x)|: = €
X, [J] = 13

Theorem 4.24. Any character ¢ on a unital complex Banach algebra B is
continuous and satisfies ||¢||" = 1. Also, |¢(x)| < r(x) for each x.

Proof. Let L := ¢~1(0). Then for any x € B having an inverse 2%, z ¢ L.
Thus if y € B and r(y) < 1, I+ y & L by Theorem 4.16(a). In other words,
#(y) # —1. Then |¢(y)| < 1, since if |¢(y)| > 1 then ¢(cy) = —1 for ¢ =
—1/¢(y) with |¢| < 1, and so by (4.6), r(cy) < 1.

It follows that |¢(x)| < 1 whenever r(z) < 1, and so whenever ||z| <1 by
the definition (4.5) of r(x). By homogeneity (4.6), |¢(x)| < r(z) for all z. O

Let X be a vector space over K and M a linear subspace. Then the quotient
space X/M is defined as the set of all cosets © + M := {z + u: u € M} for
allz € X, withe+ M =y+ M ifandonly if x —y € M. If z,y € X and
ceKlet (x+ M)+ y+M):=z+y+Mand c(x+ M) :=cx+ M. It is
easily checked that these cosets are well defined, and with these operations,
X/M is a vector space over K.

If (X, -|) is a normed linear space, let ||z + M]|| := inf{||z+u|: v e M}.
We then have the following.

Proposition 4.25. Let (X,| - ||) be a normed linear space and M a closed
linear subspace. Then

(a) (X/M.,| -]) is a normed linear space;
(b) if X is complete (a Banach space), so is X/M.

Proof. Forany z,y € X and u,v € M we have ||z+y+u+v| < ||z+u||+|ly+v],
so ||z +y+ M| < ||+ M| + ||y + M]|. For any ¢ € K with ¢ # 0 we have
Jezr+eul = lella-+ul and [lez-+ol| = [ellz-+(s/O)], 50 lle(z-+M)| = lella-+].
For ¢ = 0, we have |0+ M| = 0. Thus || - || on X/M is a seminorm.

If 2 ¢ M but |z + M|| = 0, then ||z + u,|| — 0 for some w, € M, so
—u, — x, a contradiction since M is closed. Thus || - || on X/M is a norm,
proving (a).
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Suppose X is complete and let {z,+M },,>1 be a Cauchy sequence in X /M.
For each k = 1,2,..., there is an ny such that ||(z, + M) — (2, + M)|| < 27F
for n > m > ng. We can assume n; < ng < ---. Recursively, a sequence y,, €
Tn+ M will be defined. Let y,, :== x, forn=1,...,ny. Given y,, € z,, + M for
n < ny, for some k, let ny < m < nyyq. Since ||(z, + M) — (yn, + M)|| < 275,
take Yy, 1= T, +u for some u € M such that ||ym —yn, || < 27%. This completes
the recursive definition of y,,. For each k, we have ||y, — yy, || < 217% for all
n > ny. Thus {y, }n>1 is a Cauchy sequence in X and y,, — y for some y € X.
Then x,, + M — y+ M, proving (b) and completing the proof of Proposition
4.25. O

Theorem 4.26. Let B be a commutative unital Banach algebra over C and
I a maximal ideal in B. Then for each x € B, x = zI + u for some unique
z€C andu € I, and B/I with the multiplication (x +I)(y+ 1) :=azy+ 1 is
a Banach algebra isometric to C via the correspondence z1+ I < z.

Proof. Recall that a maximal ideal is closed (Theorem 4.21(c)) and the multi-
plication in B/I is well defined (before Theorem 4.5). (B/I,| - ||) is a Ba-
nach space by Proposition 4.25. For any z,y € B and w,v € I we have
(x4u)(y+v) = xy+w with w := zvtuy+uv € I, so ||zy+I|| < ||a+I||||y+I].
B/I is unital, with identity T+ I. If ||[T + u|| < 1 then —u is invertible by
Theorem 4.16(b), so u ¢ I, recalling that a maximal ideal is proper. Thus
II+ I]] =1, and B/I is a Banach algebra.

If « ¢ I, suppose x + I is not invertible. Let L := {zy +u: y € B,u € I}.
Then L is an ideal. If zy +u = T then (z + I)(y+I) = 1+ I, a contradiction.
So L is a proper ideal, but it strictly includes I, again a contradiction. So
every nonzero element of B/I is invertible. The conclusions of the theorem
follow from Theorem 4.19. a

Corollary 4.27. For any commutative unital Banach algebra B over C, there
is a 1-to-1 correspondence between maximal ideals I in B and characters ¢ of
B, given by I = ¢=(0), ¢(21+u) = 2 for allu € I and z € C.

Definition 4.28. Let B be a commutative unital Banach algebra B over C.
For x € B and ¢ € M(B), let Z(¢) := ¢(x). Then T called the Gelfand
transform of x.

On the set of characters M(B) of a Banach algebra B, the Gelfand topology
T is the weak-star topology of pointwise convergence on B, or equivalently,
pointwise convergence on the closed unit ball By := {z € B: ||z|| < 1}. Since
a pointwise limit of characters is a character, and each character takes By
into {z € C: |z| < 1} by Theorem 4.24, the Gelfand topology is compact by
Tychonofl’s theorem (e.g. [63, Theorem 2.2.8]). It is Hausdorfl since distinct
characters are unequal at some point.
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If B is a commutative unital Banach algebra B over C then we always
assume that M(B) is equipped with the Gelfand topology. Then Z is a con-
tinuous complex-valued function on M(B) for each x € B. Also, the mapping
x +— T is an algebra homomorphism of B into C'(M(B); C), the Banach algebra
of continuous complex-valued functions on M (B).

Theorem 4.29. For any unital commutative complex Banach algebra B over
C and x € B, the range ranZ equals o(x).

Proof. If z € ranx, suppose z ¢ o(x). Then zI — x has an inverse v. Thus
(z — Z)v = 1, but at ¢ such that Z(¢) = z, this gives a contradiction, so
ranZ C o(x).

Conversely let z € o(x), so zI — x is not invertible. Then L := {(2T —
x)y: y € B} is a proper ideal in B. By Theorem 4.4, it is included in some
maximal ideal I. By Corollary 4.27, let ¢ be a character with I = ¢~1(0).
Then for y = T we get Z(¢) = ¢(x) = z, so z € ranT, completing the proof.

O

Corollary 4.30. For any commutative unital Banach algebra B over C and
x € B, we have r(z) = ||Z]|sup-

Proof. This follows from Theorems 4.29 and 4.20. a

4.4 Holomorphic Functions of Banach Algebra Elements

Let f be a complex valued holomorphic function on a disk B(zp,r) C C for
some zg € C and r > 0 with a Taylor expansion around z

f(z) = anlz = z0)"
k=0

for each z € B(zo,7). Then r < 1/limsup,_,_ |ax|'/*, and the series con-
verges absolutely by Proposition 2.96. We have ay = f*)(z)/k! for each k by
Proposition 2.100. Moreover, for any unital complex Banach algebra B, the
series

f(z) = Zak(x — zD)*, (4.11)
k=0

where (z — 291)? := 1T, converges absolutely in B whenever the spectral radius
r(z—zo1) is less than r. We will extend definition (4.11) using Cauchy formulas
for curves in the complex plane.

Recall that contour integrals of suitable Banach-valued functions were de-
fined in Section 2.10. For a curve ¢(-): [a,b] — C with a < b, the reversed
curve will mean the curve 7(t) := ((a + b —t) for t € [a,b]. We have
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fi | oman = f’é IRGES

by a change of variables for RS integrals (Proposition 2.77 and Theorem 2.42).
A chain will be a formal linear combination C' = Zle n;(;, where (;(-) are
curves and n; € Z. Let —( be the reversed curve of { for any ¢, and let

k
fc FQac=2m fi(.) £(G)dé,

where if n; < 0 and n;(-) = —¢;(+), then n; fCi(‘) f(¢&)dG = —n; fm(‘) f(ni)dn;.
So n;¢; = (—n;)(—¢;) and the notation is consistent. Also in Section 2.10, the
winding number w(((+), z) of a closed curve () around a point z not in the
range of ((-) is defined just after Definition 2.92. The winding number w(C, z)
of a chain C' = Zle n;(;, where (; are piecewise C'! curves, with respect to
a point z & Zle ran (¢;) is defined as w(C,() = Zle n;w(¢(+), z). The
definition is the extension of the conclusion of Proposition 2.93 to chains. The
property “simply connected” is characterized in Theorem 2.105.

Theorem 4.31. Let B be a unital Banach algebra over C and x € B. Suppose
U is a connected and simply connected open set in C and K is a compact set
such that o(x) C K C U. Let ((-) be a piecewise C closed curve with range
ran (¢) C U\ K such that w(((-),z) =1 for all z € K. Let f be a holomorphic
function from U into C and let

1

Fla:¢) = 5~ " FOET—2)~hdC. (4.12)

Then

(a) the integral f(x;C(:)) is well defined in B, and does not depend on ((-)
with the given properties;

(b) if U = B(zo,r) for some zg € C and r > 0 then the definitions (4.11) and
(4.12) agree;

(¢) if B is commutative, then for F(x) := f(x;{(+)), we have for the Gelfand
transforms that 17(;) = foZ on M(B).

Proof. For (a), on U \ o(x), which includes ran (¢), both f and, by Theorem
4.18(b), z — (21 — z)~', are holomorphic, thus continuous by Proposition
2.96. So the integrand in (4.12) is bounded and continuous on ran (¢) and the
integral f(x,{(-)) is defined. Let (1 (-) and {2(+) be two curves both satisfying
the hypotheses of Theorem 4.31. Take any continuous linear form L € B'.
Then ¢ — L((¢T — x)~1!) is holomorphic from C \ o(z) into C. Consider the
chain C' = {; — (2, and let V := U\ K. Then V is no longer simply connected,
but ¢; and {2 both take values in V. We have w(C,z) =1 —1 = 0 for each
z € K by hypothesis. For z ¢ U we have w((;(+),z) = 0 for i = 1,2 by
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Theorem 2.105. Thus w(C,z) = 0 for all z ¢ V, and C is homologous to 0
in V as defined in Ahlfors [1, 2d ed., §4.4.4, Definition 2]. So we can apply
the Cauchy integral theorem in the form given by Ahlfors [1, 2d ed., §4.4.4,
Theorem 18] to ¢ — f(¢)L((¢T — x)~1), which is holomorphic on V. Thus by
Proposition 2.78,

1

HU@aO) =55 §  JOLEI -7
n (4.13)
=3 §. JOMEE =270 = L :GL)

By the Hahn—Banach theorem it follows that f(z;¢1(+)) = f(x; (+)), proving
(a).

For (b), it is easily checked that for any € B and zy € C, o(z — zI) =
o(x) —z9 := {z — z0: z € o(x)}. Since o(x) C U = B(zp,7), by Theorem
4.20 it then follows that r(x — zoI) < r. Let r(z — 20I) < ¢t < r and let
C(0) = 2o+t 0 < 0 < 27. For each ¢ = ((0) € ran(¢), by (4.6) and
Theorem 4.16(a), T — (¢ — 29) (2 — 201) is invertible and

(CT—a)t = (n—x_z°ﬂ)il=i<x_zﬂ>k

¢— 2o ¢— 2o = (¢ — zo)MHt

where the series converges absolutely in B and uniformly on ran (¢). Integrat-
ing term by term and using the Cauchy formulas for f and its derivatives
(Proposition 2.97 and Theorem 2.98), it follows that

S =55 f SO L Z F2) o,

k=0

which equals f(x) as defined by (4.11).

For (c), let ¢ € M(B). For any z ¢ o(z), we find that ¢((z1 — z)~!) =
1/(z—¢(x)). Since the range of € is included in U\ o(z), interchanging ¢ with
fC(A) as in (4.13), we have

(0 = o(F) = 52 § L = 106w = (om0

by the Cauchy integral formula (Theorem 2.107) since ¢(x) € o(x) by Theo-
rem 4.29, so w(¢(-), ¢(z)) = 1 by assumption. Thus (c) follows and the theorem
is proved. O

Curves satisfying the hypotheses of Theorem 4.31 always exist:

Lemma 4.32. Let U be a connected, simply connected, nonempty open set
in C, and let K be a compact subset of U. Then there is a C'°° simple closed
curve ¢(0), 0 < 0 < 27w, with range ran (¢) C U\ K, ¢'(0) # 0 for all 6, and
winding number w({(-),z) =1 for all z € K.
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Proof. If U = C then a circle with center at zero and sufficiently large radius
will satisfy the conclusion. Therefore we can suppose that U # C. By the
Riemann mapping theorem (e.g. Greene and Krantz [86, p. 344] or Ahlfors [1,
p. 222]), let T be a one-to-one, holomorphic function from U onto the unit
disk D := B(0,1). Then T'(z) # 0 for all z € U and the inverse function
T~ is holomorphic from D onto U (e.g. Stein and Shakarchi [224, p. 206]).
The image T(K) is compact in D, and so p := sup{|z|: z € T(K)} < 1. Let
r € (p,1) and ¢(0) := T~ (re?), 0 < 6 < 27. Then ((-) is a C* simple closed
curve in U, where ¢’(6) # 0 for all § by the chain rule and since for each z € D,
(T=Y)(2) = 1/T"(T~*(2)) # 0, with range C := ran(¢) and ¢'(0) = ¢/(2m).
We will show that ((-) satisfies the conclusion of the lemma.

Let Dy := B(0,r), Dy := {z € C: r < |z| < 1} and U; := T~ Y(Dy),
1 = 1,2. Then C is the disjoint union U; U C' U Uy U U of nonempty sets.
The set Uy is connected, open, and simply connected because D; has these
properties (e.g. by Theorem 2.105(d)). By the Jordan curve theorem, proved
for piecewise C'* simple closed curves in Stein and Shakarchi [224, Appendix
B, Theorem 2.2], the complement of the range C of ((+) consists of two disjoint
connected open sets V3 and Vs, where V; is bounded and simply connected
and V5 is neither. We will show that U; = V3.

We have U¢ C C° =V, UV,. We claim that V3 C U. Suppose UMV # ()
and choose p € U° N Vi. Let F),, be the component of p in U€, given e.g.
by Theorem 2.102. Then F}, is closed in the relative topology of U¢, and so
F, C Vi since V; and V, are open and disjoint. But then F), is bounded,
contradicting the fact that U is simply connected, e.g. Theorem 2.105(c).
Thus the claim V3 C U (= Uy U C U Us) holds. Since V43 N C' = (), we have
Vi € Uy UUs,. Since V; is connected and U;, i = 1,2, are disjoint and open,
Vi cU; or Vi C Us. Likewise Uy C V4 or Uy C Vo. If Uy C Vo then Uy C V)
and Uy = V; since V3 € U. Now U; UC = T~ Y({z: |z| < r}) is compact
and V3 UC = Vi is closed and bounded, thus compact. It then follows that
U= (U, UC)U (V1 UC) is compact, a contradiction. Thus U; C Vi, and so
V1 C Us is impossible, proving V3 C Uy. Therefore we have Uy = V;.

Since K C U, by Theorem 2.2 in Appendix B of Stein and Shakarchi
[224, p. 351], w({(:),z) = k for all z € K, where k = +1. By reversing the
direction of {(-) if necessary, we can make k = +1, proving the lemma. O

Note. There is actually never a need to reverse the direction of {(-) in the
preceding proof, as follows. Let Tr be the transformation from an open set in
R? into R? defined by T from the Riemann mapping theorem and z = x+iy €
U, (z,y) € R% Then the Jacobian determinant of Tk at (x,y) is easily shown
to equal |T7(2)|> > 0. It follows that T (or T~') preserves the winding number
(+1 or —1) of a simple closed curve around points inside it, e.g. [178, Theorem
VIIL.11.2, p. 198]. (The statement there, for transformations whose domain is
the whole plane, extends to cover the present situation.)



4.4 Holomorphic Functions of Banach Algebra Elements 229

By Theorem 4.31(a) and Lemma 4.32, the following notation is well de-
fined.

Definition 4.33. Let B be a unital Banach algebra over C, let x € B, and let
U be a connected and simply connected open set in C such that o(z) C U. For
any holomorphic function f: U — C define f(z) := f(x;¢(-)) € B by (4.12),
where ((-) is a piecewise C'! simple closed curve with range ran (¢) C U\ o(z)
and winding number w(¢(-),2) = 1 for all z € o(z).

A mapping (f,x) — f(z) for f and x satisfying the conditions of Definition
4.33 is sometimes called a functional calculus, e.g. Dales [36, p. 212].

First we apply this mapping to show that a composition fog is in a unital
Banach algebra of functions B if g € B and f is a holomorphic function on a
suitable open set including the spectrum of g.

Proposition 4.34. Let B be a unital Banach algebra of C-valued functions
on a nonempty set S and g € B. For a connected, simply connected open set
U C C including the spectrum o(g), let f be holomorphic on U. Then fog € B
and fog = f(g) as defined in Definition 4.33.

Proof. For each s € S, the evaluation e; € M(B), and so g(s) = g(es) €
o(g) € U by Theorem 4.29. Then by Theorem 4.31(c), for each s € S, we
have

F(9)(s) = f(g)(es) = f(Gles)) = (Fog)(s),

so f(g) = fog, proving the proposition. |

Second we apply functional calculus to the exponential. Let B be a complex
unital Banach algebra B. Given x € B, let U be a disk B(0,R) in C such
that o(x) C U. The Taylor expansion around 0 of the exponential function
exp(-): U — C gives the Taylor series Y- 2¥/k!, which converges absolutely
and uniformly. Let ¢(6) := rel®, 0 < § < 27, for some r close enough to R.
Then by Theorem 4.31(b)

exp(x) = exp(x; C(+) Zxk kL. (4.14)
Here exp(z) is defined for any x € B and the power series (4.14) converges

absolutely and uniformly on any bounded set in B.

Lemma 4.35. If B is a unital Banach algebra, and x and y are elements of
B which commute, then exp(x + y) = exp(z) exp(y).

Proof. Let x,y € B be such that xy = yx. For each positive integer n, let
=10 <4,j <n:i+j<n}. Using the binomial formula, we have
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%

+ n_k i, k—i j
S Sy - Y

k=0 k=0 i=0 T djeC,

for each n. Therefore

n ; n n

J + (29
IERSUI S

i=0 j=0 k=0 4,J€Dn
where D,, := {0 < 4,5 < n: i+ j > n}. The norm of the right side is not
greater than

n

T =1l :ZHIII leyll Z (=l ;!Ilyll)

5!
1,j€Dn i=0 k=0
N el\xl\e\ly\l _ ellli+llyll — 0,
as n — 00, proving the conclusion. O

Next we will define the logarithm of a suitable Banach algebra element.
To make the logarithm operation inverse to the exponential we will use the
following result.

Proposition 4.36. Let B be a unital Banach algebra over C, let x € B, and
let U be a connected, simply connected, nonempty open set in C such that
o) CU. If f: U — C and g: C — C are holomorphic functions on their

domains then (gof)(z) = g(f(x)).

Proof. Since o(x) is compact by Theorem 4.18(a), by Lemma 4.32 applied to
K = o(x), there is a C* simple closed curve 7(-) such that ran (n) C U\ o(x)
and w(n(-),z) = 1 for all z € o(z). By the Jordan curve theorem (e.g. Theorem
2.2 in Stein and Shakarchi [224, p. 351]), the complement of the range of 7(-)
consists of two disjoint connected open sets V; and Vs, where V; is bounded,
simply connected and w(n(-),z) = 1if z € V4 and = 0 if z € V2. Thus
K :=VyUran (n) = V§ is compact and o(x) C V3 C K. By Lemma 4.32 once
again, there is a C°° simple closed curve ((-) such that ran(¢{) C U \ K and
w(((+),z) =1 for all z € o(x). Let h be another complex-valued holomorphic
function on U. Then f(z), h(z) and (fh)(x) in B are defined as in Definition
4.33. We claim that (fh)(x) = f(z)h(z) in B. To show this, by (4.12), we have

B R
f(x)h(z) = 27r1 ]{( j{]() ) (CT —2)~H(nT — 2)~ ! d¢dn.

Using the resolvent equation (4.9), for each ¢,n € C\ o(z), we have

Cl—2) " l-a) ' == (CT-a) ' +(—n) " (I—2)""
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By the Cauchy integral formula (Theorem 2.107), fn( y () (n—C)~ Ldn = 0 for

each ¢ € ran (¢) since ran () C Va, and so w(n(-),¢) = 0 for each ¢ € ran(¢).
By the Cauchy integral formula once again, it then follows that

s = (55) f nonot =0 [§ ¢ —mad]an

2mi

1 _
—5m f M@0 - 2) dy = (),

TS0
proving the claim. Using the claim and induction on k, it follows that for each
positive integer k, f*(z) = f(z)*, and so

)k = — BT —2)~tde.
O IR LA SRR

Since g is holomorphic on the whole plane, it has a Taylor expansion around
0, g(2) = Y poyarz” for each z € C, which converges absolutely. Since the
composition gof is holomorphic on U, applying (4.12) to (gof)(x), the Taylor
expansion of g at z = f({), ¢ € ran(¢), and then integrating term by term,
we have

o o~ a Z]Ifxfld:ooa )k = x)),
(o)) = 3 5 f’é() et a6 = Sl = o(7(0)

where the last equality holds by Theorem 4.31(b). The proof of the proposition
is complete. O

Finally, we apply Definition 4.33 and Proposition 4.36 to define the log-
arithm. Let g(w) = €¥ = exp(w) from C into C and let f(z) := logz as a
holomorphic function on U := {z € C: |z — 1| < 1} with f(1) :=log1 := 0.
Let x € B satisfy ||z — I|| < 1. To show that o(z) C U let |z — 1| > 1. Then
z2l—2=(2—1)(1+ (2 —1)"Y(I—2)) is invertible by Theorem 4.16(a) since
[(z—1)"1(1—2)|| < 1, and so z € o(x), proving o(x) C U. Thus we can define
f(z) =logx and we have exp(log(z)) = « for any such = by Proposition 4.36.
Moreover, by Theorem 4.31(b), it follows that

logz =Y ! k!(l) (@—DF == (I-a)*/k, (4.15)
k=1 k=1

and the series converges absolutely.

4.5 Complexification of Real Banach Algebras

We next see how a real Banach algebra can be embedded in a complex one.
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Definition 4.37. Let A be an algebra over R. Then the complexification Ac
of A is the set A x A, with operations defined as follows: for u,v,z,y € A and
a,b eR, let

(u,v) + (z,y) == (u+x,v+y),
(u,v)(x,y) = (uz — vy, uy + v),
(a+1b)(u,v) := (au — bv, av + bu).

The following is straightforward to check:

Proposition 4.38. For any algebra A over R, the complexification Ac as just
defined is an algebra over C. The map u — (u,0) is 1-to-1 from A into Ac
and preserves real algebra operations. If A is unital with identity 1, then so
is Ac with identity T := (T,0).

Via 2 < (2,0), we can view A as a real subalgebra of Ac, just as we view
R as a subset of C. Then we can write for each (u,v) € Ac, (u,v) = u+iv, and
each such (u,v) can be written in multiple ways as a finite sum 2?21 zjx; for
zj € Cand x; € A.

Theorem 4.39. Let (A, || - ||) be a real Banach algebra. For each w in the
complezification Ac, let

] = inf{2|zjmxju; w=Y"zz;, z €C, z; €A n= 1,2,...}.
j=1 j=1
Then
(a) || - || s a Banach algebra norm on Ac;

(b) max{|lull, lvf|} < [[(w, )] < [lu]l +[[o]| for any (u,v) € Ac;
(©) N(u, ) = llull for each u € A.

Proof. If A = {0} there is no problem, so suppose A # {0}. From the definition
it is straightforward to check that || - || is a seminorm on the complex vector
space Ac. Also, |lu +iv| < ||lul| + ||v||, proving the right side of (b).

If Jw|| <1 for w = (u,v) € Ac, then for some n = 1,2,..., z; € C,
and x; € A we have w = Y77 | zjx; with 70 | |zllz;]| < 1. Let 2; =
aj + ib; for a;,b; € R. Then uw = 377 aja; and v = Y7 bjz; with
max {37y lajllla; |, 35—, [bjlll [} < 1, so flul] < 1 and [l < 1. Tt fol-
lows that for any w = (u,v) € Ac, max{|jull,||v|} < |Jw|, proving the left
side of (b) and showing that ||| is a norm on Ac. Clearly, (b) implies (¢). Also,
if {wn e, = {(un,vn)}52, is a Cauchy sequence for || - ||, it is convergent by
(b), so (Ac, | - |) is a Banach space.

Let w = Y 1", ¢iz; and z = Z;’:l djy; for some m, n; ¢;,d; € C; and
zi,y; € A Then wz = 377" 370 (cid;) (2iy;) where
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SN lesdilllzisl < (- leallleal)) (D ldsllusl)-
i=1 j=1

i=1 j=1

Thus [|wz| < |Jw|| ||| and || - || is submultiplicative (4.2).

Suppose Ac is unital and let T = (u,v) # (0,0) be its identity. Then for
any =,y € A, zu —yv = ux — vy = x. Letting y = 0 gives that v is an identity
Ty of A. Then vy = yv = 0 for all y, specifically y = u, gives v = 0. Thus
I = (14,0) and ||I]| = ||Ia|| = 1, proving (a), and so the theorem. a

The complex Banach algebra (Ac,| - ||) given by Theorem 4.39 will be
called the Banach algebra complezification of A.

Let (B, - ||) be a Banach algebra of real-valued functions as defined
in Definition 4.11. Then its Banach algebra complexification (Bg, | - ||) can
naturally be viewed as a Banach algebra of complex-valued functions, with

Be = {f +ig: f,g € B}.

4.6 A Substitution Rule for the Kolmogorov Integral

The Banach algebra property of W, spaces of functions with values in a Ba-
nach algebra (Proposition 4.13) will be used to prove a substitution rule for
the Kolmogorov integral, like those considered for Riemann—Stieltjes integrals
at the end of Section 3.6. Recall that for 1 < p < 00, Q, := [1,p/(p — 1)) if
p>1, Q1 := {400}, and W, = R is the class of regulated functions.

Proposition 4.40. Assume that B is a Banach algebra over K and (1.14)
holds with Y = Z = B. Let « € AZ,([a,b];X) for 1 < p < oo and let
f.9 € Wy([a,b];B) for ¢ € Qp. Then for p(A) = f,da-g, A € Ja,b],
w is an interval function in AZ,([a,b];B), and the two integrals %[a’b] dup f,
3@[@717] da-(gf) exist and are equal.

Proof. We can assume that a < b. By Proposition 3.96, we have that p is
defined and is in AZ,([a, b]; B). By Proposition 4.13, fg € W,([a,b];B), and
so the two integrals are defined. To prove that they are equal, let ¢ > 0.
Since ¢ is regulated, by Theorem 2.1, there exists a point partition {zj};”:()
of [a,b] such that Osc(g;(zj-1,2j)) < € for each j = 1,...,m. Let T =
({(tiz1,ti)}q, {si}7-,) be a tagged Young interval partition of [a,b] which
is a tagged refinement of the Young interval partition A := {(z;-1,2;)}];.
Letting A; := (t;—1, ;) for each i, we have

|Sys(dp, f;T) — Sys(de, g f; T)|

— H iﬂ(Az)f(Sz) - oz(Az)[g(sl)f(sl)}H < || fllsup i H ?5 da- [g _ g(Si)] H
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If p = 1, then using (3.69), it follows that

ZH%da g—g(s H< max Osc(g; A ZvlaA < evy(a).

1<i<n

If p > 1 then for ¢’ € (¢,p/(p—1)), by the Love—Young inequality (3.150) and
Lemma 3.45, we have

ZH %da 9-9(s H < Kpg ZHQIIA,,(q)IlaHA,,@

l—(a/d") K, qu g A /q vy A )1/p < el (q/q)an,vq(g)l/q’HaH(m?

where the last inequality holds by Holder’s inequality (1.4) and by (3.69). Since
7 is an arbitrary tagged Young interval partition of [a, b] which is a refinement
of A\, and since € > 0 is arbitrary, we have that 3(5 jdp f = 3‘5[& py dave( gf)
proving the proposition.

4.7 Notes

Notes on Section 4.1. There are numerous books giving expositions of the basic
theory of Banach algebras. For example, the fact that a unit can be adjoined
if needed (Proposition 4.7) is given in Larsen [133, Theorem 1.1.5]. Often the
multiplication in a Banach algebra is taken to satisfy [|zy|| < ||z]/||y|| for all
x,y by definition, e.g. [216, p. 209]. Theorem 4.8 showed that this inequality
can be obtained by renorming. The theorem holds also when (z,y) — 2y need
only be continuous in z for each y and in y for each z, as I. M. Gelfand proved;
see e.g. Theorem 1.3.1 of Larsen [133].

Notes on Section 4.2. Belfi and Doran [13] write: “commutative Banach
algebras enjoy a remarkably complete and beautiful structure theory due, in
large part, to the efforts of a single man, I. M. Gelfand.” A basic paper was
Gelfand [76]. An earlier related announcement was Gelfand [75]. A book on the
theory of commutative Banach algebras is Gelfand, Raikov, and Shilov [77].
According to Belfi and Doran [13], Theorem 4.19 was announced by Mazur
[162], with a first published proof by Gelfand [76].

Notes on Section 4.3. Proposition 4.25 is a classical fact in functional
analysis. It was stated e.g. by Dunford and Schwartz [57, pp. 88-89]. They
say that it was first discovered and published by Banach in the first, 1931,
edition in Polish [7] of his classic book Théorie des opérations linéaires [8]
published in French in 1932. Meanwhile, Hausdorff [89] in 1932 independently
also discovered the quotient space by a closed linear subspace.
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In Banach [8] we have not found quotient spaces very explicitly. In Chapitre
I, §2, Banach considers left and right cosets of subsets (not necessarily sub-
groups) of a not necessarily abelian group with a topology. In Chapitre IV,
63, Lemme, he considers an element 1y in a normed linear space E at distance
d from a linear subspace G [or its closure G]. [Here d = d(yo) =: d(yo + G)
defines the quotient seminorm on E/G, but we did not find this formulation
in [8].]

The other facts in Section 4.3 were found by Gelfand ([76], [77]).

Notes on Section 4.4. Theorem 4.31 is also due to Gelfand ([76] and [77,
1.§6, Theorem 1])

Notes on Section 4.5. Theorem 4.39 is essentially Proposition 3 in §13 of
Bonsall and Duncan [22]. The norm || - || is the same as in Theorem 1.3.5(i%)
in Ruston [200], where it is shown to be the largest among all admissible
norms, that is, those satisfying Theorem 4.39(b). Ruston [200, p. 221] and Kir-
wan [117] give references to earlier results on complexification of real normed
spaces. On the norm || - || as a tensor product norm see also Section 5.4.

Notes on Section 4.6. Proposition 4.40 had many predecessors with interval
functions «, p replaced by point functions (e.g. Propositions 2.86, 3.100, and
3.101). In its present form, the substitution rule is stated here for the first
time as far as we know.






5

Derivatives and Analyticity in Normed Spaces

All of the vector spaces that we consider in this chapter will be defined over
a field K which will be either the field R of real numbers or the field C of
complex numbers.

Let X and Y be normed spaces with the norm on each denoted by |||, and
let U be an open subset of X. Let L(X,Y") denote the space of all bounded
linear operators from X into Y. A function (nonlinear operator) F': U — Y
is called (Fréchet) differentiable or has a (Fréchet) derivative at u € U if there
exists an L, € L(X,Y) such that for each € X with u+ 2z € U,

(AF)(z) := F(u+ ) — F(u) = L,z + Remp(u, ), (5.1)

where |[Remp(u,z)| = o(||z]|) as ||z|| — 0. It follows that ||(AF)(z)| =
O(Jlz|]) as ||z]] — 0, and so F' is continuous at w. The linear operator L,, is
easily seen to be unique, is called the derivative of F' at u, and is denoted by
DF(u). If the function F is differentiable at each u € U then we say that F
is differentiable on U, and we call the map D'F := DF: U — L(X,Y) the
first derivative of F. The difference Remp(u,z) = (AF)(x) — Ly is called
the remainder in the differentiation of F'.

We will recall some basic facts about differentiation. The first one concerns
differentiability of composition mappings.

Theorem 5.1 (Chain rule). Let X,Y, Z be three normed spaces, U an open
neighborhood of uw € X, F a mapping of U into Y, v = F(u), V an open
neighborhood of v in'Y, and G a mapping of V into Z. If F is differentiable
at u and G is differentiable at v, then the composition mapping GoF defined
by (GoF)(u) := G(F(u)) is differentiable at u and

D(GoF)(u) = DG(v)oDF(u).
Proof. For each x € X with v+ 2 € U, using the notation (5.1), we have
Reor(u,z) := (GoF)(u+ x) — (GoF)(u) — (DG(v)oDF(u))x

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 237
in Mathematics, DOI 10.1007/978-1-4419-6950-7_5,
© Springer Science+Business Media, LLC 2011
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= [G(v+ (AF)(x)) — G(v) — DG(v)(AF)(x)] + DG(v)Remp(u, ).

Since G is differentiable at v = F'(u) and F' is continuous at u, we have
1G(v+ (AF)(2)) = G(v) = DG(u)(AF)(x)] = o[|(AF)(x)]])

as ||z|| — 0. Since F is differentiable at u, we have ||(AF)(x)|| = O(]|z||) and
[Remp(u, z)[| = o(|[z|]) as ||| — 0. Thus || Reor(u, )[| = of||z]) as [[z|| — 0,
proving the theorem. O

Remark 5.2. A bounded linear operator A from Y to Z, or B from X to
Y, is clearly Fréchet differentiable everywhere and equal to its derivative.
Thus in Theorem 5.1 we have D(AoF)(u) = (AoDF)(u), and D(GoB)(u) =
(DGoB)(u) if B(u) € V.

The second fact is a variant of the mean value theorem, which gives a
bound for the remainder in a differentiation. For v, u+x € X, the line segment
joining u and u + x is the set [u,u + 2] := {u+tx: 0 <t <1}

Theorem 5.3 (Mean value theorem). Let X,Y be two normed spaces over
K, U an open subset of X, and F' a differentiable mapping of U into Y. If the
segment [u,u + x| is included in U, then

[F(u+2) = Fu)|| < | P ]HDF(U)H, (5:2)
|F(u+2) = F(u) = DF(u)z|| < [|z|| sup ] |DF(v) — DF(u)]|. (5.3)

ve|u,ut+x

Proof. To prove (5.2), let ¢(t) := F(u+ tx) for each ¢ € R. By the chain rule,
the function ¢ is differentiable from an open neighborhood V' of [0, 1] into Y’
and D¢(t) = DF (u + tz)x for each ¢ € [0, 1]. By the Hahn-Banach theorem
(Corollary 6.1.5 in [53]), there is a continuous functional f € Y’ (linear over
K) such that ||f||' =1 and

[£(6(1) = ¢(0))] = [[6(1) = O)]| = [[F'(u + z) = F(u)].-

The derivative of f is the constant mapping Df(y) = f for each y € Y.
Then by the chain rule again, the composition fo¢ is differentiable on V" C R
into K and D(fo¢)(t) = (foDF(u + tzx))x for each t € [0,1]. Thus by the
ordinary mean value theorem there is a ¢ € [0, 1] such that f(¢(1))— f(4(0)) =
D(fo¢)(t), and so

[F(@(1) = f(¢(0))] < sup |(foDF(u+tz))x| <[] sup [DF(v)],
te(0,1] vE[u,utz]

proving (5.2).
The proof of (5.3) is the same except that now we choose a continuous
linear functional f € Y/ with unit norm so that
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£ (6(1)=¢(0)=D¢(0))] = [|(1)=¢(0)=De(0)|| = [|F(utz)—F(u)=DF(u)z|.
Then again by the ordinary mean value theorem there is a t € [0, 1] such that

|[£(6(1)) = £(6(0)) = f(D(0))| = |foDF(u+ tw)ax — foDF(u)z|

<llell _sw_ [DF@) - DFG)|

proving the theorem. O

5.1 Polynomials and Power Series

Finite and infinite Taylor series can be defined for suitable functions from
one normed space to another. To treat such series we will first need some
multilinear algebra.

A function A from a Cartesian product V; x --- x Vi of k vector spaces
into a vector space V; is called k-linear if for each j = 1,...,k, A(vy,...,vE)
is linear in v; for any fixed values of v;, i # j. If V; = (V}, ]| - ||;) are normed

spaces for j = 0,1,...,k, k > 1, then a k-linear map A: Vi x -+ x V — W
is called bounded if

lA] = sup{||A(v1,...7vk)H0: loill; <1, j= 1,...,]{:} < 00. (5.4)

This agrees with the usual definition of operator norm (1.17) if k¥ = 1.

Let Mp(Va,...,Vi; Vo) be the set of all bounded k-linear maps from
Vi x -+ x Vj into V with the norm defined by (5.4). It is easily seen that
My (Vi, ..., Vi; Vo) with this norm is a Banach space provided (Vp, || - [|o) is.

Theorem 5.4. Let (V|- |l;), 7 =0,1,...,k, be normed spaces over K and
let L be a k-linear map from Vi x --- x Vi into V. Then the following are
equivalent:

(a) L is jointly continuous everywhere;
(b) L is jointly continuous at (0,0, ...,0);
(¢) L is bounded.

Proof. (a) = (b) is clear. Assume (b). Then for some § > 0, ||z;|[; < ¢ for
j=1,...,k implies ||L(z1,...,zk)|lo0 < 1. It follows by k-linearity that for
any 4y € Vi j= Lok [ o)l < 5 Fnll-- el so 1] < 6-F
and (c) follows.

Assume (c¢) with ||L|] = M < oo. To prove (a), take any z; € V; and
y; € Vj for j=1,...,k. Then

Ly, yx) — L(xz1, ..., 28) = L(y1 — 21,92, - -, Yk)
+L(21,Y2 — T2, Y3, -+ 5 Yk) + o+ L(w1, oo Tt Yk — Tk,



240 5 Derivatives and Analyticity in Normed Spaces

and so

k
LGy, ye) = L@y, szl < MYl —yjlly [ [ mascllall, v}
j=1

i#]
Thus for fixed z1,...,zk, as y; — x; for each j, the right side tends to zero,
and so L(y1,...,yx) — L(z1,...,xx), proving (a) and the theorem. O

Let A be a k-linear map from V; x --- x Vj, into Vp, and let 1 < m < k.
For any v; € V;, j =1,...,m, amapping A(vi,...,vy) from V41 x -+ - x Vj
into Vj is defined by

A(vry ey 0m) Omtts ooy 0k) = A(V1, -« oy Uiy U1y -+« UR)- (5.5)

Proposition 5.5. Let 1 < m < k, let V; = (V;, ]| - |l;), 7 = 0,1,...,k, be
normed spaces, and let My, () := M (V1,0 Vigs Mo (Vi 1, -+, Vs Vo).
Forvj € V;, 7 =1,....m, and A € My, = Mp(Vi,...,Vii; Vo), define
Lok (A)(v1,- -y vm) € Mig—m (Ving1s -+, Vi; Vo) by

L i (A) (1, 0m) = A(v1, ..., ).
Then Ly k. is a linear isometry from My onto My (-

Proof. For any A € My and v; € Vj, j = 1,...,m, Ly 1x(A)(v1,...,0m) is
clearly a (k — m)-linear map of V,,,11 X -+ x Vj, into V) with

[ Lo (A) (01, - o) | < IAITT ol
j=1

Thus L k(A) € My m)y and [|Ly x(A)|| < [|A]l. The map Ly, is clearly
linear.

Conversely, let B € My ) and for any v; € Vi, j = 1,... )k, let
A(B)(v1,...,v5) := B(v1,...,0m)(Vm+1,...,0k). Then from the definitions,
clearly A(B) is k-linear from Vi X - -+ x V} into Vp with [|A(B)|| < ||B|| < oo,
so A(B) € My,. Evidently L, x(A(B)) = B, 80 Ly, and B — A(B) are
inverses of one another and are linear isometries, completing the proof. O

Let L be a k-linear function from a Cartesian product V7 x -+ x Vi of k
vector spaces into a vector space Vp. If V} = --- =V, = X, then L is defined
on the k-fold product set X* := V; x --- x V;, and is called symmetric if
L(wr1y, - Tr(ry) = L(w1,...,75) for any permutation m of {1,...,k} and
any x1,...,2x € X. For normed spaces X, Y and an integer k > 1, let
L*X,Y) == Mp(Vi,...,V3;Y), where V; = Vo = .- =V}, = X. Thus
L(*X,Y) = L(X,Y), with the usual operator norm (1.17). Let L¢(*X,Y)
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denote the vector subspace of symmetric elements of L(¥X,Y). For k = 0 let

L,°X,Y):=Y. Any L € L(*X,Y) has a symmetrization given by L) = L
for k=0 or 1 and for k > 2,

s 1
L )(«Tl,-n’l‘k) = EZL(x“(l)’“"x“(k)%

where the sum is over all permutations 7 of {1,2, ..., k}. Clearly L) is sym-
metric and if I is symmetric, then L(*) = L. For any L € L(*X,Y),

LS < L, (5.6)
For L € L(*X,Y), let
Lx?kl ®~-~®x§km = L(T1, .o 1,2y o T2, X3y e ey Ty Ty e+« Ty
where x; appears k; times on the right for j = 1,...,m and k; are nonnegative

integers for j = 1,...,m such that ky +---+ k,, = k and m = 1,2,.... For
each symmetric k-linear mapping L, k > 2, and any integer m > 1, we have
the following multinomial formula:

L{zy + -+ 2m)® Zk Lx?’“l@ @B (5.7)
1

where > denotes summation over all m-tuples (ki,...,k,,) of nonnegative
integers satisfying k1 + - - - + k,, = k. As a special case, when m = 2, we have
the binomial formula:

k—1
i
L(x+y)® = La® + ) <Z)Lx®kl @ y® 4 Ly®*. (5.8)

Let X and Y be vector spaces. For k =1,2,..., a mapping P: X — Y is
called a k-homogeneous polynomial if there exists a k-linear mapping L from
X% into Y such that Pz = L(z,...,z) for all 2 € X. Then let P = L. If
M = L) then clearly M = L. Thus7 in the definition of k-homogeneous
polynomial, we can equivalently take L to be symmetric. To show that the
map L +— L is one-to-one for L symmetric, and find its inverse, one can use
the following polarization identity:

Theorem 5.6 (Polarization). Let L: X* — Y be a symmetric k-linear map.
Then

L(xl,...,xk lekZ el GkL 61581 + - +6k$k)®k, (59)

where Y" denotes summation over all e; € {—1,1}, i = 1,...,k. Thus, if
L=M for two symmetric k-linear maps X* — Y then L = M
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Proof. By the multinomial formula (5.7), we have

" k!
L{ewi + -+ epap)®* =Y nli
1

L(61x1)®”1 R R (ekxk)®nk
’I’Lk!

= E ”1 .. _eZka?m R ® x@'ﬂk’
nl

where Z" denotes summation over all k-tuples (nq,...,ng) of nonnegative
integers satisfying ny + - - - +ny = k. Denoting the right side of (5.9) by A, we
then have

ka - nl,...,nk)Lx?”‘ ® - ®x®”k,

1!
where a(ni,...,ny) =Y e et If some n; = 0 then a(ny, ..., ny) =
0. Thus a(nl, . 7nk) #0 1fand only ifn; =---=ng =1.Since a(1,...,1) =
2% A = L(x1,...,21). The last conclusion follows easily, proving the theorem.

O

By the preceding polarization theorem, a symmetric k-linear map L from
X*into Y is uniquely defined by its values on the diagonal of X*. The one-
to-one relation between L and the k-homogeneous polynomial P = L will be
assumed and used frequently in what follows.

A function P from X into Y will be called a polynomial iff for some finite
k, P = Z?:o P; where for j = 1,...,k, P; is a j-homogeneous polynomial
from X into Y and Py(z) = yo for some yo € Y.

If X and Y are normed spaces and L is a continuous k-linear map from
X into Y, then clearly the k-homogeneous polynomial L is continuous. Con-
versely, if L is continuous, then by the polarization theorem 5.6, L is contin-
uous, and so bounded by Theorem 5.4.

Let P*(X,Y) be the vector space of all continuous k-homogeneous poly-
nomials from X to Y. A norm on P¥(X,Y) is given by

|P| := sup{||Pz|: ||| <1} =inf{C >0: ||Pz| < C||ka for all x € X}.

It is clear that if L € Ly(*X,Y), then L € P*(X,Y) and |L| < |L||. A
converse bound follows from the next theorem:
Theorem 5.7. The mapping L,(*X,Y) > L L e PE(X,Y) is a vector

space isomorphism and a homeomorphism of the first onto the second space.
Moreover,

- L
LI < 1L < LI (5.10)

Proof. It is enough to prove the second inequality in (5.10) when k£ > 1. By
Theorem 5.6, we have
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1 /.
LG, @) < gm0 NEN (leamll + -+ llenal])"

where 3" denotes summation over all ¢; € {—1,1},i = 1,...,k, and has 2"
terms. Thus if ||a;|| < 1 for ¢« = 1,...,k, we obtain the second inequality in
(5.10), completing the proof. O

The constant k*/k! in (5.10) is best possible. Let X := L! be the Banach
space of Lebesgue integrable functions over [0,1], let Y := R, and let L €
Ls(*X,Y) be defined by

L(xy,...,x) := Z [0 " Iﬂ(l)(t) dt-- /[( (k) (t)dt,

k—1)/k,1]

where the sum is over all permutations of 7 of {1, ..., k}. Kope¢ and Musielak
[123] proved for this case that ||L|| = (k*/k!)|L||. It is well known that the
mapping Ly(*X,Y) 5 L — L € P*(X,Y) is an isometry if X = H is a real
Hilbert space and Y is a Banach space, as shown in Corollary 5.23(e) below.

Definition 5.8. Let X and Y be Banach spaces, and let P°(X,Y’) be the
set of all constant functions from X into Y. A power series from X to Y
around u € X is a series of the form Y, ., P¥(x — u), where P¥ € P*(X,Y)
for each k = 0,1,.... The largest r € [0, 00] such that the series converges
inY for all x € X with ||z — u|| < r is called the radius of convergence of
the power series. Let U be an open subset of X. A mapping F': U — Y has
a power series expansion around a point u € U if there exists a power series
> ko0 Pz — u) from X to Y around u which converges to F(z) for z in a
ball B(u,r) C U for some r > 0.

If P is any polynomial from X into Y and u is a fixed element of X, then
the function z — P(z—u) is also a polynomial, by Theorem 5.6 (polarization)
and the binomial formula (5.8).

Power series with radius of convergence equal to 0 will not be of interest. If
two power series >, P¥(z—u) and 3°, <, Q% (z—u) converge absolutely and
have the same sum on a neighborhood of u, then P*¥ = QF for k = 0,1,....
This is a consequence of the following theorem.

Theorem 5.9. If the power series ;<o P (x —u) from X toY around u €
X converges absolutely and its sum is equal to zero for x in some neighborhood
of u, then P* =0 for k=0,1,....

Proof. Taking z = u we get P) = 0. By the assumption, there is an r > 0
such that the power series >, <, P¥(z — u) from X to Y around u converges
absolutely to zero for all x € X such that ||z —u|| <r. Let y € X be arbitrary
and non-zero. For any ¢ € K such that |t| < r/|lyl|, letting « := ty + u, we
have ||z —u| = |t] [|y|| < r, and so
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0= Pia—u) =3 Pyt

k>1 k>1

By Lemma 2.95 applied to hj := PF(y) and § := r/||y|, it follows that
Pk(y)=0for k=1,2,.... Since y € X is arbitrary, the proof of the theorem
is complete. O

For a given power series >, -, P¥(z — u) from X to Y around u € X, a
number p = p, = p,,u, 0 < p < +o0, is said to be the radius of uniform
convergence of the series if p is the supremum of all r, 0 < r < 400, such that
the power series converges uniformly on the closed ball B(u,r) with center at
u and radius r > 0. Here in the expanded notation p,, u, u is the point around
which the expansion is taken, and “U” indicates “uniform.”

Theorem 5.10. For a normed space X and a Banach space Y, the radius of
uniform convergence p, of the power series Y, Pk (x — u) around u from
X toY is given by the Cauchy-Hadamard formula:

1
— zlimsupHPle/k. (5.11)
k—o0

u

Moreover, if py > 0 then for each 0 <1 < pu, > 1~ | PF|Ir* < co.

Proof. Let a := limsup,,_.__ || P*||*/*. First suppose that a = +oc. Let r > 0.
Since a > 1/r, there is a sequence k(j) — oo as j — oo such that for some

y; € X with [jy;]] <1, HPff(J)(yj)H > r~k0) for all j. For each j > 1, letting
z; = u + ry;, it follows that |PFY(z; — u)|| > 1 and z; € B(u,r). Since
r > 0 is arbitrary, p, = 0, that is, (5.11) holds in the first case.

Second suppose that 0 < « < +00. Let 0 < r < 1/c. Then

lim sup(|| P¥||r*)Y/* = ar < 1.
k— oo
By the root test on series of nonnegative numbers, it follows that the series
> is1 IP¥||r* converges. Therefore the series Y, P¥(z — u) converges uni-
formly for z € B(u,r), and so 1/a < p,. If r > 1/a then one can show as in
the first case that the power series does not converge uniformly on B (u,r),
proving (5.11) in the second case.

Finally suppose that @ = 0. Let 0 < r < oo and let € := 1/(2r). In this case
there is an integer ko such that | P¥| < €* for each k > ko. If z € B(u,r) then
|PE(z — )| < (re)* = 27% for all k > ko. Thus the power series converges
uniformly on B(u,r). Since r is arbitrary, p, = +0co, completing the proof of
(5.11) in all cases. a
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Corollary 5.11. Let X be a normed space and let' Y be a Banach space. For
the power series Y <o P¥(z —u) from X to Y around u € X, the following
are equivalent: B

(@) > >0 Pk (x —u) converges uniformly on some closed ball B(u,r), r > 0;
(b) limsup,,_, . ||P*||/* < oo;
(¢) there exist C >0 and ¢ > 0 such that |Pk|| < Cc* for k=0,1,....

Proof. By Theorem 5.10, (a) implies (b) because 0 < r < p,. Since clearly
(c) follows from (b), it is enough to show that (c) implies (a). To this aim let
r > 0 be such that rc¢ < 1. Then for = € B(u,r),

DoIPHu—a)| <CY (re)* < oo,

k>0 k>0

and so (a) holds, proving the corollary. O

For a power series of complex numbers its radii of absolute convergence
and uniform convergence are the same. This is no longer true for power series
in an infinite-dimensional space, as the following example shows. Recall that
fP spaces were defined under the heading “Classes of measurable functions”
in Section 1.4.

Example 5.12. Let X = ¢? and Y = K = R. For z = {z;};>1 € 2, let
Pl(x) := (wp)k for k = 1,2,.... Then for each k > 1, P¥ € P*(/*,R) and
[Pl = 1, and so py = 1 although the power series F(z) = >, -, PF(z)
converges absolutely for all z € ¢2, so that its radius of convergence is +o00.

Let B be a Banach algebra and let h € B. For each k = 1,2,... define the
k-linear map M* := MP¥[h] from B x --- x B (k times) into B by

Mk[h]<.’171,...7.’17k) = h.’171.’172-~-.’17k (5.12)

for z1,...,2; € B. Let S¥ = S¥[h] be the symmetrization of M*[h], and let
P = P¥[h] be the k-homogeneous polynomial defined by P* := (S*}. Then
Pky = hat for x € B.

Lemma 5.13. Let B be a unital Banach algebra and h € B. For each k =
1,2,..., we have |[P*[]]| = ||S*[R]|| = [[M*[A]]| = ||hl|.

Remark 5.14. In this case P* = (S*J but in (5.10), k*/k! can be replaced
by 1.

Proof. Clearly, since P¥ = (S*7, by the left inequality in (5.10) and by (5.6),
| PE|| < ||S*|| < ||[M*|| < ||h]|. Conversely, taking z1 = -+ = 2, = 2 = T we
get | PE[R]l| = [IS*[R]]| = [ M*[R][| = [|A]]. o
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Let B be a Banach algebra. Then a B-power series will mean a series
> gt (5.13)
k=0

for € B and hy, € B for all k, where if B is unital, 20 := 1, or if it is not, the
k = 0 term is omitted (ho = 0). It is a power series from B into B of the form
> k>0 Pk[hy])z* with P¥[hy] € P*(B,B) as defined before Lemma 5.13.

Remark 5.15. The notion of B-power series will usually be applied when
the coefficients hy in (5.14) all belong to the center {h € B: ha = xh for all
x € B}, for example, if B is commutative or if all hy are constant multiples of
the identity I.

Theorem 5.16. For any Banach algebra B, sequence {hy}r>0 C B, and x €
B, if the spectral radius r(x) satisfies

r(z) < p:=1/limsup ||hg|*/*,
k—oo

then the B-power series (5.13) converges absolutely.

Proof. Let r(x) < 0 < 7 < p. Then by Theorem 4.15, for k large enough,
|2*|'/* < o, while ||hg||/* < 1/7. Thus ||hpz®|V/* < o/ < 1 for k large
enough, and the theorem follows by the root test on series of nonnegative
numbers. a

It will follow from Theorem 6.17 and Corollary 6.23 that if 1 < p < co and
J is a nonempty interval, then for any f in the Banach algebra W, (J), the
spectral radius r(f) equals || f||sup, and the same holds for Banach algebras of
Holder functions.

As stated before Theorem 2.102, a topological space X is said to be con-
nected if the only subsets of X which are both open and closed are the empty
set () and the set X itself. A subset U of a topological space X is connected if
it is connected with its relative topology.

Definition 5.17. Let B be a Banach algebra and U a nonempty connected
open subset of B. A function F' from U into B will be said to have a B-Taylor
expansion around u € U if there are an r > 0 and a sequence {h;} C B such
that F' is given by a B-power series, called the B-Taylor series of F around u,

F(z) = ihk(x—u)k, (5.14)
k=0

for each € U with || — u| < r. A function F' from U into B will be called
B-analytic on U if F has a B-Taylor expansion around each point of U.
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If F' is B-analytic on U then its B-Taylor series around each point of U is
unique by Theorem 5.9, since convergence of a B-power series on a set B(0, )
yields its absolute convergence there due to the next theorem.

Theorem 5.18. If B is a unital Banach algebra and {hi}72, C B, then the
following are equivalent:

(a) for some 1 € (0,400|, the B-power series Y, hia® converges in B for
all © with ||z|| < r;
(b) M :=limsup,_, . ||he||"/* < cc.

If (a) and (b) hold then the largest r for which (a) holds is p := 1/M, and
for any 0 < s < p, the series in (a) converges absolutely and uniformly for
] <'s.

Remark 5.19. The Hilbert space ¢2 in Example 5.12 is a Banach algebra
under pointwise operations of sequences but does not have an identity. In it,
for hy = e with (ex); = 0k = 1j=p for k > 1, hy = 0, we have r = +00 in
(a) but M =11n (b) so p = 1.

Proof. Recall that the norm on a Banach algebra B with identity 1 can be
and has been chosen so that ||I|| = 1 (see Theorem 4.8 and Definition 4.9).

(a) = (b): Let = ¢ for any ¢ with 0 < ¢ < r. Then the series > - t*hy,
converges in B. Thus supy, t*||hx|| < 0o, and so taking kth roots implies M <
00.

(b) = (a): For each k, let P¥: x + hya®. By Lemma 5.13, ||P*|| = || h]|.
Thus (b) implies (a) with » = p by Theorem 5.10, and the absolute and
uniform convergence for ||z|| < s follows for s < p.

Let t > p and # = tI, so ||z|| = t. Then |hxz®|| = t*||hs|. Let p <
s < t. Then ||hg||*/* > 1/s for infinitely many k, so t*||hg|| > t*/s*, which
is unbounded. Thus ZZO:O hix® does not converge and p is the largest 7 for
which (a) holds, proving the theorem. O

Example 5.20. Let B be a Banach algebra containing an element y # 0
which is nilpotent, meaning that y™ = 0 for some n > 2. Specifically, let
M (2,R) be the algebra of 2 x 2 real matrices with usual matrix multiplication
and y = (8 (1)) Then the power series ZZOZO hiy® converges for arbitrary
hi € B, but the spectral radius r(y) is 0. Since y can be multiplied by any
scalar in K, its norm can be taken arbitrarily large, e.g., larger than the radius
po of uniform convergence of the power series > -, hix®. Thus, unlike the
case of analytic functions of one real or complex variable, divergence of a
power series Y az¥ for some z = x does not imply its divergence for all
with [z > [|zol|

Next we show that if a power series around u € X has a positive radius of
uniform convergence then its sum has a locally uniformly convergent power
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series expansion around each point v in some neighborhood of u. To define the
power series around v the following is used. Let L be a symmetric m-linear
mapping and let & be an integer such that 0 < k < m. For (z1,...,Zm—k) €
X™=F the mapping L(z1,...,Tm_x) defined by (5.5) is a symmetric k-linear
mapping from X* to Y. Thus the mapping

Xoze Lz, ..., 2;m_p)2®* €Y

is a k-homogeneous polynomial. If 1 = --- = z,,,_; = x for some z, then we
write Le®™ % .= L(z1,...,2m_1) € Ls(*X,Y).

Theorem 5.21. For a normed space X, a Banach space Y, and u € X, let
Y om0 Put(x — u) be a power series around u from X toY whose radius of
uniform convergence is p, > 0, and let

Fz):=Y_ Pl —u) (5.15)

for each © € B(u,py). For each m > 1, let L™ € L,(™X,Y) be such that
P = (L7, and let

Pi=Piigy,, = 1/ limsup |L7 (5.16)

Then p > e tpy, and for each v € B(u,p), (a), (b), and (¢) hold, where
(a) for each k > 1,

Pk .= pk 4 z;k <7Z> L™(v —u)®™ % e P*(X,Y); (5.17)

(b) the power series Y~ o PF(z — v) with P = F(v) has radius of uniform
convergence py, > p — ||[v —u||, and

SOIPE@ =)l < >0 ILYIr™ < oo
k=1 m=1

for all x such that ||x —v| <7 —|jv—u| with r < B;
(¢c) for each x € X such that ||z —v|| < p— ||v—u],

F(z)=> Pz -v). (5.18)

k>0

Remark 5.22. Timothy Nguyen has proved that the bound p > e~ !p, can
be improved to 7 > e~1/2p,: see the Notes. Although the bound in Theorem
5.7 is sharp as shown in references given after it, the sharpness pertains to
m distinct elements of X for each m, where in the present case one only
needs to consider two elements of X at a time, such as v and v in (5.17). The
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equality p = p, holds for some infinite-dimensional X and Y; see Corollary
5.23. Indeed we do not know at this writing any example where it fails. If
pu = +00, the factor e~ or e~'/2 makes no difference.

Cena [31] calls the quantity p the “radius of restricted convergence” of a

power series. We do not know whether it may have other names.
Proof. By Stirling’s formula, we have lim,, o, m/(m!)'/™
(5.10) and (5.11) it follows that

= e. Thus using

1/m
= limsup ||L™ (/™ <hmsup (—HP’”H) = i,
p

m— 00 u

bIIH

and so p > e !p,.

Let v € B(u,p) and let r be such that p > r > ||v — u|. By the root test
on series of nonnegative numbers, it follows that ) -, [|[L;*||r™ < co. Thus
for any x € X such that ||z —v|| < r—|Jv—u]|, as in part (b) or, for a suitable
r, in part (c) of the statement, we have

o0 m m " .
>3 () Ieito - a e~ ol

m=1 k=1

oo (5.19)
Z ILZ v = ull + 7 = [lo = ul)™ < cc.

Interchanging the order of summation on the left side, it follows that

D (Z (’;‘)||L;"|vu|m-k> lo—oll* <oc. (520

k=1 \m=k

Therefore for each k > 1, taking « # v, Y, (W)L (v — w)®™ % converges
in L,(*X,Y) to some Qk Thus the series deﬁnlng Pk in (5.17) converges
absolutely and P*w = Qkw®k for all w € X and k > 1, so (a) is proved.

It follows that

SAPH@ =)l < > L™ < oo
k=1 m=1

for any = such that ||z —v| < r — |jv — u|| with » < 5. The power series
> koD k(2 — v) converges uniformly for ||z —v|| < r — ||v — u|. Since r can
be taken arbitrarily close to p, the radius of uniform convergence is p, >
5 — |[v — ul, proving (5).

For (¢), let © € X be such that ||z — v|]| < p — ||[v — u|. By the binomial
formula (5.8), for each integer m > 1, we have

L™z —uw)®" =L"v—u+z—0v)%™"

m—1
= LM —u)®™ + Z (T]Z) L™ (v —u)®" % (x —v)®% + L™ (z — v)®™
k=1
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where the sum over the empty set of indices is zero. Since x € B(u,p) C
B(u, pu), F(x) is defined and equals

F(z)=F(u)+ Y {P;"(v — )

m—1

+ Z <7Z>Lum(v —u)®" @ (z — )% 4 Pz — v)}

k=1

The series, as a double series in m and k, converges absolutely by (5.19). Thus
the order of summation can be reversed. Also, (5.15) with = v shows that
the sum of terms with & =0 is F(v). So F(z) equals

F(v) + i {Pff(m —v) + ( i <TZ> L (v— u)®m7k) (x — v)®k}.
k=1

m=k+1

This and (5.17) imply (5.18) with P2 = F(v), proving (c¢) and the theorem.
O

Corollary 5.23. Under the hypotheses of Theorem 5.21, statements (a), (b),
and (c) hold for each v € B(u,p) with p = p, in the following cases:

(d) If X =Y =B is a unital Banach algebra and (5.15) is a B-power series.
(e) If X is a Hilbert space over K and Y is a Banach space over K.

Proof. For (d), the power series (5.15) is given by a B-power series (5.13) for
some sequence {h,, }m>0. Using notation as defined before Lemma 5.13, we
have for each m > 1, L = M"™[h,,] and P = P™[h,,]. Thus for the 7 and
pu defined by (5.16) and (5.11), respectively, we have p = p,, by Lemma 5.13.

For (e), it is enough to prove that ||L| = |L|| for any mapping L €
Ly(*X,Y) and k = 2,3,.... First suppose that X is finite-dimensional. To
begin, let & = 2. By compactness take z,u € X with [z[| = [lu[ = 1 and

|L|| = ||L(z,u)||. Since L(z,u) = $[L(z + u) — L(z — u)], we have

—_

1L = [IL(, w)l] < i[Hi(HU)HﬂLIIE(w—u)II] < ZILl Ml +ull®+ o)

N

IN

1 1
Mz +ull® + lle = wull?] = SIZI21* + ful?) = (1]

using the parallelogram law in Hilbert space, and all inequalities must be
equalities, in particular ||L|| = ||L|| as desired for k = 2. Also, in the three
expressions with coefficient i, since the inequalities hold between the first
terms of each, and the second terms, the inequalities for the first terms and
the second terms must each be equalities, and hence

IL@ £ w) = [ LIl ul?. (5.21)
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For k > 3,let S :={x € X : |jz|| < 1}. By compactness, take y1,...,yx € S
such that ||L|| = ||L(y1,--.,yx)|. For some a € S, none of the inner products
(a,y;) is 0 for j = 1,...,k since for each j, {a € S: (a,y;) = 0} is nowhere
dense in S. Replacing y; by —y; as needed, we can assume that that (a,y;) > 0
for each j. For some € > 0, the compact set

A= {z=(x1,...,21) €S": (a,2;) >¢, j=1,...,k, and

|L(z1, ... z) = || LI}

is nonempty. Clearly, for each z € A, ||;]| =1 for all j = 1,..., k. At some
(ug,...,u) € A, 25:1 (a,z;) attains its maximum on A. It will be enough to
show that u, = +u, for all p,q =1,..., k. Suppose that u, +u, # 0 for some
p,q. Define vj := u; for j # p,q and v; = (up+uq)/||up+ugl| for j = p,q. We
have ||L(vq,..., )| = ||L] by (5.21) for the 2-linear map (z,,xq) — L(z)
where z; = u; for j # p, ¢ are fixed. Then Z§:1<a, vj) > Z?:1<a, uj) because
llup + uql| < 2 (using the Hilbert space assumption). This contradicts the
choice of u; and finishes the proof when X is finite-dimensional.

Now let X be infinite-dimensional. We want to show that for any a1, ..., ax
in S, ||L(ai,...,ar)| < |IL||. Restricting to the finite-dimensional space
spanned by aq,...,a, this reduces to the previous case. The corollary is
proved. O

We finish this section with a special case of Theorem 3.8 applied to
L(*X,Y)-valued functions. It will be used in Section 6.6 in relation to higher
order derivatives of a Nemytskii operator acting between W, spaces.

Corollary 5.24. Let k = 1,2,..., let X, Y be Banach spaces, let J be

a nondegenerate interval and let & € CV. For F € Wa(J; L(*X,Y)) and
91,9k € Wal(J;X), let h(s) = F(s)(g1(s),...,9k(s)), s € J. Then
heWs(J;Y) and

Il < I1F i@ lgrllie) - - - 9wl -

Proof. For A € L(*X,Y) and zi1,...,2; € X, let L(A,x1,...,73) =
A(x1,...,2). Then L is a (k + 1)-linear and 1-bounded mapping from
L(*X,Y) x X* into Y as defined before Theorem 3.8. The conclusion then
follows from Theorem 3.8 applied to L. O

5.2 Higher Order Derivatives and Taylor Series

Throughout this section let X and Y be normed spaces and let U be a
nonempty open subset of X. Let L}(X,Y) := L(X,Y), the normed space



252 5 Derivatives and Analyticity in Normed Spaces

of bounded linear operators from X into Y, with the usual operator norm
(1.17). Recursively, for k& = 1,2,..., given a normed space L*(X,Y), let
LFY(X,Y) := L(X,L*(X,Y)) with the operator norm.

For k > 2, we say that F': U — Y has a kth (Fréchet) derivative or is
(Fréchet) differentiable of order k at u if F has a (k—1)st derivative D*~1 F(x)
at each point x of some neighborhood of u, and the mapping D*~'F with
values in L*~1(X,Y) is differentiable at u. Then D*F(u), the kth derivative
of F' at u, is defined as the derivative of D*~'F at u. Thus D*F(u) is in
LE(X,Y). If F is differentiable of order k at u for each u € U then we say
that F' is differentiable of order k on U.

The space L¥(X,Y), which occurs naturally in the definition of D*F (u),
can be identified conveniently with the space L(*X,Y") of k-linear mappings
defined previously. Specifically, let @ : LF(X,Y) — L(*X,Y) be the natural
isomorphism defined by

Q(k) (A)(St',’l, ey J}k) = A(.’E1>(SL’2) ce (Cﬂk)
= [ .. [A(xl)] (x2) .. ](Ik)

for each A € L¥(X,Y). It is easily seen by induction on k that Dy is an
isometry for the norm on L(*X,Y") defined by (5.4) and the operator norm on
L¥(X,Y). For k > 2, let F be differentiable of order k at v € U. Then the kth
differential at u is defined by d*F (u) := @) (D" F(u)). If F is differentiable of
order k on U then the kth differential d* F' is a mapping from U into L(*X,Y),
that is, for u € U, d*F(u) is a k-linear mapping such that

(5.22)

d*F(u)(21,...,2) = D*F(u)(21) - - - (z1) (5.23)

for any z1,...,75 € X. For k = 1 and u € U, we let dF(u) := d'F(u) :=
DF(u) whenever F is differentiable at u.

The following gives a condition for existence of the kth derivative in terms
of differentials.

Proposition 5.25. Let k> 2, let F': U — Y be differentiable of order k — 1
on U, let L € L(*X,Y), and let u € U. Then the following two statements
are equivalent:

(a) F is differentiable of order k at u and d*F(u) = L;
(b) the function x — f(x) = d¥"'F(z), x € U, is differentiable at u and
Df(u)(z) = L(z,...) for each x € X.

Moreover, whenever (a) or (b) holds, we have | Dd* 1 F(u)|| = ||d* F(u)]|.
Proof. (a) = (b). We have f(z) = (D(,_1)oD* "1 F)(z), where &(;_1) is con-
tinuous and linear, and so its derivative D@ _1) equals @(;,_1). Thus by the

chain rule in the form of Theorem 5.1, f is differentiable at u and for each
r € X, we have
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D)) = Py (D*F(u)(@)) = D*E(u)(@)() () = L, ),

where the last equality holds by (5.23) and since d* F(u) = L, proving (b).
(b) = (a). Let Qi(k 1) be the inverse of &y, and so DF-1F(x) =
< (h— 1)odk )(33) for x € U. Again since 45(_1:—1) is continuous and lin-
ear, by the chain rule (Theorem 5.1), D¥F(u) is defined and for each z € X,
we have

D*F(u)(@) = 251 (DF@)(@)) = 5L (L)) (5.24)
Thus for each = € X, we have
d*F(u)(z,...) = S (DkF(u))(:c, L) =By (DkF(u)(:c)) = L(,...),
proving (a).

Finally, let (b) hold. Then using Proposition 5.5 with m =1, V4 = ---
Vi = X, and Vo =Y, we have

IDf()llLex -1,y =sup {IL(@, . )le-xyy 2l < T =L1exy)-

The proof of the proposition is complete. O

Corollary 5.26. Letk > 2, let F': U — 'Y be differentiable of order k—1 on
U and for some xa,... x5 € X, let g(x) := d* ' F(z)(w2,...,21), x € U. For
w € U, if F is differentiable of order k at u then g: U — Y 1us differentiable
at u with the derivative

dg(u)(z) = d*F(u)(z, za, ..., x1), z e X.

Proof. Let f: U — L(*71X,Y) be the function defined in Proposition 5.25(b).
Let T: L(*1X,Y) — Y be the evaluation operator defined by T(A) :=
A(za,...,zx) for A€ L(*1XY). Then T is a bounded linear operator and
g = Tof. Thus using the chain rule (Remark 5.2) and (a) = (b) of Proposition
5.25, it follows that g is differentiable at v and for each x € X, we have

(Dg)(u)(z) = T(Df(u)(x)) = d"F(u)(z, 22, ..., x1),

proving the corollary. O

Further, we will prove that the kth differential, whenever it exists, is a
symmetric k-linear mapping, that is, d*F(u) € Ls(*X,Y). The following is
known as the Schwarz theorem.

Theorem 5.27. For each k > 2, if F': U — Y is differentiable of order k at
w € U then the k-linear mapping d*F is symmetric.
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Proof. The proofis by induction. First let k& = 2. Since F is twice differentiable
at u, I is differentiable on an open ball B(u,r) C U for some r > 0. For
x1,w2 € X such that [|z1]] < r/2 and ||z2]] < r/2, let

A(zy,29) := Flu+ a1 +x2) — Flu+ 1) — F(u+ 22) + F(u).

Next we show that the difference between d?F(u)(x1,22) and A(xq,x2) is
o((||[z1|| + [|lz=21)?) as ||z1]| + ||x2]] — 0. For € X such that ||z —u|| < /2, let
Gy, (z) = F(z+z1)—F(z). Then G, is a differentiable mapping of B(u,r/2)
into Y. By (5.3) in the mean value theorem, we have for any C € L(X,Y),

HGm’l (U + IQ) - Gml (U) - DGIl (U)IQH
< @2 sup ||DGa, (u+ tas) — DGy, (u)||
0<t<1

< |lza|l sup [[(DGy, (u+ txs) — C) = (DGy, (u) — O
0<t<1

< 2||@s|| sup ||DGa, (u+ tas) — C||.
0<t<1

Take C' = D?F(u)(x1). Recall that d*F(u)(z1,22) = D*F(u)(z1)(z2) =
C(z2) by (5.23) with k£ = 2. Thus

1A, 22) - <><x1,x2>u
Hleu—i—xg) G, (u) — DGy, (u)as||
+1[DGa, (w) = D?F () ()] (z2) | (5.25)

< 3|l@z|| sup ||DGa, (u+ tas) — D*F(u)(21)||.
0<t<1

For each t € [0,1], since D?*F(u)(:): X — L(X,Y) is linear, we have

DG, (u+ txy) — D*F(u)(x)
= [DF(u+ z1 + tz2) — DF(u) — D*F(u)(z1 + tz2)] (5.26)
— [DF(u+ tzs) — DF (u) — D*F(u)(tx2)).

Let € > 0. Since DF is differentiable at u there is a § < /4 such that
HDF(u +2) — DF(u) — D*F(u)z|| < €|z
for each x € X with ||z|| < §. Thus by (5.25) and (5.26), we get the bound
[ A1, 22) = d*F(u)(w1, 22) || < el (2]l + 22

whenever ||z1]| + ||z2]] < d. Since A(z1, z2) = A(ze, z1), interchanging z; and
x2 in the preceding bound, it follows that

[A(@1, 22) — d*F (u) (w2, 21)|| < 3efla || ([lz2]l + 2] )
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whenever ||| + [|z2] < J. The preceding two bounds yield the inequality

HdQF(u)(xl,xg) - dQF(U)(IQ,Il)H < Ge(Hle + ||x2||)2 (5.27)

for each x1,22 € X such that ||a1]] + ||2]] < §. Since d®F(u) is bilinear,
inequality (5.27) is homogeneous of order 2, and so it holds for arbitrary
x1,w2 € X. Thus letting € | 0, d2F(u)(z1,22) = d2F(xq,11) for any 1,29 €
X, proving the conclusion for k& = 2.

Now suppose that k > 2 and d*~!F(v) is symmetric for all v € B(u,r)
for some r > 0. Thus for x3,...,zr € X, we have for any permutation 7 of

{2,...,k},
A" F(0)(2ra)s - - Tr(k)) = d* LR () (z, ..., xp).
Then by Corollary 5.26, we have
d*F(u)(z1, Tr(2)s - Tr(k)) = d*F(u)(z1, 9, ..., 21) (5.28)

for any x1,x2,..., 2, € X and any permutation 7 of {2,...,k}. Let G(z) :=
d*=2F(x)(x3,...,21) for x € U and z3,...,7, € X. The first derivative
DG: U — L(X,Y) exists by Corollary 5.26 and is given by

(DG)(x)(w) = d* ' F(z)(w, x3, ..., x1)

for any z € U and w € X. We claim that the second derivative D?G(u) exists
and satisfies, for any 1,22 € X,

D2G(u) (1) (x2) = A2G(u) (1, 22) = d*F(u) (1, 22, x3, . .., 2p).
Indeed, since F is differentiable of order k at w, letting M := H§:3 |21l
|DG(z) — DG(u) — d*F(u)(x — u, -, x5, ..., o)l Lx,y)

< MId*F(z) - F(u) = d*F(u) (& -, )l s,y = ol — ul])

as ¢ — u by (a) = (b) of Proposition 5.25, proving the claim.
By the first part of the proof, we have

d"F(u) (21, 22, 23, . ., x1) = AG(u) (21, 22) = A2 G(u) (22, 71)

X (5.29)
=d"F(u)(xe,x1, 23, ..., Tk).

Now the symmetry of d* F(u) follows from (5.28) and (5.29). The proof of the
theorem is complete. O

A mapping F is called a C* function on U C X if the derivatives of F
through order k all exist on U and are continuous. A mapping F’ is called a
C® function on U C X if it is a C* function for each k.
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Theorem 5.28. For a normed space X, a Banach space Y, and u € X, let
Ym0 Pl (x — ) be a power series around u from X toY whose radius of
uniform convergence is p, > 0, and let F(x) be its sum for x € B(u, p,). For
eachm > 1, let L™ € Ly(™X,Y) be such that P = (L"), and let p be defined
by (5.16). Then F is a C* function on B(u,p), and for each v € B(u,p) and
n>1,

d"F(v) =nlL} + Z m(m—1)---(m—n+1)L"v—u)®""" (5.30)

m>n+1
In particular, LT = d"F(u)/n!.

Proof. The proof is by induction. Let v € B(u,p). By Theorem 5.21, for each
z € B(v,p—||v—ul)), we have F(z) = F(v)+>_,~, P¥(x—v), where each PF
is given by (5.17) and the power series >_,~, P¥(z —v) has radius of uniform
convergence p, > p — ||[v —u|. If 0 < r < p — ||v — ul|| then by Theorem 5.10,
the series >, <, [|[P¥||r* converges. Letting Cy := sup{||P¥|r*: k > 2} < oo,
if ||& — v|| < r, we have

|F(2) = F(v) = Py(z —v)|| < Y IPF] [« - vl*
k>2
Cillz — v

= m = o(||z —vl])

as ||z —v|| — 0. Thus F is differentiable at v and its derivative D'F(v) is
given by (5.17) with k = 1. Since v € B(u, p) is arbitrary, F' is differentiable
on B(u,p) and (5.30) holds with n = 1.

Suppose that for some n > 1, F has an nth differential on B(u,p) and
(5.30) holds. Recalling the definition (5.5), for each integer m > 1 and
(T1,...,2m) € X™, let

K" (z1, ..., Tm)
i (5.31)
=m+n)(m+n—-1)---(m+ 1)L (x1,...,2m) € L("X,Y).
Let K" := K»" since n is fixed for the present. It is clear that each

K" is a bounded symmetric m-linear mapping from X™ to L("X,Y). Let
K" := (K") be the m-homogeneous polynomial corresponding to K. By
the Cauchy-Hadamard formula (Theorem 5.10), we have

r m . m 1
lim sup HK;”HU < lim sup {(m +n)---(m+ 1)||P11"+"H}1/ = —.
m— 00 m— 00 p'U.
Again by Theorem 5.10, it follows that the power series Y, o, K™(x — u)
around u from X to L("X,Y) has radius of uniform convergence > p,. By
(5.30) with # = u, d"F(u) = n!LI, and so by a change of index of summation,
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d"F(z) —d"F(u) = > m(m—1)-(m —n+ 1)L} (x —u)®™"
= Z K™(z —u).

m>1

Let v € B(u,p). By Theorem 5.21 with d"F in place of F and L("X,Y) in
place of Y, for each x € B(v,p— [l[v—ul|), we have d"F'(z) = >, -, Qk(x—v),
where Q% = d"F(v),

Qi =i+ X () KD - 0t € POLLOXY)

for each k& > 1, and the power series ), - Q%(x — v) has radius of uniform
convergence p, > p — ||[v — ul|. In particular, for the term with k& = 1 and for
each x € X, we have by (5.31)

Qu() )+ Ym0 —w) " @) = Lyt (- --) € L("X,Y),

m>1

where L' € L(""1X,Y) is defined by

(n+ DI 4 Z m(m+1)---(m4n) L™ (v —u)®m!

m>2

=(n+ 1)!LZ+1 + Z k(k—1)---(k— n)fov _ u)@k—n—l.
k>n+2

As in the case n =1, for 0 < r < p— ||v —ul, letting C,, := sup{||Q¥||7*: k >
2} < o0, if ||z —v|| < r, it follows that

C’n—2
|4 Fz) — d"F () — @1z — )| < 1@ 1o — of* < —lz =2l

k>2 r(r =z —vl)

and the right side is o(||x — v||) as |z — v|| — 0. Thus by Proposition 5.25, F'
is differentiable of order n+1 at v and d"*'F(v) = L?*!. Since v € B(u, p) is
arbitrary, d"F is differentiable on B(u,p) and (5.30) holds with n replaced by
n + 1. Since differentiable functions are continuous, it then follows that each
d™F' is continuous. By induction, F' is a C* function on B(u,p). The proof
of Theorem 5.28 is complete. O

Let X and Y be Banach spaces and U a connected open subset of X. A
mapping F': U — Y has a Taylor expansion around a point u € U if there
exists a power series Y, -, P¥(z —u) around u from X to Y which converges
to F uniformly on a ball B(u,r) C U for some r > 0. By Theorem 5.10, the
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power series converges absolutely on a neighborhood of u, and so it is unique
by Theorem 5.9. Moreover, by Theorem 5.28, for x € B(u, p), where p > e~ 7,

F@) = Fu) + Y %dkF(u)(m _ u)®k, (5.32)

E>1

The right side will be called the Taylor series of F around u. We have P¥ =
(d*F(u)J/k!, and so the Taylor series has a form as in the one-dimensional
case. A mapping F': U — Y is analytic on U if F has a Taylor expansion
around each point of U.

A sum of a power series around u with p, > 0 is analytic on B(u,p) for
some p > 0, as follows from Theorem 5.21:

Corollary 5.29. For a normed space X, a Banach space Y, and u € X, let
Y om0 Put(x — u) be a power series around u from X toY whose radius of
uniform convergence is p, > 0, and let F(x) be its sum for x € B(u,py).
Then F is analytic on B(u,p), where p > e 1p,.

The following compares analyticity with B-analyticity as in Definition 5.17.

Theorem 5.30. Let U be a nonempty connected open subset of a unital Ba-
nach algebra B. Then

(a) any B-analytic function F from U into B is analytic from U into B, and
for each u € U, its B-Taylor series (5.14) is its Taylor series around u;
(b) if (5.14) holds whenever ||x — ul|| < r, then for the radius p, of uniform
convergence, p, > r, and F has a B-Taylor series around x with p, >
pu— & —ul|.
Proof. For each k, X 3 z +— hjx* = P¥[h;](z) is a k-homogeneous polynomial
as defined before Lemma 5.13, and so (5.14) is a power series around u from
B to B. By Theorem 5.18, (5.14) converges uniformly on some neighborhood
of u, and so (a) holds.
For (b), by Lemma 5.13 we have || P*[h;]|| = ||hx||. Thus p, > r by Theo-
rems 5.18 and 5.10, proving the first part of (b). The second part follows from
Theorem 5.21(b) and Corollary 5.23(d), proving the theorem. ad

Analytic continuation

Here we prove that an analytic function from an interval in R into a Banach
space can be extended to a holomorphic function on an open subset of the
complex plane. We begin with several lemmas.

Lemma 5.31. Let Y be a Banach space and let ), - cxth be a power series
from R toY around 0, identifying P*(R,Y) with Y for k = 0,1,..., where
forceY, P e P*IR,Y) is defined by P(t) = t*c. Suppose that the power
series converges to g(t) on a ball B(0,r) with radius r > 0. If there is a ¢, # 0
then there is a 0 < g < r such that g(t) # 0 for 0 < |t| < q.
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Proof. Let k be the minimal integer such that cx # 0. Then g(t) = t*(cx +
o+ 4 Cpgnt™ + -+ ) and the series ) ., cppnt” converges, say to h(t), for
t € B(0,7). The sum h is continuous by the proof of Proposition 2.96 with C
replaced by R. Since h(0) = ¢ # 0, there is a 0 < ¢ < r such that h(t) # 0
for t € B(0, q), proving the lemma. O

Lemma 5.32. Let X, Y be Banach spaces, and let f be an analytic function
from a convex open set U C X into Y. If f is equal to O on a nonempty open
subset of U then f =0 on U.

Proof. Let V be an open subset of U such that f =0on V, let v € V, and let
u be any point in U. Since the segment joining v and w is included in U, the
function g(t) := f(v+ t(u —v)), t € [0,1], is defined and analytic on an open
interval including [0, 1]. Let D be the set of all ¢ € [0,1] such that g(s) = 0
for 0 < s < t, and let d := sup{t € [0,1]: t € D}. By assumption, d > 0.
Suppose d < 1. Since g has a Taylor expansion around d, there is a Taylor
series Y, o, cx(t —d)* which converges to g(t) for t € B(d, €) and some € > 0.
If all ¢, = 0 then g(¢) = 0 for t < d + €, a contradiction. If there is a ¢; # 0
then g(t) # 0 for some 0 < ¢t < d by Lemma 5.31, again a contradiction. Thus
d =1, and so f(x) = 0, proving the lemma. ]

Theorem 5.33. Let X, Y be Banach spaces, let U be a connected open subset
of X, and let f be an analytic function from U into Y. If for some uw € U, f
s zero on a neighborhood of u, then f =0 on U.

Proof. Let A be the interior of the set of all x € U such that f(z) = 0. Then
A is open and nonempty by assumption. We prove that A is also closed in U,
and so equal to U since U is connected. Let u € U be a limit point of A. Since
f has a Taylor expansion around wu, there is an open ball B(u,r) C U with
center u and radius r > 0, so that f is analytic on B(u,r). The intersection
B(u,r) N A includes another open ball V' such that f(x) = 0 for z € V. By
Lemma 5.32, f(z) =0 for « € B(u,r), and so u € A, proving the theorem. O

Theorem 5.34. Let X, Y be complex Banach spaces, and let R be a real
vector subspace of X such that the complex subspace R. := R + iR is dense
in X. If f and g are analytic on a connected open set U in X, and f =g on
some nonempty set V.C U N R, relatively open in R, then f =g on U.

For the proof we need the following lemma:

Lemma 5.35. Let R be as in the preceding theorem, and let for some k > 0,
P € PE(X,Y) be such that P vanishes on R. Then P = 0.
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Proof. We can assume that k > 2. Let L € Ly(*X,Y) be such that P = L,
that is, Px = La®* for all z € X. By the binomial formula (5.8), we have

k
P(z +iy) = L(z +iy)® Zl ( )Lx®k_l ® y®!
=

for z,y € X. Since P = 0 on R, by the polarization Theorem 5.6, L = 0 on
RF, and so P(x +iy) = 0 for all 2,3y € R. Thus P = 0 on the dense set R, in
X. Since P is continuous, P = 0, proving the lemma. O

Proof of Theorem 5.34. It is enough to prove the theorem with g =0
onU.Letue V,andlet ), ., P be a power series representation of f on an
open ball B(u, p) C X for some p > 0. By Theorem 5.10, the series converges
absolutely on B(u, p). Since f =0 on V C R, by Theorem 5.9, P¥(x) = 0 for
allz € Rand k =0,1,.... By Lemma 5.35, P¥(z) =0 forallz € R, = R+iR

and £ = 0,1,..., and so f is zero in a neighborhood of w in X. This proves
that f = 0 on U by Theorem 5.33. The proof of Theorem 5.34 is complete.
O

Now we are ready to prove that an analytic function on an open interval
extends to a holomorphic function on an open subset of C.

Theorem 5.36. LetY be a complex Banach space, let U be a nonempty open
interval in R, and let f be an analytic function from U into Y. Then there
are an open connected set V. C C such that V NR = U and a holomorphic
mapping g from V into Y such that g = f on V.

Proof. For each k = 1,2,..., we identify P*(R,Y) with Y as in Lemma
5.31. Let w € U. There is a sequence {c;}r>0 C Y and r > 0 such that
f(x) =Y 72 ck(z—u)* and (by Theorem 5.10, or directly) the series converges
absolutely and uniformly for € R and |z—u| < 7. Let A, :={z € C: |z—u| <
r} and Q, = A, NR. Then the power series >, ck(z — u)* converges
absolutely and uniformly on A, by Theorem 5.10. Let g, be its sum on A,.
If u,v € U are such that A, N A, # 0 then also Q, NQ, = (A, NA,)NR #£
and we have g, = g, = f on Q,NQ,. Since A, NA, is connected, by Theorem
5.34, g, = g, on A, N A,. Take V := U,cy A, and define g to be equal to g,
on each A,. Clearly V is connected. Since g has a Taylor expansion around
each point of V' by Corollary 5.23(e), g is analytic on V and agrees with f on
U. The proof is complete. O

Uniformly entire mappings

A function of one complex variable is called entire if it is analytic (holomor-
phic) on the complex plane. It then has a Taylor series around any point,
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converging on the whole plane, uniformly on bounded sets. This is no longer
true for power series on an infinite-dimensional space as the following shows.

Example 5.37. As in Example 5.12, let F': #2 — R be defined by F(z) :=
Y poq(@g)* for each = {z;};51 € (2. For any u = {u;};>1 € %, by the
binomial formula, we have

by (R e -
F(m):F(u—i—x—u):Z(uk—i-xk—uk) =ZZ<]->“1< (2 — up)’.

k>1 k=1 j=0

For any fixed w, the double series converges absolutely and uniformly for
|2 —ull < pprovided 37, -, (Juk|+p)" < co. The latter holds if and only if p <
1. Then the series can be rearranged so that F(z) = F(u) + 3,5, Pl(x —u),
where for each j > 1,

Pi(e—u) = i <’;)u§j<xk )

k=j

This gives the Taylor series of F' around u with radius of uniform convergence
pu > 1. For 1 =1,2,..., letting xfc =wur+1if k=1and xfg =y if k #1,
we have that 2! = {2} },>1 € % with [|2! — ul| = 1 and D Pi(z! —u) =
Pl(z! — u) = 1. Thus the power series D i1 PJ(z — u) does not converge
uniformly on the closed ball B(u, 1), and so p, = 1 for any u € ¢2.

A mapping F': X — Y will be called uniformly entire on X if F' is analytic
on X with infinite radius of uniform convergence of its Taylor series around
any point of X. It is equivalent, by Theorem 5.21, that its Taylor series around
0 has infinite radius of uniform convergence.

Composition of analytic functions

We will prove that a composition of analytic functions between Banach spaces
is analytic. Let X and Y be Banach spaces and for k = 0,1,... let P* ¢
P*(X,Y) be a continuous k-homogeneous polynomial. Let P := {P*}?°
and pp := 1/limsup,_ . ||P*||"/*, which by (5.11) is the radius of uniform
convergence of the power series Y-, P*(x) around 0, or of Y7 ) P*(z — u)
around u for any u € X. Also let L*F € Ly(*X,Y) be a continuous symmetric
k-linear map for each k = 1,2,..., let LY be any element of Y, and let £ :=
(L1}, Let 5, = 1/limsup,_ . || LF||*/*, as in (5.16). If P* = (L*) for
each k > 1 and P° = LY € Y then a power series around any v € X can be
written in two equivalent ways, Yoo P*(z —u) = 3,50 L¥ (2 — u)”¥, where
Loz — w)? := LY € Y. Its radius of uniform convergence is pp. We have
| P*|| < ||L¥]|| for all k, so p, < pp. Conversely it was shown in Theorem 5.21
that p, > pp/e.
Here is a fact about composition of analytic functions.
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Theorem 5.38. Let X, Y, and Z be three Banach spaces. Let & € X with
¢ e U, a connected open set, and let F' be an analytic function from U into a
connected open set V- C Y. Let F' have the power series around &

where P* € P*(X,Y) and the series has radius of uniform convergence pp >
0. Let n := F(§) € Y. Let G be an analytic function from V into Z, with
power series around n given by

Gly)=>_ B(y—ny

Jj=0

where BY € Ly(?Y, Z) for each j, and let this series also have radius of uniform
convergence pg > 0 where @ = {(B’)};>0. Then for some r with 0 <1 < pp,
there exists an M with 0 < M < pg for B = {B’};>o such that

S 1Pt < M. (5.33)
k=0

For any such r and M, F restricted to a ball B(§,r) takes values in another
ball B(n, M), the composition GoF from B(&,r) into Z is analytic, and its
power series around £ has radius of uniform convergence at least r.

If F and G are uniformly entire from X into Y andY into Z respectively,
then GoF is uniformly entire from X into Z.

Proof. Let ¢(u) := F(§ 4 u) — F(§) for all w € X such that { + w € U. Then
¢ is defined and analytic on a neighborhood of 0 and has the power series
P(u) = Y7, P¥(u) around 0. Let 1 (v) := G(n+v) — G(n) for all v € Y such
that n 4+ v € V. Then ¢ is defined and analytic on a neighborhood of 0 in Y
and has the power series ¢(v) = -7 B/v/ around 0. The hypotheses hold
for ¢,1,0,0 in place of F, G, &, n respectively, with the same P* for k > 1, the
same B7 for j > 1, and so the same pp and pg. Suppose the conclusion holds
also. We would then have a power series (¢o¢)(u) = > 2, 7'(u) for some I-
homogeneous polynomials 7! from X into Z, where the series has convergence
properties as stated. Substituting, we would then get

G(F(x)) = G(F(E)+ Y w'(x—¢)
=1

for ||z — ¢|| < r, with the same polynomials 7! for [ > 1. Thus we can assume
that £ =0in X and n=01in Y.

Next, here is a lemma for power series in real variables.
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Lemma 5.39. Let 1 > 0 and a; > 0 be real numbers and set f(u) =
S, aul. Assume that the series converges for all real u with |u| < r. Then
forany i =2,3,..., f(u) =312, ¢jul where all cj; > 0 and the series also
converges for |u| < r. We have a finite sum

J J
cjl = Z{Halm: Im > 1, Zlm:l}. (5.34)
m=1 m=1

The lemma is straightforward to prove (the sum has at most I/ terms).
We return to the proof of the theorem.

Since 0 < r < pp, the series f(r) := >, =, || P¥||r*¥ converges. Recall that
P > po/e > 0. We have f(r) | 0 asr | 0. Thus for any M with 0 < M < pg,
there exists r > 0 for which f(r) < M. Fix such an M and r.

We have for ||z|| < r that F(z) = Y2, P*(z) is uniformly and absolutely
convergent, with the norms of terms dominated termwise by the terms of the
series of nonnegative numbers >, | ||P*|r* < M.

The series )2 B’y is absolutely convergent uniformly for y with ||y <
M, in particular for y = F(x) with ||z|| < r. Moreover, in each term B’ F(z)7,
if we substitute in F(z) =", P*(z), we will get, due to the boundedness of
B, a convergent infinite series of terms of the form B?(P"(z),...,P%(x)),
such that the sum of the norms of all these terms is bounded above by
|B7||M7. Further, when we sum over j, we again get a convergent sum of
norms because M < pg. Thus we get by dominated convergence a series con-
verging absolutely to G(F(z)) in Z. In the whole sum, for any given finite
degree [ in x, there are only finitely many terms of that degree, since such
terms occur only for 7 <[ and k < [. Specifically, for each [ > 1 let

l J
7' (x) ::ZZ{Bj(Pil(x),...,Pij(x)): im > 1 forall m, Zim:l}.

m=1

This is a finite sum (although with many terms for large 1), and so a poly-
nomial. For each j, its terms correspond one-to-one to terms in (5.34). Tt
is the sum of all terms homogeneous of degree [ in the series for G(F(x)).

Each term in the sum has norm at most ||B7[| [T/ _, [|P* ||r!. Now we apply
Lemma 5.39 to the function f(u) = Y2, || P'[|u, so that f(r) < M and for
each j =1,2,..., f(r) < MJ. Then in the lemma,

J j
cj1 = Z{ H | PP = 4, > 1 for all m, Z i = l},
m=1 m=1

This implies the bound ||x!|| < 2221 |B7||cji. We want to show that

oo, |I7t[rt < oo. For each fixed j, we have by Lemma 5.39 that ;= ¢;;r! =
f(r)) < MJ. Then, 32, ||BY||M7 < oo because 0 < M < pg. So indeed,

Sz 7t < co. Thus the series G(F(z)) = Y ;2 n'(z) is absolutely and
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uniformly convergent for ||z|| < r, with values in Z. The conclusions follow.
O

5.3 Taylor’s Formulas

Here we prove a Taylor’s formula with integral remainder (Theorem 5.42) for
a smooth function on an open subset U of a Banach space X with values
in another Banach space Y. Then a criterion for analyticity, Theorem 5.43,
will follow. In this section for functions f: [0,1] — Y and 6: [0,1] — R, the
integral

/0 F(t)d0(t) == (RS) /0 £-do

is defined as an element of Y using the natural bilinear mapping B: Y xR —
Y, provided the Riemann—Stieltjes integral is defined.

Lemma 5.40. Let X, Y be two Banach spaces, U an open subset of X, and
F' a continuously differentiable mapping of U into Y. If the segment joining
u and u + x is included in U, then

F(u—l—x)—F(u):/OIDF(u—i—tx)xdt.

Proof. Let ¢(t) := u + tx € U for all ¢ in an open interval V' C R including
[0,1], and let G be the composition Fo¢, defined from V into Y. By the chain
rule for differentiation of a composition (Theorem 5.1), DG(t) = DF(u +
tx)oD(t) for each t € V, and so G is a continuously differentiable function
on V. By (5.3) in the mean value theorem, for 0 < s <t <1,

|G(t) = G(s) — DG(s)(t — s)|| < (t —s) sup |[[DG(s) — DG(v)].

s<v<t

Since DG is continuous on [0,1], given ¢ > 0 there is a 6 > 0 such that
Osc(DG; [s,t]) < € whenever t — s < ¢. Therefore using telescoping sums, it
follows that

|G(1) = G(0) — Srs (DG, do; 7)|| < 2¢

for each tagged partition 7 of [0, 1] with mesh |7| < §, where 0(t) = ¢. Thus

Fu+z)— F(u) =G(1) — G(0) = /01 DG(t)dt = /01 DF(u + tx)xdt,

as desired. O
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First, we prove the Taylor formula in the case when X = R and U is an
open interval. Let F' be a function from U to Y, differentiable of order n at
u € U. Since X =R, for each k = 1,...,n, we identify L,(*R,Y) with Y via
y < L¥[y] defined by LF[y](t1,...,tx) :=t1 ---t1y. So there exists hy(u) € Y
such that d* F'(u) = L¥[hy(u)]. In this case, we let

d*F(u) == d*F(u)(1,...,1) = hg(u). (5.35)

The Taylor polynomial T,,(-) of F around u of order n is defined by

=
)
I
=
E
4
(]
| —
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=
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>

k=1

for each x € R. In this case Taylor’s formula with an integral remainder is
given by the following theorem.

Theorem 5.41. Let U be an open interval in R, let Y be a Banach space,
and for some integer n > 1, let F' be a C™ function on U with values in Y .
Then for any pair of numbers u and u+ = in U, we have

Flu+zx)—Ty(x) = /01 [d"F(u + to) — d"F (u)] 2™ df,(t), (5.36)

where 0, (t) := —(1 —t)"/n! for t € [0, 1].

Proof. The Riemann—Stieltjes integral in (5.36) exists since the integrand is
continuous and 6,, is smooth. The proof of the equality in (5.36) will be by
finite induction in k = 1, ..., n. Suppose that k£ = 1. By Lemma 5.40, it follows
that

Flu+xz)—Ti(z) = Flu+2z) — Fu) —d'F(u)x
1
= / [d'F(u+ tz) — d'F(u)]z dt.
0
Thus, (5.36) holds with n = 1. Suppose that (5.36) holds for some integer

1 <k < n instead of n. We then have (recalling Theorem 2.80 on integration
by parts)
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Fu+x) — Tk(x)

— /1 [d¥F(u+ ta) — d*F(u)] 2" dx(t)
0

1t
= / / (D(d*F))(u + sz) ds dfy (t)z**1 by Lemma 5.40
o Jo

) 1
- ek/o (D(d*F))(u + sz) ds .

integrating by parts
1 ¢
—/ Hk(t)d</ (D(d*F))(u + sx) ds) oF e (2.77)
0 0
1
=— / 0 (t)(D(dA* F)) (u + tz) dt 2*1 by Proposition 2.86
0
1
= / (A" F) (u + to)a T dOy 1 (t) by Proposition 5.25
0
since Ogy1(t) = — [3 Ox(s)ds for t € [0,1]. Tt then follows that

Flu+x) = Ti1(z) = Flu+2) — Ti(z) — /0 d* L P (u) 2 by (1)

1
_ / [ F(u + tr) — AL (u)] 2% A (1).
0

Thus (5.36) holds with &k + 1 instead of n whenever it holds with k instead of
n. The proof is complete by induction. O

Let X,Y be two Banach spaces, U an open subset of X, and for a positive
integer n, G: U — Y a function differentiable of order n at u € U. Let T, (+)
be the Taylor polynomial of G around u of order n, that is, for each z € X,

To(2) = Gu)+ Y %de(u)a@k.
k=1

The following extends the Taylor formula with an integral remainder of the
preceding theorem to a Banach space X.

Theorem 5.42. Let X, Y be two Banach spaces, let U be an open subset of
X, and for some integer n > 1, let G be a C™ function on U with values in
Y. If the segment joining u and u + x is included in U, then

Glu+z)—Ty(x) = /01 [d"G(u + to) — d"G(u)|x®™ b, (1), (5.37)

where 0,,(t) :== —(1 —t)"/n! for t € [0,1].
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Proof. The Riemann—Stieltjes integral in (5.37) exists since the integrand is
continuous and 6, is smooth. Let ¢, (t) := u + tx € U for all ¢ in an open
interval V including [0, 1]. To prove (5.37) we apply (5.36) to F(t) := G(u +
tr) = Gog,(t), with ¢ € V. By the chain rule (Theorem 5.1), using finite
induction in k =1,...,n and (5.35), it follows that F' is a C™ function on V'
and

d"F(t) = D*F(t)(1)--- (1) = D*G(u + ta)(x) - - (x) = d"G(u + ta)z®*
for k =1,...,n. Thus by (5.36), it follows that
"L d*F(0)

G(u+x) = F(1) = F(0) +Z I +/ [d"F(t) — d"F(0)] d6,(t)
k=1 0

=Tu(z)+ /01 [d"G(u + tx) — d"G(u)]z®" db, (1),

proving (5.37). The proof of Theorem 5.42 is complete. |

Next, necessary and sufficient conditions will be established for a function
to have a Taylor expansion around a point. A condition related to condition
(b) below was used in Corollary 5.11 to characterize uniform convergence of a
power series.

Theorem 5.43. Let X, Y be two Banach spaces and let U be a connected
open subset of X. A function F': U — Y has a Taylor expansion aroundu € U
if and only if there exist constants ¢ > 0 and r > 0 such that

(a) F is a C* function on the open ball B(u,r);
() [[d"F(x)|| < e™nl for x € B(u,r) andn =1,2,....

Then the Taylor series converges uniformly and absolutely on B(u,p) when-
ever 0 < p<1l/candp<r.

Proof. First suppose that F' has a Taylor expansion around v € U. There-
fore there is a power series around u from X to Y whose radius of uniform
convergence is p, > 0 and F(z) is its sum for « € B(u, p,). Let p be defined
by (5.16), and let r := 5/2. Then r > p,/(2¢) > 0 by Theorem 5.21 and (a)
follows by Theorem 5.28. By statements (b) and (c) of Theorem 5.21, for each
v € B(u,r), there is a power series ) ., PJ'(x — v) converging to F(x) for
each z € X such that || — v|]| < P — ||v — u/|, and having radius of uniform
convergence p, > p —r = r. By Theorem 5.28 applied to the power series
Y onso Pt —w) for v = u, (A"F(v)) = n!P}’ on X for each n > 1. Therefore
using (5.10), (5.11), and Stirling’s formula, for each such v,

d"F 1/n ™| PN/
L S

lim sup (
n! n! Do

n—oo

< < 0.

n—oo

2e
7
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Thus there is a finite constant ¢ such that [|d"F(v)|/n!)*/" < ¢ for all n > 1
and v € B(u, ), and so (b) follows.

To prove the converse implication let (a) and (b) hold for some constants
c > 0 and r > 0. We can assume that ¢ > 0 since otherwise F' is a constant
function. By (a) and Theorem 5.42, for each integer n > 1, Taylor’s formula
with an integral remainder (5.37) holds with U = B(u,r). Let n > 1 and
lz]| < r. By Proposition 2.13, using the bound (2.84) for the RS integral,
since v1(6,,) = 1/n!, we have

_ 6l

|F(u+ z) = Tn(2)|| sup ||d"F(u + tz)|| < 6(rc)"

n! o<i<i

for each n > 1. For any p such that pc < 1 and p < r, it follows that the
power series F(u) + > <, (d"F(u)/n!)z®" converges to F(u + x) absolutely
and uniformly on B(u, p), proving the “if” part and the last conclusion, and
hence proving the theorem. O

Let X, Y be two Banach spaces, U an open subset of X, and G: U — Y
a function differentiable of order n at w € U. For x € X such that u+x € U,
the remainder in Taylor’s expansion of G around u of order n is defined by

"L ARG (u)x®*
Remg (u,z) == Glu+ ) — Th(z) = Glu+ ) — G(u) — Z %
k=1

If G is a C™ function on U, then the Taylor formula with an integral remainder
holds by Theorem 5.42, which implies that ||Rem¢ (u, z)|| = o(||«]|™) as ||z| —
0. The next theorem gives the same order of smallness but requires only
differentiability of order n at w.

Theorem 5.44. Let X, Y be two Banach spaces, let u be an element of an
open subset U of X, and let G: U — Y be a function differentiable of order
n at w. Then ||Rem¢ (u, z)|| = o(||z||™) as ||z| — 0.

Proof. If n = 1, then the conclusion holds by the definition of Fréchet differ-
entiability of G at u. Suppose that n > 1 and that the statement holds when
n is replaced by some m, 1 < m < n. It will be proved to hold for m + 1. Let
r > 0 be such that B(u,r) C U and G is differentiable of order m on B(u,r).
For each x € B(0,7), let R(z) := Rem; "' (u,z) € Y. It will be shown that
R is differentiable on B(0,r) with derivative DR(z) = L(z) € L(X,Y) for
x € B(0,r), where
m+1 1
L(z)() := DG(u+)(-) = DG(u)(-) = Y —=d"G(w)z®" " @ ().
= (k—1)!

Let z € B(0,r)\ {0}. For each y € B(0,r) such that x +y € B(0,r), we have
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[R(z +y) — R(z) — L(z)(y)|
<l Glu+z+y)—Gu+xz)— DG(u+ z)(y)|
m+1
+ Z %Hde(u){(l’ + y)®k B ) y}”
k=2

The sum on the right side is of order O(||y||?) = o(||y||) as ||y|| — O by the
binomial formula (5.8), and the first term on the right side is of order o(||y||)
due to differentiability of G' at u + x. Thus R is differentiable on B(0, ) with
the derivative DR = L.

Up through the next display, all derivatives D, ..., D* and differentials
d,...,d* ! are with respect to the variable u. Derivatives D can be inter-
changed with evaluations at points x or x,x1,Z2,...,25_1 by the chain rule,
Remark 5.2, since the evaluations are bounded linear operators. We claim
that d*G(u)(z,...) = d*"1(DG(u)(z)) holds in L(*1X,Y) for each z € X
and kK =2,...,m+ 1. Indeed for any x1, ...,z in X, using the definitions of
d*G(u) in (5.23), D*G(u), and (5.22), we have

d*G(u)(zy, ..., x1)
= D*G(u)(21)(22) -~ (w) = D[--- DIDG (u) (1)) (x2) - ](x)
= D* DG (u)(x1))(x2) - (2x) = d* 7 [DG(u)(x1)] (w2, - .. ),

proving the claim. Therefore we have L(z) = Rem}p(u, ). Since DG is dif-
ferentiable of order m at wu, | DR(z)|| = o(||z|™) as ||z|| — 0 by the induction
assumption. By (5.2) in the mean value theorem, for z € B(0,r) \ {0}, we
have

[Rem@ ™ (u, z)|| = || R(x)] = || R(z) — R(0)]
<|lz|| sup [|DR(tz)|| = o|lz]™*)
te[0,1]

as ||z|| — 0, proving the conclusion with m replaced by m + 1. The theorem
is proved by induction. O

5.4 Tensor Products of Banach Spaces

Given Banach spaces X and Y over K, we have the Banach space M(X,Y) :=
M (X, Y; K) of bounded bilinear maps from X x Y into K, defined just before
Theorem 5.4 with the norm (5.4). For eachx € X,y € Y, and L € M(X,Y),
let (z ® y)(L) := L(x,y). Then clearly z ® y is in the dual Banach space
M(X,Y)" with the dual norm [z ® y||" < |[z||[|y||. Define the tensor product
X ®Y as the linear subspace of M(X,Y")’ spanned by all such z ® y, i.e. as
the set of all finite sums > | z; ®y;, 2, € X, y, €Y, n=1,2,....
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Beside the most obvious norm from the present approach, namely the dual
norm || - ||" in M(X,Y")’, other norms can be defined on X ® Y. One is what
is called the projective tensor product norm: for eachv € X ® Y, let

n n
o]l == inf{ZHxiHHyiH: v=Y 20y, zi€X, yi €Y, n:1,2,...}.

i=1 i=1

(5.38)
It is easily checked that ||v]|" < ||v]|x for all v € X ® Y and that || - || is a
seminorm, thus a norm since | - || is on M(X,Y)".
5.5 Notes

M. Fréchet defined Fréchet differentiability in 1925 ([68] and [69]) and proved
the chain rule for it. A. E. Taylor [230], in a survey of Fréchet’s work in
analysis, discussed historical precursors of Fréchet’s work.

The chain rule and the mean value theorem (5.2) are Theorems 8.2.1 and
8.5.4 in Dieudonné [42], respectively.

Notes on Section 5.1. The polarization identity of Theorem 5.6 is Theo-
rem 4.6 in Chae [32]. Bounds for norms of k-homogeneous polynomials as in
Theorem 5.7 are given in Theorem 4.13 in [32]. Uniqueness of power series
as in Theorem 5.9 is given in Theorem 11.10 in [32]. The Cauchy-Hadamard
formula of Theorem 5.10 is Theorem 11.5 in [32].

A. Mazur and W. Orlicz in 1935 [163] defined polynomials of degree k in
real normed spaces. A historical discussion of different concepts of polynomials
in real and complex normed spaces is given in Taylor [229].

An early proof of Corollary 5.23(e) was by Banach in 1938 [9]. Several
other authors either discovered the fact independently, perhaps even earlier,
or gave other proofs. The proof given is from Bochnak and Siciak [20]. They
attribute it to S. Lojasiewicz.

Notes on Section 5.2. The higher order derivatives of mappings between
normed spaces are elements of L(X, L(X,Y)), L(X, L(X, L(X,Y))),.... Usu-
ally (e.g. [42], [32]) these derivatives are identified with multilinear mappings
using the natural isomorphism between spaces L*(X,Y) and L(*X,Y) de-
fined by (5.22). Alternatively, the kth differential can be defined directly by
induction as follows. Let X, Y be Banach spaces, U an open subset of X, and
F: U — Y. Let d'F := DF where it is defined, as usual. Suppose that for
some k > 1, the kth differential of F' is defined in a neighborhood of x € U
as a k-linear mapping d*F(y) € L(*X,Y). Then the (k + 1)st differential of
F at z is defined if there exists a (k 4+ 1)-linear bounded mapping L from
X x -+ x X (k+1 times) into Y such that

d*F(z 4 2341 (21, ... xp) — A¥F (@) (21, ..., x)

= L(w1,. .., 2p1) + R(@521, ., Thy1)
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for all x1,..., 2, € X, k41 in a neighborhood of x and

sup {[|R(@, 21, ..., zpar) |1 lall = -+ = [lzill = 1} = o[l [])

as Tp+1 — 0. Then the (k + 1)st differential of F' at x is defined to be
d**1P(z) := L € L(**VX,Y). In Zeidler [257, Proposition 4.19] it is proved
that the definition of the kth differential d* F'(x) just given is equivalent to
the one given by (5.23).

The Schwarz theorem on symmetry of differentials given by Theorem 5.27
is Theorem 7.9 in [32]. Differentiability of power series given by Theorem 5.28
is Theorem 11.12 in [32]. The principle of analytic continuation as in Theorem
5.36 is Theorem 9.4.5 in [42].

A. Alexiewicz and W. Orlicz [2] gave a definition of analytic function
from an open set U in a real Banach space X into another Banach space Y
essentially as above in and around (5.32). Taylor [229, §4] discussed earlier
notions of analyticity in real and complex Banach spaces. More on higher-
order derivatives in normed spaces can be found in the books Chae [32] and
Dieudonné [42].

Notes on Section 5.3. The Taylor formula with an integral remainder in
Theorem 5.42 is Theorem 8.14.3 in [42]. The form of Taylor’s theorem as in
Theorem 5.44 is sometimes given W. H. Young’s name. His expansion theorem
in section 13 of [252] has this form when X =Y = R. For the case of Banach
spaces see Theorem 5.6.3 in [30].

Many authors write or assume that the composition GoF' of analytic func-
tions between (connected) open sets in Banach spaces is analytic provided
that the range of F' is included in the domain of G. Lemma 5.39 for power
series from R into R with nonnegative coefficients is surely well known and
very likely has been known for a century or more.

In the literature, often the Banach space X is a Hilbert space, in which
case the radius p,, of uniform convergence equals p defined by (5.16) as shown
in Corollary 5.23(e). Following Cena [31], we call p the radius of restricted
convergence. Also often, K = C. But for general real Banach spaces, we do
not know whether Theorems 5.21 or 5.38 could have been formulated correctly
before the possibility that p # p, was first noticed, apparently by L. Nachbin
in the late 1960s according to Chae [32, p. 44]. T. Nguyen [179] proves that
in Theorem 5.21, the factor e~! can be improved to e~ /2,

Cena [31, Definition 12] notes, without details, that a power series around
u represents an analytic function in the ball B(u,p), as in our Theorem 5.21.
Cena [31, Theorem 14] states a theorem on composition of analytic functions
between real Banach spaces, which is as close as we could find to our Theorem
5.38 in the literature. We did not do a full search. Cena does not give a proof,
but the references and discussion suggest an approach via a fact like our lemma
5.39.

Notes on Section 5.4. Schatten [205] in 1950 gave apparently the first
systematic book-length exposition on tensor products of normed spaces. He
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cites earlier papers by J. von Neumann and himself separately and jointly.
The projective tensor product norm (5.38) is defined in Schatten [205, pp.
36-37].

The norm || - || defined in Theorem 4.39 on the complexification of a real
Banach algebra is the special case of the projective tensor product norm || - ||
defined by (5.38) where X = C, but considered as a real Banach space, i.e. as
the 2-dimensional real Hilbert space ¢2, and Y is the real Banach algebra A.
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Nemytskii Operators on Some Function Spaces

6.1 Overview

For a nonempty set S, Banach spaces X and Y over a field K =R or C, and a
nonempty open set U C X, let G, I, and H be vector spaces of functions acting
from S into X, from U into Y, and from S into Y, respectively. Usually, but not
always, F, G, and H will be normed spaces. Given a function (u, s) — 1 (u, )
from U x S into Y, and a function g: S — U, the Nemytskii operator Ny is
defined by

Ny(9)(s) = (Nyg)(s) = 9(g(s),8),  s€S. (6.1)

Other authors call such an operator a superposition operator, e.g. Appell and
Zabrejko [3]. We use the term Nemytskii operator (as many others have) partly
to distinguish it from the two-function composition operator (F,G) — FoG
to be treated in Chapter 8. Recall also that for a linear operator A we write
Az = A(xz). We will often apply this rule also when A is a Nemytskii
operator.

Definition 6.1. For a set V' C G such that each g € V' has values in U, we
say that Ny acts from V into H if Nyg € H for each g € V.

Some of the questions we consider in this chapter and the next are under
what conditions a Nemytskii operator acts from V into H, is continuous,
Fréchet differentiable, or analytic.

A Nemytskii operator N, will be called autonomous if ¥ (u,s) = F(u)
for a function F from U into Y. Then Npg := Nyg = Fog. An autonomous
Nemytskii operator is nonlinear unless F' is linear. Fréchet differentiability of
the operator V'3 g — Fog € Hat g = G is equivalent to that of g — Fo(G+g)
at g = 0 in G. This is equivalent to Fréchet differentiability of the Nemytskii
operator Ny at g = 0 for ¢(u,s) = F(G(s)+u), (u,s) € U x S.

In the present chapter, S will be any nonempty set or an interval. It will
be a measure space in Chapter 7. Often U = X =Y =K =R or C. G will be

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 273
in Mathematics, DOI 10.1007/978-1-4419-6950-7_6,
© Springer Science+Business Media, LLC 2011
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a space of bounded functions with sup norm in Section 6.2 and a W, space in
Section 6.4. For ¢(-,-) also depending on s, Nemytskii operators N, will be
considered on a Banach algebra of real-valued bounded functions in Section
6.3 and on W, spaces in Section 6.5. This chapter is concerned with spaces
of functions as opposed to equivalence classes for a measure. Chapter 7 will
treat Nemytskii operators from spaces L® into LP on a measure space.

6.2 Remainders in Differentiability

In this section we give a simple bound for remainders in differentiability of
an autonomous Nemytskii operator Np acting between spaces of bounded
functions, provided the derivative of F' is a Holder function. Holder classes
were already introduced in Section 1.4. Here is some more related notation.

Let X, Y be Banach spaces over a field K, let B be a subset of X with more
than one element, and let 0 < o < 1. Recall that H,(B;Y") is the space of
all a-Holder functions F': B — Y with the seminorm ||F||(3.) = ||F| 5,(1.)
defined by (1.18). As in (4.4), Ha,0(B;Y") denotes the space of all bounded
functions F' in H,(B;Y) with the norm

[Ellr = [FlB . = [Fllsup + [Fll (7)) (6.2)

where ||F|lsup = |FllBsup = sup{||F(z)||: = € B} is the supremum norm.
Since completeness is straightforward to check, we have the following:

Proposition 6.2. For any Banach spaces X and Y, set B C X containing
more than one point, and 0 < a <1, (Ha,00(B;Y), || |.) s a Banach space.

To define a local a-Holder property let U be a nonempty open subset of X
and let 0 > 0. Let Us be the set of all x € U such that ||z < 1/d and y € U
whenever ||z — y|| < d. Then Us is closed and bounded (possibly empty), and
Us 1 U as 0 | 0. Note that Us = {z: ||z <1/0} it U = X.

The following is straightforward to prove:

Proposition 6.3. Let U be an open subset of a Banach space and let K be
compact with K C U. Then for some k =1,2,..., K C By := Uy ;.

Definition 6.4 (of H1°¢). Let 0 < o < 1 and let X, Y be Banach spaces.
For a nonempty open set U C X, let Us, 6 > 0, be as just defined. For
m=1,2,...,let By, := By, (U) := Uy/p,. We say that a function F': U — Y
is a-Hoélder locally on U if it is a-Holder on B, for all sufficiently large m.
The class of all such functions is denoted by HIO¢(U;Y). We write F € Hloc
fU=X=Y =K.

Note that if U = X, F' is a-Hélder locally on X if and only if it is a-Holder
on each bounded set in X.
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Definition 6.5 (of Hj1, and Hlf_’fa). Let 0 < a < 1, let X, Y be Banach
spaces, and let U be an open subset of X. For a function F': U — Y, we
write F' € Hi44(U;Y) if F is Fréchet differentiable on U and its derivative
DFisin Ho(U; L(X,Y)), that is, (1.18) holds with F' and Y replaced by DF
and L(X,Y), respectively. Also, we write F' € Hlffa(U ;Y) if F is Fréchet
differentiable on U and DF € H¢(U; L(X,Y)). f U = X =Y = K, we

write Hiya = Hita(K;K) and HIOS, = HIC (K;K).

Note that if F: U — Y is in HC(U;Y) or in HI°S, (U;Y) then F is
bounded on each nonempty subset B,,(U) C U.

Recall that as defined at the beginning of Section 6.1 we have a nonempty
set S, Banach spaces X and Y, and a nonempty open set U C X. Also, G, F,
and H are vector spaces, which we now assume are normed spaces, of functions
acting from S into X, from U into Y, and from S into Y, respectively. For
F € F and G € G, if the autonomous Nemytskii operator Np is Fréchet
differentiable at G from G into H, the remainder in the differentiability is
defined by (5.1), that is,

Remy, (G,g) = Nr(G +g) — Nr(G) — (DNF(G))g. (6.3)

Thus Rempy, (G, g) € H for each g € G, and ||Remn, (G, g)|| = o(|lg]]) as
llgl] — 0. We will see that for X =Y = K the derivative DNp(G), if it exists,
has the following form.

Definition 6.6. For an integer £ > 1 and for vector spaces Gy, ...,Gy, H
of K-valued functions on a set S, let T" be an operator from the Cartesian
product Gy X - - - x Gy, into H, and let h be a K-valued function on S. We say
that T is the k-linear multiplication operator M¥[h] induced by h if

M*R](g1, - 9k) == hgig2- g =T(g1,...,qx) € H

forallg; € G;,j =1,...,k. If k = 1, the linear operator M*[h] will be written
as M[h].

If Gy = -+ = G = H = B, a Banach algebra of functions, the k-linear
multiplication operator M¥[h] is defined and bounded for any h € B, as in
any Banach algebra by (5.12).

The following rather easy differentiability fact will give bounds on sup
norms of remainders for autonomous Nemytskii operators on open subsets of
£ spaces. Recall that for a Banach space X, £*°(S; X) is the space of all
bounded X-valued functions on the set .S with the supremum norm. We will
consider functions G whose ranges are “well inside” an open set U in the sense
that ran (G) C B,, for some m.

Proposition 6.7. Let S be a nonempty set, let X, Y be Banach spaces, let
U be an open subset of X, and let F € Hlffa(U;Y) for some 0 < a < 1.
Let G € (°(S;X) be such that ran(G) C By, for some m. Then there is
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a neighborhood of zero V in £°°(S;X) such that the autonomous Nemytskii
operator Ng acts from G +V into >°(S;Y), is Fréchet differentiable at G
from €°(S; X) into £>°(S;Y), with derivative g — (s — DF(G(s))g(s)), and
the remainder bound

Remn,. (G, 9)llsup < Cllgllsaty” (6.4)

= sup

holds for all g € V, where C := ||[DF||p,,, (1. If in addition X =Y =K
then DNg(QG) is the linear multiplication operator M[F'oG| from £>°(S) into
itself.

Proof. Let V be the set of all g € £>°(S5; X) such that ||g|/sup < 1/(2m). It is
easy to see that ran (G + rg) C Ba,, C U for each g € V and r € [0, 1]. Since
F' is bounded on By, [|[Nr(G + 9)llsup < | F || Boy,sup < 00 for each g € V,
and so N acts from G + V into £>°(S;Y).

To show Fréchet differentiability of Np at G, for each g € £>°(S; X), let Hg
be the function s — DF(G(s))g(s), s € S. Then for each s € S, [[(Hg)(s)|| <
|DF | B,,,supllgllsup, and so H is a bounded linear operator from ¢°(.S; X) into
£>°(S;Y). Since F' is continuously differentiable on U, by Lemma 5.40 we have
for some constant C' < oo, any s € S, and g € V,

I{NF(G +9) = Nr(G) - Hg}(s)
= H/O [DE(G(s) +rg(s)) = DF(G(s))]g(s) drH < Clglltte

since DF € Ho(Bam; L(X,Y)). Thus Np is Fréchet differentiable at G with
the derivative DNp(G) = H and (6.4) holds.

If in addition X =Y = K then for each s € S, F'(G(s)) = DF(G(s))1,
and so the value DF(G(s))g(s) is the product F’(G(s)) times g(s). Since
| F'oGlsup < || DF||B,,,sup < 00, DNp(G) = H is the linear multiplication
operator M[F’oG|, proving the proposition. =]

6.3 Higher Order Differentiability and Analyticity

In this section Nemytskii operators are treated on Banach spaces of real-
valued functions, then on Banach algebras of bounded K-valued functions.
We begin with necessary conditions for higher order Fréchet differentiability
and analyticity of Nemytskii operators. The conditions for a Nemytskii op-
erator IV, are expressed in terms of higher order derivatives (more precisely,
differentials as defined by (5.23)) of the function 1, defined as follows. Recall
the Banach space L("X,Y) of bounded n-linear functions from X" into Y
defined in Section 5.1.

For functions ¢ used in defining Nemytskii operators Ny we will be con-

sidering the nth Fréchet differential 1/1&") with respect to u in ¥(u, s), with s
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held fixed. For n = 1 and X = R, we could write in partial derivative notation
Q(Ll)(u, s) = 0vY(u, s)/Ou. Notions of partial derivative can also be defined for

Fréchet derivatives. We will not consider 9v(u, s)/9s, however.

Definition 6.8. Let S be a nonempty set, let X, Y be Banach spaces over
K, let U be a nonempty open subset of X, and let ¢: U x S — Y. Let
O = 4 and LOX,Y) =Y. Forn = 1,2..., v € U and s € S, we will
say that 1 is (Fréchet) u-differentiable of order n at (v,s) if the function
u— f(u) := Y(u,s), u € U, is (Fréchet) differentiable of order n at v, and
then we let 1\ (v,8) :==d"f(v) € L("X,Y) be the nth differential at (v, s).
Thus, ) is Fréchet u-differentiable at (v,s) if it is Fréchet u-differentiable
of order 1 there. Also, for ¢ to be Fréchet u-differentiable of order n on a
subset W C U x S will mean that for each (v,s) € W, (u,s) € W for u
in a neighborhood of v and % is Fréchet u-differentiable of order n at (v, s).
Let g be a function on S with range in U. Then we will say 1 is Fréchet
u-differentiable of order n on the graph of g or, briefly, at g if v is Fréchet
u-differentiable of order n at (g(s), s) for all s € S.
For X =Y = K we identify z/zf]‘) (v, 8) with its value at 1™ and say that 1
is u-differentiable of order n at (v, s). Therefore v is u-differentiable of order

n+1 at (v,s) if 1/1&")(%5) is defined for u in a neighborhood of v and the
partial derivative w,&nﬂ)(v, 8) = o (u,s)/ au’u:v exists.

Next we show that Fréchet differentiability of order n of the Nemytskii
operator IV at a function G implies Fréchet u-differentiability of order n of
1 at G, and their differentials are closely related.

Proposition 6.9. Let S be a nonempty set, let X, Y be Banach spaces, and
let G and H be Banach spaces of X-valued and Y -valued functions on S,
respectively, such that G contains the constant functions z1(-), = € X, and
x +— x1(-) is a bounded operator from X into G. Assume that for each s € S,
the evaluation h — h(s) (which is clearly linear) is a bounded operator from
H into Y. Let U be a nonempty open subset of X, and let ¢»: U x S — Y.
Let G € G be such that there is a neighborhood V' of G in G with ran(g) C U
for each g € V.. For k > 1, if the Nemytskii operator Ny acts from V into H
and is Fréchet differentiable of order k at G, then v is Fréchet u-differentiable
of order k at G and the kth differential d* N, (G) € L(*G,H) is the k-linear
operator

A" Ny(G)(g1s- -, g1)(s) = ¥ (G (8), 8)(91(5), - - gu(s)) (6.5)

for each s € S and any g1,...,9x € G. If in addition X =Y = K then ¢ is
u-differentiable of order k at G and the kth differential d*N,(G) € L(*G,H)

is the k-linear multiplication operator M*[N4(G)] for ¢ = »F | that is,

"Ny (@) (91, 91)(5) = D (G(5),9)91(5) -+~ gu(s) (6.6)

for each s € S and any g1,...,9xr € G.
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Proof. Let k = 1. For any x € X, we have z1(-) € G and |z1(-)||l¢ — 0 as
|lz]] — 0. Thus if ||z| is small enough then G + z1(-) € V and the remainder
in the differentiation of Ny has values

Rempy, (G, 21(:))(s) = »(G(s) + z,5) = (G (s),5) = (DNy(G)x1(:))(s)

for each s € S. Since x — z1(-) is a bounded operator from X into G and
|1(-)[[c > 0 if z # 0, we have |[Remy, (G,z1(-))|lz = o(||z[]) as [z| — O.
Since the evaluation operators are also bounded, we then have for each s € S,

[9(G(s) + z,5) = (G(s),8) = (DNy(G)x1(-))(s)]| = o(l|z[])

as ||z|| — 0. Thus for each s € S, 1 is Fréchet u-differentiable at (G(s), s) and
51)(0(3),3) € L(X,Y) is the composition z +— z1(-) — DNy(G)zl(:) —
(DNy(G)z1())(s) € Y, 2z € X. If X =Y = K, then for each s € S, ¢

is u-differentiable at (G(s),s) and ¥\ (G(s),s) = (DN (G)1(-))(s) € K. To
show (6.5) and (6.6) for k = 1, let ¢ € G and s € S. For each ¢t € K such
that G(s) + tg(s) € U, let ¢(t) := (G(s) + tg(s), s). Then ¢ is defined in a
neighborhood of 0 and as ¢t — 0,

[6(t) = $(0) = (DNy(G)tg)(s)|| = [Remw, (G tg)(s)[| = o(lltglle) = o(|t])-

On the other hand, ¢ is the composition of the functions ¢ — G(s)+tg(s) and
u +— (u, s). Thus by the chain rule (Theorem 5.1), ¢'(0) = ’(/JQ(L1)<G(S), $)g(s)

and
l6(t) = #(0) =t (G(s), )g(s)I| = o|¢])
as [t| — 0. Due to uniqueness of the derivative ¢'(0), we have (DN (G)g)(s) =
’(/JQ(L1)<G(S), s)g(s) for each g € G and s € S, proving (6.5) and (6.6) for k = 1.
We will show by induction on k that the conclusions hold for all functions
I, in place of G, satisfying the hypotheses on GG. Suppose that the conclusion

holds for £ with £ > 1 and Ny, is Fréchet differentiable of order k41 at G. By
definition of the (k + 1)st differential, d* N,,(I") is defined for all I" in some

neighborhood of G. By the induction assumption, 14" )(F(s), s) is defined for
all such I and all s € S. Since ||(G + z1(})) — Gll¢ = ||l#1(-)|lc = 0asz — 0
in X, it then follows that for each s € S, f(u) := ¥ (u,s) € L(*X,Y) is
defined for all v in a neighborhood W of G(s). For any s € S, any « € X such
that G(s) +x € W, and any 1, ..., 75 in the closed unit ball B(0,1) C X,
by (6.5) and Proposition 5.25(b) applied to F' = Ny, we have

|[£(G(s) +) = F(G(s)] (a1, . ax) = DEN(G) (1) (a1 L, .., ax1)(5)|
— |[Remgiy, (G, a1) (@11, ..., 1) (s)]|

< sup{RemdkM(G,m)(gl,...,gk><s>: loall < 1 el < 100}
= oflla1]) = ofllzl) as 2] 0,
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where 1 = 1(-). For z1,...,2111 € X and s € S, let
PE(G(s), 8) (w1, oy wpp1) 1= d"TENG(G) (@1 1(), - . o, 21 1()) (5),

and so ,(fﬂ)(G(s),s) € L(**'X,Y). By Proposition 5.25(b) once again,
Dd*Ny(G)g = d**'Ny(G)(g,...) for all ¢ € G, and so Df(G(s))r =

Q(LkH)(G(s),s)(x, ...) for all z € X and s € S. By Proposition 5.25(a) now
applied to F = (-, s), it then follows that 1 is Fréchet u-differentiable of
order k41 at G and (6.5) holds with k + 1 instead of k, setting z; := g,(s),
j = 1,....,k+ 1. In the case X = Y = K, for each s € S5, it fol-
lows that ¢ is u-differentiable of order k + 1 at G with ¥ (G(s),s) =
d* N, (G)(1(+), ..., 1(-))(s). Thus the conclusion of the proposition holds for
any k > 1 by induction. O

The following shows that a power series expansion of a Nemytskii operator
Ny around G (as defined in Definition 5.8) has a simple form and implies a
Taylor expansion of ¥ (u,s) around u = G(s) for each s (as defined before
(5.32)). As before, we write 20 := 1(-) if # € K or 2° := T if z is in a unital
Banach algebra.

Theorem 6.10. Let G and H be Banach spaces of functions on a set S such
that G contains the constant functions on S. Let¥: Kx S — K, and let V' be
an open subset of G. Suppose that for some G € V, the Nemytskii operator Ny,
acts from V into H and has a power series expansion around G with radius
of (not necessarily uniform) convergence r > 0. Then there is a sequence
{hi}r>0 C H such that for each g € G with ||g|lc < r, the series > ;< hxg®
converges in G, and for all s € S,

Ny (G +9)(s) = Np(G)(s) + Y hi(s)g(s)*. (6.7)
k=1
We have
lim sup i3 * < oo. (6.8)

Moreover, ¥(u, s) has a Taylor expansion in u around u = G(s) for each s € S
and hi(s) = &k)(G(s),s)/k‘! for allk >1 and all s € S.

Proof. We can assume that B(G,r) C V. By assumption, for each k > 1,
there is a k-homogeneous polynomial Pg from G into H such that

Ny(G +g) = Ny(G) + > Phlg)
k=1

and the series converges in H for each g € B(0,7). Let hg := Ny (G). Recalling
that the constant function 1 = 1(-) is in G, let hy, := PE(1) € H for each k > 1.
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For any g € G and s € S such that ¢ := g(s) # 0, there is a 69 > 0 such
that [|dg|lc < r and ||dcl|jg < 7 for each 0 < § < Jp. Since each Pk is a
k-homogeneous polynomial, we have

NyG(s) + Y Pé(g)(s)s"
k=1
= Ny(G+0g)(s) =¥(G(s) + ¢, s) = Ny (G + dcl)(s)

= ho(s) + Y _ hi(s)(0c)* = hi(s)6"g(s)".
k=1 k=0

All these power series converge in K absolutely, and due to the uniqueness
of such series (Lemma 2.95), PE(g)(s) = hyi(s)g(s)* for all g € G and all
s € S, also when g(s) = 0, proving the first conclusion. To prove (6.8), for
some u # 0 in K, taking g as the constant function u, the series - ; uFhy,
converges in H. Then supy, |u|*||hg|| < co. Taking kth roots, (6.8) follows. To
prove the last conclusion, for each s € S and some ¢ > 0, if |v| < § then

oo

PY(G(s) +v,8) = Ny(G+vl)(s) = th(s)vk,
k=0

and so the function u — ¥(u,s) has a Taylor expansion around u = G(s)
for each s € S. A (scalar-valued) power series is an analytic (holomorphic)

function inside its circle of convergence, and so hy(s) = &k)(G(s), s)/k! for
all £ > 1 and all s € S by Proposition 2.100, proving the theorem. O

The power series expansion (6.7) has the form of (5.14), which gives the
following:

Corollary 6.11. If in addition to the hypotheses of Theorem 6.10, V =G =
H = B, a unital Banach algebra of functions, then (6.7) is the B-Taylor ex-
pansion of Ny around G and Ny is B-analytic on {h € B: ||h — G| < r}.

Proof. Under the present hypotheses, the power series (6.7) satisfies Definition
5.17 of a B-Taylor expansion. Thus Ny is B-analytic on {h € B: [|h—G|| < r}
by Theorem 5.30(b). a

Using Theorem 6.10 once again we show next that analyticity of a Nemyt-
skii operator Ny, implies analyticity of the function u +— ¥(u, ).

Corollary 6.12. Let G and H be Banach spaces of functions on a set S
such that G contains the constant functions on S and for some K < oo,
Illsup < K|l llc on G. Letp: KxS — K, andlet V :={g € G: ||g|lsup < M}
for some M > 0. If the Nemytskii operator Ny acts from V into H and is
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analytic on V', then the function u v ¥(u,-) € H is analytic on the open ball
B(0, M) C K. Moreover, for each w € B(0, M), there is an r > 0 such that

(u+x,- Zw(k .:c_

and the series converges in H for all x € B(0,r).

Proof. The set V is open in G since the sup norm is continuous on G. Since
V' contains the constant functions ul(-) with |u| < M and Ny maps V into H,
P(u,-) € H for each v € B(0, M). The desired analyticity follows from The-
orem 6.10 applied also to each G = wl(+). The second part of the conclusion
follows from (6.7) applied to g = z1(-). O

For the next result recall the definitions of spectral radius r(-) given by
(4.5) and (Banach) algebra of functions, Definitions 4.3 and 4.11.

Theorem 6.13. Let (B, ||-||) be a unital Banach algebra of K-valued functions
on a set S. For each s € S and f € B, let es(f) := f(s). Then, with K = C
except that (b) also holds for K =R,

(a) es is a character on B for each s € S;

() for all f €B, [|fllsup < r(f) <IfI;

(©) Ifllsup = 7(f) if the closure of ran (f) equals o(f);
(d)

if S is a topological space and the functions in B are continuous, then
s+ ey is continuous from S into M(B) with Gelfand topology.

Proof. By Remark 4.12, the identity in B is the constant function 1(-). Then
(a) follows directly. By Theorem 4.24 and (4.5), for each f € B and s € S,

[f(s)l = les(N) < () <1l

o (b) follows for K = C.

If K =R, let (Bg,| - |l) be the Banach algebra complexification of B given
by Theorem 4.39, which is also unital. We have the identification f < (f,0) of
B with a real subalgebra of Be, where || f|| = ||(f,0)|| by Theorem 4.39(c). For
alln =1,2,..., we have [[f"| = [[(f",0)| = [I(f,0)"[|. Thus r(f) = r((f,0))
and by the case K = C,

[ fllsup = [[(£; 0)lsup < r((£,0)) < (£, O = I £1];

proving (b) for K = C.

For (¢) suppose ran (f) = o(f). Note that sup{|z|: z € ran (f)} = || f||sup,
and so || f|lsup = 7(f) holds by Theorem 4.20. For (d), if s(i) — s in S, then
f(s(i)) — f(s) for all f € B, so ey;) — e, as stated. O
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It follows that if || f, — f|| — 0 in a unital Banach algebra B of functions,
then f,, — f not only pointwise, as assumed in Proposition 6.9, but uniformly.

Remark 6.14. Any Banach space (X, || - ||) becomes a Banach algebra with
the trivial multiplication defined by xy = 0 for all x,y € X. Of course such an
algebra is not unital. It has r(x) = 0 for each z € X. X may be a space of real-
or complex-valued functions which need not be bounded. Thus in Theorem
6.13(b), the hypothesis that B is unital cannot simply be removed.

Proposition 6.15. Let B be a unital Banach algebra of functions on a set S.
For a function h: S — K and k= 1,2,..., (g91,...,9x) — hg1---gi defines
a bounded k-linear operator from B x --- x B into B if and only if h € B.

Proof. “If” is obvious, and “only if” follows from setting g1 = go = -+ =
g, =1= 1() O

If the operator defined in the preceding proposition is bounded then it is
the operator M¥[h] defined by (5.12).

Definition 6.16. If B is a unital Banach algebra of functions on a set K,
where K is a compact Hausdorff space and B ¢ C(K;C), then B will be
called a Banach function algebra on K. A Banach function algebra B on K is
called natural if the evaluation map s — e, takes K onto M(B).

In the preceding definition, recall that by definition of Banach algebras
of functions (Definition 4.11), B strongly separates points of K. Thus the
evaluation map s — e; is 1-to-1 as well as onto. Also the map s +— ey is
continuous since B C C(K; C). Thus it is a homeomorphism (e.g. [53, Theorem
2.2.11]).

Recall that any unital Banach algebra of functions on S contains the con-
stant functions and its identity element I = 1(-) (Remark 4.12). Before giving
examples of natural Banach algebras of functions (Corollary 6.23 below) we
prove next some important properties of such algebras.

Theorem 6.17. (a) If B is any Banach algebra of C-valued functions on a

~

set S and f € B, then ran(f) C ran (f).
(b) For any natural Banach function algebra B on K, a compact Hausdorff

o~

space, and any f € B, ran (f) =ran(f) = o(f). Also r(f) = || fll x.sup-

Proof. Part (a) is clear since for each s € S, the evaluation ey is a character
of B. The first statement in (b) then follows from the definitions and Theorem
4.29. For the second one, by Corollary 4.30, r(f) = Hf”sup = || /|| ksup, proving
the theorem. ad
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Recall Definition 4.28 of the Gelfand transform. A commutative unital
complex Banach algebra (A, | - ||) is called semisimple if the Gelfand trans-
form z +— 7 is 1-to-1 from A into C(M(A),C). Then = — 7 is an algebra
isomorphism, in other words a 1-to-1 function preserving addition and multi-
plication.

A commutative unital complex Banach algebra need not be semisimple,
as the following shows:

Example 6.18. Consider the set A of 2 x 2 matrices of the form

ab
= (5e)
for any a,b € C, with usual addition and multiplication of matrices. Then A
is a unital commutative algebra over C. It becomes a Banach algebra with the
usual matrix (operator) norm ||T|| := sup{||Tz||: z € C?, ||z|| < 1}. Clearly,
A has just one proper, hence maximal, ideal, composed of the matrices T with

a = 0. Thus by Corollary 4.27, there is only one character ¢, with ¢(T) = a
for all such T, a. Clearly A is not semisimple.

Proposition 6.19. Let (A,| - [|a) be a commutative unital complex Banach

o~

algebra. Then the range A of the Gelfand transform with the norm |2 :=

lz]|la is @ Banach function algebra on M(A). If A is semisimple, then A is
natural.

Proof. The set M(A) of all characters on B with Gelfand topology is a

compact Hausdorff space as was stated after Definition 4.28. The set A =
{f: f € A} always separates points of M(A) since for any ¢ # ¢ in M(A),
o(f) # ¥(f) for some f € A, so ]?(gb) #+ f(d)) Also, A strongly separates
points of M(A) since for each ¢ € M(A), TI(¢) = ¢(I) = 1 # 0. Since each
f is a continuous complex-valued function on M (A), A is a Banach function
algebra on M(A) with the norm |[| - ||z and identity T=1().

For each ¢ € M(A) and f € A, let ¢(f) := ¢(f). If A is semisimple, then
% € M(A) since the Gelfand transform is an algebra homomorphism and a

1-to-1 mapping onto its range, and so A s natural, proving the proposition.
O

Next the class W, (J; X) of all X-valued functions of bounded p-variation
on an interval J will be imbedded into the set C'(K; X) of continuous functions
on a compact Hausdorff space K. Partitions and the class W, for any linearly
ordered set were defined in Section 1.4. For an interval J = [a, b] with —co <
a < b< oo, let

J* = {a,a+,b—,b} U U {x—, z,2+}. (6.9)

a<z<b
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On J* we put the linear ordering:
a<at<zr—<zr<zr+<y—<y<y+<b—<b

whenever a < z < y < b. J* has an interval topology with a subbase given by
all sets {&: € < n} and {&: € > n} for all p € J*. Then J* with the interval
topology is a compact, non-metrizable, Hausdorff space. Each regulated func-
tion f on J, and thus each function f € W,(J), has a unique extension to

a function f on J* which is continuous on J i for the interval topology. Let
I: R(J) — C(J*) be the mapping defined by I(f) := f.

Proposition 6.20. Let X be a Banach space over K and let J be a nonde-
generate closed interval.

(a) For each f € R(J;X), the closure ran (f) = ran f and is compact.

(b) The mapping I is an isometry between R(J; X) and C(J*; X), both with
supremum norm.

(c) forl <p < oo, the mapping I when restricted to W, (J; X) is an isometry
between Wy(J; X) and Wy(J*; X).

(d) The spectra o(f) and o(f) are equal for each f € R(J;C) and for each
fFeEW,(J;C) with1 <p < 0.

Proof. In (a), clearly ran (f) = ran f, and so || f||ssup = Hf”]j: sup fOr any
regulated function f: J — X. Since I takes R(J;X) onto C(J f X), (b)
holds. Since J* is compact, so is ran f = ran (f) and (a) is proved.

For (c), for any such f, we have v,(f;J) < v,(f; J*). For the converse
inequality, let & = {z;};", be a partition of J*E. If for some = € J and
i, x; = x— or x; = x+, f(z;) can be approximated arbitrarily closely by
fly;) with y; € J. Taking y; := x; for all other 7, one can make a partition
A = {yi}1, of J so that s,(f;\) is arbitrarily close to s,(f; &), proving the
converse inequality, and so v,(f;J) = v,(f; J*). Thus when restricted to
W, (J; X), I is an isometry from W, (J; X) onto W, (J*; X), proving (c).

For (d), let f € W,(J;C). If z € C\ o(f) then let g := (zl() fte
Wp(J;C) by Definition 4.17 of o(-). Clearly g = (21(-) — H~tew,(J*;C),
and so z € C\ o(f). Conversely, if z € C\ o(f) then the restriction of
(21(-) — f)~r € W,(J*;C) to J is the inverse of z1(-) — f in W,(J;C), and
so z € C\ o(f), proving (d) and the proposition. O

For a complex-valued function f = g + ih where g and h are real-valued,
the complex conjugate is f = g —ih. A set (vector space, algebra, etc.) F of
complex-valued functions is called self-adjoint if f € F whenever f € F. Here
are characterizations of natural algebras.

Theorem 6.21. Let B be a Banach function algebra on K. Then

(a) B is natural if and only if for any n = 1,2,..., and f1,..., fn € B such
that (j_, fj_l(O) =0, there exist g1, ..., g9, € B with 377, g;f; = 1();
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(b) if B is self-adjoint, then it is natural if and only if for every f € B with
£10) =0, 1/f € B.

Proof. For (a), to prove “only if,” let B be natural, f; € B, and ﬂ;;l fj_l(O) =
0. Let L:={>_7_, gjfj: 9; € B}. Then L is an ideal. If L = B then 1(:) € L
as desired. Otherwise, L is a proper ideal and is included in some maximal
ideal M by Theorem 4.4. By Corollary 4.27, there is a character ¢ of B with
M = ¢~1(0). Since B is natural, there is some s € K with ¢(f) = f(s) for all
f € M. Thus s € Nj_, fj_l(O)7 a contradiction.

To prove “if” in (a), suppose ¢ € M(B) is a character which is not of the
form es(f) = f(s) for any s € K. Thus by Corollary 4.27 the maximal ideal
M = ¢=1(0) is different from My := {f € B: f(s) = 0} for each s € K. So
M ¢ M, for each s since M is maximal. For each s € K, take hy € B such
that ¢(hs) = 0 and hs(s) # 0. The open sets h; 1(C\ {0}) cover K, so there
is a finite subcover. Thus there exist finitely many f; = hs,, i = 1,...,n,
such that (), ;' (0) = 0 and ¢(f;) = 0 for each i. Take g1,..., g, € B with
S gifi = 1(). Since ¢ is a character, we get ¢(1(-)) = 0, a contradiction,
so (a) is proved.

For (b), to prove “if,” let f1,...,fn € B with ﬂ;’:l fj_l(O) = (). Then
f=>0 |f;|> € B since B is self-adjoint. Thus f~1(0) =0 so 1/f € B. Let
g;j := fi/ f € B for each j. Then Z;.Lzl g;f; = 1(-), so by part (a), B is natural.

Conversely, if B is natural and f=1(0) = 0, let n = 1 and f; = f. Then (a)
gives g1 = 1/f € B (self-adjointness is not needed in this direction), finishing
the proof of Theorem 6.21. O

Recall the class Hq(B;Y) of all a-Holder functions from B to Y defined
in Section 1.4. The following is easy to prove:

Lemma 6.22. Let X, Y be normed spaces over K, let B be a nonempty subset
of X and let F' € Hg(B;Y) for some 0 < 8 < 1. Let f be a function on a
nonempty interval J with range in B. Then

(a) if 0 <p<ooand f € Wy(J; X), then Fof € Wy 3(J;Y) and
1Fof sy < IF s e 1712,
(D) if0<a<land f € Ho(J; X), then Fof € Haop(J;Y) and
1Pof oy < IF 5.0l I

Proof. We can assume that J is nondegenerate. First let 0 < p < oo and
[ € Wy(J; X). For any s,t € J we have

IF(F(E) = FCHEDIP < [I1F 15, 1£8) = £()1°])"

(6.10)
= | FI G 1) = F()]P-
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Summing over any point partition of the interval J, then taking the supremum
over partitions gives vy, /g(Fof) < HFH%/?HB)%(f)v proving (a).
Now let 0 < a < 1 and f € H,(J; X). Then again for any s,t € J, we

have

IF(F@) ~ FEE) < 1PNzl 72) — £()])°
< NF 1 .o | £ = 517,

proving (b). The lemma is proved. =]

Corollary 6.23. Let J := [a,b] with —o0 < a < b < +0c0. In each of the
following cases, A is a natural Banach function algebra:

(a) A = C(K;C) with the norm || - ||sup, where K is a compact Hausdorff
space;

(b) for 0 < a <1, the Hélder space A = Hq,o0(J; C) with the norm || - ||x.;

(¢) the space A = C™(J) of C™ C-valued functions f on J, namely, C™ func-
tions on (a,b) such that for j = 0,1,...,n, with f© = f, fU) extends to
a continuous function on J, with the norm

Oy
I len = 3 2
=0

(d) for 1 <p < oo, A=W,(JE;C) with the norm || - ||

Proof. Each A given is a unital, self-adjoint algebra of continuous functions
on a compact Hausdorff space. The given norms are Banach algebra norms,
clearly for (a), for (b) by Proposition 4.14, and for (d) by Proposition 4.13.
For (¢), || - ||c» is a Banach algebra norm because

n n k
1(£9)™|su 1 K\ 6 -
Hfg”C" :Z Kl P SZEZ . ||f(J)||supHg(k J)Hsup
k=0 ’ k=0 j=0 J

n (k) " g
< [0 M) (52 Jeeoe) — g
k=0 =0

Thus each A with its given norm is a Banach function algebra. To show that
each A is natural, by Theorem 6.21(b) it suffices to check that 1/f € A for
each f € A with f~1(0) = (). For (a) this is immediate. The function z — 1/z
is uniformly Lipschitz on the complement of any neighborhood of 0 in C. This
implies (b) and (d) by Lemma 6.22 with § = 1. Also, z +— 1/z is C*° with
each derivative uniformly bounded on the complement of each neighborhood
of 0. For derivatives through the nth, this implies (c¢), completing the proof.

O
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Remark 6.24. The Banach algebras of functions R(J; C) of regulated func-
tions with supremum norm, or W,(J; C) with its usual norm, do not consist
of continuous functions on J. So they are not Banach function algebras, hence
not natural. But they are isometric as Banach algebras to the natural alge-
bras C(J*;C) and W, (J*; C), respectively. In other words, the maximal ideal
spaces of R(.J;C) and of W,(J;C) are both given by J*.

Example 6.25. Here is an example of a non-natural Banach function alge-
bra. Let D := {z € C: |z| < 1}. Let A(D) be the Banach algebra of continu-
ous C-valued functions on D which are holomorphic on its interior, with norm
|- ||sup and pointwise operations. Then A(D) is a Banach function algebra but
is not self-adjoint. For each f € A(D) let T'(f) be its restriction to [—1,1].
Let A :={T(f): f e AD)}. Now f+— T(f) is 1-to-1, since T'(f) determines
all the derivatives f(™)(0) and thus the Taylor series of f around 0, which
converges to it for |z] < 1 and thus determines f uniquely by continuity.
So |IT(H] == [Ifllsup is & well-defined norm on A. T is an algebra isomor-
phism and an isometry of A(D) onto A. Clearly A contains the constants and
strongly separates points of [—1,1]. For each z = z + iy € C with z,y € R,
let z := x — iy. To see that A is self-adjoint, note that for each f € A(D) we
have f* € A(D) where f*(2) := f(z) for all z € D. (If f(z) = > 1" a,z" for
2| < 1, then f*(2) = Yo7 a@n2™.) On [—1,1], f* = f, so A is self-adjoint.
Evidently A is not natural, since evaluations at points of D not in [—1, 1] give
characters of A(D) and thus of A not given by points of [—1, 1].

For a vector space of (K-valued) functions B and a nonempty open set
U C K, let BIYI be the set of all f € B such that the closure of the range
ran (f) is included in U. Note that if B is a Banach function algebra then each
such ran (f) is already compact and closed. But for a general Banach algebra
of functions such as W, (.J), ran (f) need not be closed.

Proposition 6.26. Let B be a unital Banach algebra of C-valued functions
on a set S such that for each f € B, the closure of ran (f) equals o(f). If U
is a connected open set in C, then BIU! is a connected open set in B.

Remark 6.27. If B is a natural Banach function algebra then the hypothesis
holds by Theorem 6.17(b). If B = W, (J;C) with 1 < p < oo and J = [a, b],
then ran (f) = ran (I(f)) and o(f) = o(I(f)) for each f € W,(J;C), where
I is the isometry between W, (J;C) and W, (J*;C) of Proposition 6.20(c).
Therefore the hypothesis holds again because W, (J*;C) is a natural Banach
function algebra by Corollary 6.23(d).

Let (A, 7) be a topological vector space of real-valued functions, i.e. ad-
dition and multiplication by scalars are both jointly continuous. Let U be a
connected open set in R, i.e. an open interval. Then AlY! is evidently convex
and thus connected for 7. If A is a unital Banach algebra of R-valued functions
then AlYl is open by Theorem 6.13(b) and the following proof.
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Proof. For any set A C C and z € C, let d(z,A) := inf{|z — w|: w € A}.
For § > 0, let A% := {2: d(z,A) < 6}. Let f € BVl and let A := ran(f). By
Theorem 6.13(b), f is bounded, and so A is a compact set in C. Since U is
open, there is an € > 0 such that A° C U. Let g € B(f,¢/3) C B. By Theorem
6.13(b) again, ||f — gllsup < ||f — 9|l < ¢/3 and so ran(g) C A° C U, proving
that B!Vl is an open set in B.

Connectedness of BIY! is clear if U = C. Let U = D = B(0,1) C C. Then
B[P is connected because it is convex and the segment joining two functions
in BIP! is a continuous mapping from [0, 1] into BIP!. Let U be a connected
open set in C and let T" be a Riemann mapping from U onto D, namely a
1-to-1 holomorphic function from U onto D, where the inverse mapping 7!
is also holomorphic from D onto U (e.g. Ahlfors [1, p. 222]). For each f € B[P,
the spectrum o(f) = ran(f) is included in D, and so Np—1f = T lof € B
by Proposition 4.34. Also, ran (T—1of) C U since T~ !(ran (f)) is a compact
subset of U. To show continuity of the autonomous Nemytskii operator Np-1
from BIP! into BIY! we need the following:

Lemma 6.28. If f,,, n > 0, are functions from a set S into a metric space
(X,d), fn — fo uniformly on S as n — oo, and each A, = ran(f,) is a
compact set in X, then A := Up>0A, is compact in X.

Proof. Tt suffices to show that any sequence {x;}52; C A has a convergent
subsequence. If infinitely many z; belong to one A, this is clear. Thus taking a
subsequence suppose that for some n; — oo and s; € S, d(z;, fn,(s;)) < 1/4,
where sup,cg d(fn(s), fo(s)) < 1/j for each n > n;. Let y; := fo(s;) € Ao.
Taking a further subsequence, we can assume that y; — y for some y € Aj.
Then z; — y also, proving the lemma. O

To show continuity of Np—1 let f,, n > 0, be functions in BP! such that
fn — fo in B as n — oo. By Theorem 6.13(b) again, f, — fo uniformly on
S, and so the union A of all ran (f,,), n > 0, is a compact set in D by the
preceding lemma. By Lemma 4.32 there is a C'* simple closed curve ¢(6),
0 < 6 < 2w, with range ran ({) C D \ A and winding number w(({(:),z) = 1
for all z € A. Thus by a classical Cauchy integral formula, e.g. Theorem 2.107
for X = C, for each n > 0 and s € S, we have

- L TTNQd
A s

Since o(f,) = ran(f,) C A, by Theorem 4.18(b), the function z — (z1(-) —
fn)~ 1 is holomorphic from C \ A into B. Thus it is continuous by Proposition
2.96, and so bounded on ran (¢). Therefore there is a finite number M such
that ||(21(:) — fn) 7| < M for each z € ran(¢) and n > 0. It then follows
that there is a finite constant C' such that
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ot~ ol = | e | £ €l

for each n > 1. Thus Np-1f, — Np-1fo in B as n — oo, and so Np-1
is continuous from BIP! onto B!, proving connectedness of BIY! and the
proposition. O

Theorem 6.29. Let B be a unital Banach algebra of C-valued functions on a
set S such that for each f € B, we have ran (f) = o(f), let U be a connected
and simply connected open set in C, and let F' be a holomorphic function from
U into C. Then the autonomous Nemytskii operator N acts from BIY) into
B and is B-analytic on BV,

Proof. The set BIY! is open and connected by Proposition 6.26. If f € BIVI
then a(f) =ran (f) is a compact subset of U. Thus Npf = Fof € B for each
f € BIY! by Proposition 4.34.

To prove B-analyticity of Np on BV let f € BIY). Since K := ran (f) is a
compact subset of U, by Lemma 4.32 there is a C°° simple closed curve ((0),
0 < 0 < 27, with range ran (() C U \ K and winding number w(¢(-),2) =1
for all z € K. Thus by a classical Cauchy integral formula, e.g. Theorem 2.107
for X =C, foreach kK =1,2,... and z € S, we have

Kt F(¢)d¢
2mi Jeoy (€ — fx))k+t

Since o(f) = K, by Theorem 4.18(b), the function z — (z1(:) — f)~! is
holomorphic from C\ K into B. Thus it is continuous by Proposition 2.96,
and so bounded on ran (¢). Therefore there is a finite number M such that
[|(21(-) = f)~ Y] £ M for each z € ran (¢), and so ||(z1(-) — f)~* Y| < MK+!
for each z € ran (¢) and k =1,2,.... It follows that there is a finite constant
C' such that for each k = 1,2,..., ||k < CHFHI'aH((),supMkJ’_la where

hy = (F®of) k! = ! fé() GIOETIEE )(O %Hl € B.

Then limsup,_ . ||he||*/* < M, and by the root test, the B-power series
> o1 hegh converges in B for each g € B with ||g|] < 1/M. Let hg := Npf.
Since F has an ordinary Taylor expansion around f(x), for each z € S,

= th(x)zk

k>0

F®(f(2)) =

for each z with |z| < r(z) and some r(x) > 0. Since ||hg||s,sup < ||hx|| for each
k, there is an r > 0 such that r(x) > 1/M for all . Thus the B-power series
Zkzo hig® converges in B to Np(f + g) for each g € B such that f+ g € B
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and ||g||lssup < gl < min{r,1/M}, and so it is the B-Taylor series of Np
around f, proving the theorem. O

Let B be a self-adjoint unital Banach algebra of C-valued functions and let
Br be the set of all R-valued functions in B. Then Bg is a real Banach algebra
of R-valued functions with the norm | - ||z. For example, if B = W, (J; C) with
1 <p < oo then Bg = W, (J;R) = W,(J).

If W = (=M, M) for some 0 < M < oo, then we haveIB% = {f €
Br: || fllsup < M} since ran (f) C W if and only if || f||sup < M. By Theorem

6.13(b) and Remark 6.27, the set IB%]%W] is connected and open.

Corollary 6.30. Let B be a self-adjoint unital Banach algebra of C-valued
functions on a set S such that ran (f) = o(f) for each f € B, and let W :=
(=M, M) for some 0 < M < oo. For F: R — R, the following statements are
equivalent:

(a) The autonomous Nemytskii operator Np: g — Fog acts from ]B%]%W]

B, thus into Bgr, and is analytic on ]B]g@W].

(b) F is analytic on W.

mto

Proof. Let F': R — R. Suppose (a) holds. By Theorem 6.13(b), || [|sup < [|-||B-
Since B contains the constant functions, by Corollary 6.12 with G = H = Bg,
V= ]B%]EQW] and ¢ = F, (b) holds.

Conversely, suppose that (b) holds. By analytic continuation in the form
of Theorem 5.36, there is a connected open set U C C such that UNR =W
and a holomorphic extension of F' from W into U, which will be denoted also
by F. Thus Np acts from ]B%]g{w] into B and is analytic on [B]%W] by Theorem
6.29, proving the corollary. O

Now we return to non-autonomous Nemytskii operators N,. Under some

conditions, we will establish their analyticity on open sets ]B%]%W]. We begin by
giving conditions for a Taylor expansion of IV, around a fixed function in Bg.
For the last conclusion, recall that the n-linear multiplication operator M™[h]
was defined in Definition 6.6.

Proposition 6.31. Let B be a self-adjoint unital Banach algebra of C-valued
functions on a set S such that ran (f) = o(f) for each f € B. Let¢p: Rx S —
R be u-differentiable of order n everywhere on R x S for eachn > 1. Let V be
a connected open set in Br and let f € V. If the Nemytskii operator Ny, acts
from V into Br then the following statements are equivalent:

(a) there are ¢ > 0 andr > 0 such that for eachn = 1,2, .. Sup{WJ(n)( fls)+
t,s)]: s €S} <c"n! forteR with |t| <r, Nw(n)(f) G]B%R and
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lilrgnsup HNw;m(f)/k‘!H];/k < o0;

(b) there is an v > 0 such that Ny (f + g) is given by the Bg-Taylor series
Yoo N (f)g*/K!, which converges absolutely for each g € Br such that

19llsup < 73
(¢) Ny on'V has a Taylor expansion around f.

If (¢) holds then there is an r > 0 such that forn =1,2,... and g € B(f,r)N
Bg, the nth differential A" Ny(g) € L("Br,Br) is the n-linear multiplication
operator M™[h] induced by the function h := Ny (9) € Bg.

Proof. (a) = (b). Let ho := Ny f and for k =1,2,..., let hy, := N, o (f)/k!.

Then each hy, is in Bg, and T' := limsup,,_, o, HthIlB/k < 0. For each g € By

such that ||g||sup < 1/7, the Br-power series Y. ,-  hrg" converges in Bg
absolutely by Theorem 5.16 since the spectral radius r(g) equals ||g|lsup by
Theorem 6.13(c). Let p € R be such that 0 < p < 1/c and p < r. By Theorem
543 for X =Y =R, F(u) :=9¥(u,s), and U :=U, :={f(s) +t: t e R, |t| <
p} C R, for each fixed s € S and t € R with |¢| < p, we have that the Taylor
series

o0 k oo
UUIE) +65) = FU() +1) = 3 FO () = 3 ()t
k=0 k=0

converges absolutely on B(f(s), p) = U. Thus Ny (f+9)(s) = (3o hrg®)(s)
for each s € S and each g € Bg with ||g|sup < min{1/c,r}, proving (b).
Statement (c) follows from (b) by Theorem 5.30(a). Suppose that (¢) holds.
Then by Theorem 5.28, there exists a constant p > 0 such that Ny is a €
function on B(f, p). By Theorem 6.13(b), || - ||sup < || - ||g. Since B contains
the constant functions, by Proposition 6.9, for each n = 1,2,... and each
g € B(f,p) C Bg, the nth differential d" Ny (g) is the multiplication operator
M™[h] from B into Bg induced by the function h = Nw;n) (9) € Bg, proving
the last conclusion of the theorem. Since || - ||sup < || - |5 and HNwi"’ @le <
|[d"Ny(g)|| for ¢ € B(f,r) NBr and n = 1,2,..., (a) follows from (c) by
Theorem 5.43. The proof of Proposition 6.31 is complete. O

Theorem 6.32. Let B be a self-adjoint unital Banach algebra of C-valued
functions on a set S such that ran(f) = o(f) for each f € B. Let W :=
(=M, M) for some 0 < M < oo and let : W x S — R be u-differentiable of
order n everywhere on W x S for each n > 1. If the Nemytskii operator Ny,

acts from ]B%]EQW] into By then for each w € W, ¢(u,-) € Br and the following
statements are equivalent:

(a) for each closed interval B C W, there is a ¢ > 0 such that fork =1,2,...,

ng““BxS,sup = Ckk!’ (6'11)
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and for each f € IBEJ%W], Nd)(n) (f) €Bg forn=1,2,..., and

li N k' 1/k
im sup ||V, 0 (£)/K! |y

(b) Ny is Br-analytic on B[ and for each f € IB Zk>0 ¢(k)( gk k! is
the Br-Taylor expansion around f;

(¢) Ny is analytic on B]%W].

Proof. First, B is unital, so ¢(u,-) = Ny(ulg(-)) € Br for u € W. Next to

show that (a) implies (b), let f € IB%]%W], let My be such that || f||sup < Mo < M,

let B := [—My, M|, and let  := My — || f||sup- Thus for each ¢ € R such that

|t| <7 and for n =1,2,..., we have

SUP Wi (f(s) +t,9)] < Hlﬁf]l)HBXs’sup < "nl.

By the implication (a) = (b) of Proposition 6.31, there is a p > 0 such
that >4~ w(k)( f)g"/k!is a Bg-power series which converges (absolutely) to
Ny (f+g) for each g € Br such that ||g||sup < p, and so for each g € B(0, p)Br
by Theorem 6.13(b). Thus it is the Br-Taylor expansion of Ny, around f. Since
f€ IB%]%W] is arbitrary, (b) is proved.

Statement (c¢) follows from (b) by Theorem 5.30(a). To prove that (c)
implies (b), let (¢) hold and let B be a closed finite interval included in W. By
Corollary 6.12 for G =H = Bg and so V = IB]%W], the function u — ¥ (u,-) €
Br, u € W, is analytic on W. By analytic continuation as in Theorem 5.36,
there are a connected open set U C C such that UNR = W and a holomorphic
extension of the function from W to U, which will be denoted by z — 9 (z,-) €
B. Let € > 0 be such that D := {z =u+w € C: |w| < e,u € B} CU. By
Proposition 2.96, z — ¢(z,-) € B is continuous on U, and so ||¢(z,-)||s is
bounded for z € D. Let u € B and let (,(t) := u + (¢/2)e*™ for t € [0, 1]. By
Cauchy integral formulas for derivatives as in Theorem 2.98 for f(z) = ¢(z, ),
z € B(u,¢), and for each n = 1,2,..., we have

Py, (ua ) C2mi fé“(‘) (C - U)”-‘rl - 6/2 / eQ‘n’mt

Thus for each w € B and eachn =1,2,...,

7 sup [z, g < e,

’|1/}1(Ln)(u")||s,sup < ||w7(in)(u’ )HB — ( /2

where ¢ := 2C/e and C := max{1,sup,cp |[¥(2,-)||s}, proving (6.11). The
rest of (a) follows by the implication (¢) = (a) of Proposition 6.31 applied to

each f € ]B%]%W]. The proof of Theorem 6.32 is complete. O
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6.4 Autonomous Nemytskii Operators on W, Spaces

In this section, the autonomous Nemytskii operator N is considered between
the spaces G = W, (J; X) and H = W, (J;Y) with p < ¢. In particular, we
give conditions for Np to act and be Fréchet differentiable.

Necessary and sufficient acting conditions from W, into W,

We will prove that for X =Y = R and for a closed interval J, the autonomous
Nemytskii operator Ng acts from W, (J) into Wy(J) with 0 < p < ¢ < oo if
and only if F' is locally a-Holder with o = p/q (Corollary 6.36). But first here
is an example which shows that one cannot take F' € W and get Npf € W,
even for f very smooth.

Example 6.33. Let f(z) := e~ /®sin(x) for z > 0 and f(z) := 0 for z <
0. The function f is C*°, with all derivatives 0 at 0. For F' := 1jg 1, the
composition Fof has no right limit at 0, and so is not regulated. Thus it is
not of bounded p-variation for any p < co by Proposition 3.33.

Now we show that a local a-Ho6lder property (Definition 6.4) is a sufficient
condition for an autonomous Nemytskii operator to act from a suitable subset
of W, into W, with 0 < p < ¢ < oo and « = p/q, as well as to be bounded from
W, into Wy. A nonlinear operator from a subset E of one normed space into
another will be called bounded if it takes bounded subsets of E into bounded
sets. Recall that for a nonempty open set U C X, WZ[,U](J; X)) is the set of all
f € W,(J; X) such that the closure of the range ran (f) is included in U. Also
recall Definition 6.4 of the class HI°C(U;Y) and of the sets By, (U) = Ui/m
withm=1,2,....

Proposition 6.34. Let 0 < a < 1,0 < p < oo and let J := [a,b] with a < b.
Let X, Y be Banach spaces, let U be a nonempty open subset of X, and let
F € H(U;Y). Then WI[,U](J;X) is open and for each f € W,[;U](J;X),
Nrpf e Wy a(J;Y). Also, if U = X then the autonomous Nemytskii operator
Ny is bounded from Wy(J; X) into W, (J;Y).

Proof. Let f € W,[,U}(J;X). By Proposition 6.20(a), the closure of ran (f)
is a compact subset of U. Since || - [|ssup < | - [|1,[p), it follows that a ball

B(f,¢€) is included in WI[,U](J;X) for some € > 0 just as at the beginning
of the proof of Proposition 6.26, and so WZ[,U](J; X) is open. By Proposition
6.3, ran (f) C By (U) for some m > 1. Then Nrf € W, /o(J;Y) by the first
part of Lemma 6.22(a) with B = B,,(U) and f = a. f U = X and F is a
bounded subset of W, (J; X) then E C B,,(X) forsomem and {Npf: f € E}
is a bounded set in W, (J;Y) by the second part of Lemma 6.22(a) with
B = B,,(X) and 8 = «, proving the proposition. ]
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In spite of the simplicity of the proofs of Lemma 6.22(a) and Proposition
6.34, in order that ' o f € W,/ (J;R) for all f € W,(J;R), it is necessary

that F' € HLOC, as will follow from the next theorem, taking ¥(y) = y?/* and
&(xz) = aP. Recall that a function @: [0,00) — [0, 00) belongs to the class V
if it is strictly increasing, continuous, unbounded, and 0 at 0.

Theorem 6.35 (Ciemnoczolowski and Orlicz). Let J := [a,b] with a < b, let
S, W €V, and let ¥ satisfy the Ay condition (3.3). Suppose that a function
F: R — R is such that vy (Fof; J) < oo for each f € Wg(J). Then for every
M > 0 there is a finite constant K such that for any u,v € [—M, M],

(| (u) = F)l) < K&(ju ). (6.12)

Proof. First we prove that F' is bounded over each interval [—M, M]. Suppose
not. Then for some M > 0, there exists a sequence {u;};>1 C [-M, M] such
that |F'(u;)] — 400 as i — oo. Due to compactness of [—M, M], by passing to
a subsequence if necessary, we can and do assume that for some ug € [—M, M|
we have |u; — up| | 0 and &(2|u; — up|) < 27° for each i = 1,2,.... For a
sequence {t;};>1 of distinct points of J, let f be a function on J such that
f(t) =wu; for i =1,2,..., and f(t) = ug for t € J\ {t;}i>1. Then for any
point partition x of J, we have

se(fikr) < 22@(\% — ug)) +2Zslup¢(|ui —uj]) < 42@(2\% —ugl) <4,

i>1 i>1 77 i=1
and so f € Wg(J). On the other hand, we have
v (Fof; J) 2 W(IF(f(t:) = F(f(t)]) = (| F(ui) — F(u1)]) — +o0

as ¢ — o0, a contradiction, proving that F' is bounded on every bounded
interval.

To prove (6.12) suppose that it does not hold for some M > 0. For each
u,v € [-M, M] with v > u, let k(u,v) be the ratio of ¥(|F(v) — F(u)|) to
@(v — u). Therefore there exists a sequence {[u;, v;]}i>1 of subintervals of .J
such that

k(ug, v;) — 400 (6.13)

as ¢ — 00. Since F is bounded on [—M, M], we have that v; —u; — 0 as i — oo.
For each i > 1, let w; := (u;+v;)/2. Due to compactness of [—M, M], taking a
subsequence if necessary, we can and do assume that there is a wy € [—M, M]
such that w; — wp as i — oco. Let I = {i >1: wy € [u;,v;]} and let N
be the cardinality of I. First suppose that N < co. By symmetry we can and
do assume that there are infinitely many intervals [u;,v;] to the right of wy.
Recursively select from this set of intervals a subsequence {[u},v}]};>1 such
that fori =1,2,...:

(@) wo < -+ <wjq <vj g <up<vp<---;
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(b) D(v; —wo) < 277
(€) k(uj,vf) = 227,

By (b), we have that 2°®@(v; — u}) < 1/2 for each i > 1. Thus for each i > 1,
letting m; be the largest integer < (2'@(v] — u!))~!, we have that

1/27 < md(v) — ul) < 1/2° (6.14)

Let {[si,t;)}i>1 be a sequence of nonempty disjoint subintervals of .J, and
for each i > 1, let x; = {sij,tij};@l be a point partition of [s;,t;), so that
Si =8i1 < tin <+ < Sim,; < lim; <ti. Let f be a function on J such that

v if t = ¢;; for some 1, j,

f@t) = q u; ift € [si i) \ {ti;}]2, for some i > 1, (6.15)
wo ift € J\Ui[Si,ti).

N

Then by (b) and the right side of (6.14), for any point partition & of J, we
have
k) < ZZmZ@(v; —ul)+2 Z@(vl’- —wg) < 3, (6.16)
i>1 i>1
and so f € Wg(J). On the other hand by (¢) and by the left side of (6.14),
we have for each ¢

w(Fof; J) Zw \F(f F(f(si5)]) = ma¥ (|F (v;) — F(u;))) (6.17)

= k(ul,vl)mi¢(vi — ) > 2% FL ot — 91 o
as 1 — 00, a contradiction.

Now suppose that N = 4o00. Then for infinitely many ¢ > 1, we have
either wg € (u;,v;), or wy = u;, or wy = v;. Since the proof in each case is
similar, we assume that u; < wy < w; for each ¢ > 1. For each i > 1, let
S; = max{k(u;,wp), k(wo,v;)}. Then by the As condition (3.3) for ¥, we
have

B(F(w1) ~ Fun)l) < UEIF () — Fluwo)) + (2| F(wo) — Flug))
< DS; [@(’l}l — w0> + @(wo — ’u1>] < QDSZ'@(UZ' — uz)

Thus for each ¢ > 1, it follows that S; > k(u;,v;)/(2D). By (6.13), we can
recursively select a sequence {[u},v}]};>1 such that for each i > 1, either
k(wo,v}) > 2271 or k(ul, wo) > 221, By symmetry, we assume that the first
case holds. Taking a subsequence if necessary, we assume that (v} — wg) <
1/2¢*! for each i > 1. Thus for each i > 1, letting m; be the largest integer
< (2'®(v] —wp)) ™! we have that (6.14) holds with wq instead of u. Let f be
the function on J defined by (6.15) with wq instead of u} for each ¢ > 1. Then
for any point partition k of J, (6.16) holds with all u} replaced by wp, and so
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f € Wg(J). On the other hand, (6.17) holds with all u} replaced by wy, again
a contradiction, proving (6.12). O

Proposition 6.34 and Theorem 6.35 imply the following:

Corollary 6.36. Let 0 < p < g < o0, o := p/q, and J := [a,b] with a < b.
For a function F': R — R, the autonomous Nemytskii operator N acts from
W, (J) into Wy(J) if and only if F € Hloc,

Fréchet differentiability and remainder bounds

We will give a bound for the remainder Remy,, as defined in (6.3), in the
Fréchet differentiability of the autonomous Nemytskii operator Ng acting
from W, (J; X) into W,.(J;Y') with p < r. Recall Definition 6.5 of the class

HIC, (U3 Y).

Theorem 6.37. Let 0 < o <1, 1 < p < ar < oo and let J := [a,b] with
a < b. For Banach spaces X, Y, let U be a nonempty open subset of X, let
Fe Hlffa(U; Y), and let G € W,[;U](J; X). Then there is a neighborhood V' of
zero in Wy(J; X) such that the autonomous Nemytskii operator Ng acts from
G+ V into W, (J;Y), and is Fréchet differentiable at G with derivative g —
(s — (DF)(G(s))g(s)), and there is a finite constant C := C(F,G,V,a,p,r)
such that the remainder bound

[Remn, (G, 9)|| 1 < Cliglea " lgllp) (6.18)
[r]

holds for each g € V. We can take C := ||DF||p,,. H. [EHGHZ{)T +2E + 1]
where for some m > 1, G takes values in B,, = B, (U), V = {g €
Wo(J;X): lgllp < 1/@m)}, B == Cla™',(1 = o+ p/r)~"pa™"), and
C(-,-,-) is the constant in (3.167). If in addition X =Y =K then the deriva-
tive DN (G) is a linear multiplication operator M[F'oG].

The proof is based on bounds, obtained in Theorem 3.111, of the ~-
variation seminorm of the integral transform Ky := F(H — H(-,0),dG) on
[a,b] with G(t) =t on [0, 1], defined by (3.164), and so

Ku(s) = /01 H(s,t)dt — H(s,0), a<s<b. (6.19)

We will take a function H and a number v = r € [1,00) as in the next lemma.

Lemma 6.38. Let 0 < a < 1, 1 < p < ar < oo, J := [a,b] with a < b.
For Banach spaces X, Y, let U be a nonempty open subset of X and let
F e Hllofa(U;Y). Let G,g € Wy(J; X) and B := B,,(U) for some m > 1 be
such that G(s) +tg(s) € B for all s € J and t € [0,1]. Then for the integral
transform K := Kg with
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H(s,t) i= DF(G(s) +tg(s)g(s),  (sH)eTx[0,1],  (6:20)

we have the bound

1Kl < IDF|sac { BIGIES + 0+ B)lgI?) + B lglipillglln”", (6.21)

where E = C(a™!,(1 — a + p/r)~tpa~?t) and C(-,-,-) is the constant in
(3.167).

Proof. Let p and ¢ respectively be the parameters called p and ¢ in Theorem
3.111, let the function called G there be here G(t) = t, 0 < t < 1, and
apply the theorem to 8 := p/a, p := 1/, and ¢ :== 1/(1 — a + p/r) > 1.
Then p~' +g ' =1+p/r>1,v=r and |G| 5 < |G| 1) = 1. To bound
Ag sup(H; J % [0,1]) defined by (3.165), let x = {s;}, be a point partition
of J and t € [0, 1]. Then using the Minkowski inequality (1.5), the fact that
DF € Ho(B; L(X,Y)), and letting f := G + tg, we have the bound

Ss(H(. 007 < (ZH[DFmsm—DF<f<sz»—1>>]g<si>Hﬁ)”ﬁ

(ZHDF se)lg(s) — g(snl*)

||DF||B,(Ha){||GH(p) + g1 Hgllsup + IDF Bsupllgll )
IDF| 5.2, {IGNG) + gl + 1Hlgl )
Since k € PP (J) and t € [0, 1] are arbitrary, the right side gives a bound for

Ap sup(H; J x [0,1]). Now for each point partition A = {t;}72 of [0,1] and
s € J, we have the bound

IN

IN

sp(H(s,); )P

IN

IDF |5, ge gl (Dt — 1)
j=1

9l ll9llsup-

IN

Again since A € PP[0,1] and s € J are arbitrary, the right side gives a
bound for Bgyp 5(H;J x [0, 1]) defined by (3.166). Therefore by (3.167), since
B/y =p/(ar) <1, it follows that

15,y < CUDFlsm. {IGHET + 912y +1 gl lglle’"

Also, for cach s € J, we have || K (s)|| < | DF || g, (.)llgllif. Therefore (6.21)

sup

holds. O

Proof of Theorem 6.37. By Propositions 6.20(a) and 6.3, there is a positive
integer m such that ran(G) C B,, = B,,(U). Let V be the set of all g €
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Wy (J; X) such that ||g[[;) < 1/(2m). Tt is easy to see that ran (G + tg) C
Bay, = Bop(U) C U for each g € V and t € [0, 1]. Since F' is Lipschitz on
Ba,, and p < r, Np acts from G 4+ V into W,.(J;Y) by Proposition 6.34.

To show Fréchet differentiability of Np, for each g € W, (J;X) let Lg be
the function s — (DF(G(s)))g(s), s € J. To show that Lg has bounded r-
variation let k = {t;}7_, be a point partition of J. Then using the Minkowski
inequality (1.5), we have

sr (L 1) /7 < (ZH [DF(G(t;)) — DF(G( ||)1/T

M\ /T
+(SIDFG ) lott) - gtti)]")
=1
< IDF||,.. ) |Gl GarylIgllsup + | DF |l B, supllgll -

Since k is arbitrary and p < ar < r, it follows that Lg € W,(J;Y), and
so L is a bounded linear operator from W, (J; X) into W,.(J;Y). Since F
is continuously differentiable on U and since the segment joining G(s) and
(G + g)(s) is included in U for each s € J, by Lemma 5.40, we have

[Np(G + g) — Np(G) — Lg|(s)
= /0 [DF(G(s) +tg(s)) — DF(G(s))] g(s) dt = Kp(s),

where Ky is defined by (6.19) and (6.20). By Lemma 6.38 with B = By,
since now p/r < «a, || K|y = o([lgllp)) as [lgllp — 0, and so Ng is Fréchet
differentiable at G. Since [|g||;,) < 1/2 < 1 for g € V, the remainder bound
(6.18) follows from (6.21) with C' := ||DF || ,,. . [EHGHP/T—l—QE—i— 1], proving
Theorem 6.37. o

On Fréchet differentiability of autonomous Nemytskii operators we also
have the following, recalling Definition 6.5 with here K = R:

Theorem 6.39. Let 0 < a < 1,1 < p < ar < oo and J := [a,b], where
—00 < a < b < oo. Then for any F' € Hitra, Np is Fréchet differentiable
Jrom Wy,(J) into W,.(J), with derivative DNp(G)(g) = F'(G)g for any G, g €
Wy(J). There is a constant M := M (o, p,r) < oo such that for each G €
Wip(G), F € Hita, and g € Wy(J),

[Rem (G 9)]|

< IF e {MIGIL + (1 4+ Mgl Hlgllges gl

Sketch of proof. The differentiability, with the given derivative, follows from
the remainder bound as in the proof of Proposition 6.7. The statement is
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clearly similar to that of Theorem 6.37. There we assume F' € Hlffa(U Y,
here F' € Hito(R;R). There we had DF(G(s) + tg(s)]g(s), which in the
present scalar case becomes the product of the functions F'(G(s)+tg(s)) and
g(8). The r-variation norm of the product can be bounded using the Banach
algebra property of W,(J). So we need only consider F'(G(s) + tg(s)). The
proof then is similar to but easier than those of Lemma 6.38 and Theorem
6.37 and is omitted. O

An operator N acting from a normed space (W1, || - ||1) into a normed
space (Wa, || - ||2) is globally Lipschitz if there is a finite constant L such that
for each x,y € Wy,

HN(y)—N(gc)H2 SLHy—x‘ (6.22)

17
or locally Lipschitz if for each 0 < M < oo there is a finite constant L =
L(M) such that (6.22) holds for all z,y € W; having norms bounded by
M. The next theorem gives a local Lipschitz property of the autonomous
Nemytskii operator Ng for functions F in the class 'Hlfjrca(X ;Y) (Definition
6.5). Theorem 6.68 extends the local Lipschitz property to non-autonomous
Nemytskii operators. The global Lipschitz property for Nemytskii operators
is treated in Theorem 6.70.

Theorem 6.40. Let 1 < p < g < o0, a := p/q, and J := [a,b] with a < b.
For Banach spaces X and Y, let F € Hlffa(X;Y). Then the autonomous
Nemytskii operator N acts from Wy(J; X) into Wy(J;Y). Also, for any 0 <
R < oo there are finite constants C and D such that for any f,g € Wp(J; X)
with sup norms bounded by R and for any nondegenerate interval A C J,

HNFf - NFgHA,sup < CHf - gHA,sum (6~23)
INpf = Nrgllag < CIf = 9llag + DIf = gllaswpllglld, - (6-24)

Moreover, if F € H110(X;Y) and DF is bounded then (6.23) and (6.24) hold
with C = ||DF||sup and D = ||DF|| () for any f,g € W,(J; X).

Proof. Since F € HI%%, (X;Y), its derivative DF is in H'°%(X; L(Y; X)) and
so DF is bounded on bounded sets. Thus by (5.2) in the mean value theorem,
F is locally Lipschitz, and so F € HI°¢(X;Y) ¢ HI°°(X;Y). Hence the
autonomous Nemytskii operator Ng acts from W,(J; X) into W,(J;Y) C
Wy (J;Y) by Proposition 6.34 with U = X.

Letting B := {z: ||z|| < 3R}, we will show that (6.23) and (6.24) hold
with € := ||DF|psup and D = [[DF| g ,).- By (5.2) in the mean value
theorem, for each s € A we have

[F(f(s) = Flg())|| < IDFBsupllf = gll a.sup,

and so (6.23) holds. To prove (6.24) let a < s < ¢t < b. By (5.2) in the mean
value theorem again, we have
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S = ||F(f(t) — F(g(t) + (f — 9)())|| < IDFl|Bsupl (f — 9)E) — (f — 9)(5)]],

since the segment joining f(t) and g(t) + (f — ¢)(s) is in B. Since DF €
Ho(B; L(X,Y)), and so F is continuously Fréchet differentiable, by two ap-
plications of Lemma 5.40, it follows that

7= | [F(o(6) + (7 - 9)(5)) = Flo(®)] - [F(S(s) ~ F(g(s))]|
= || [ [pra@+rt-)en -t + it (-a) ar
IDE | 0 llo®) ~ 9()I17(s) — g(s)]

Then we have

IN

R(s,t) := |[(Fof — Fog)(t) — (Fof — Fog)(s)| < S+T
< OI(f =9)®) = (F = 9) ()l + Dllg(®) — g()[I*[[ £ (s) = g(s)]I-

Let k = {t;}?_, be a point partition of A. Applying the Minkowski inequality
(1.5), it follows that

sq(Fof — Fog; &)1/‘1 = (Zn:R(ti_l,ti)q) Ha
=1

< Csq(f —g;5)Y1+ D||f — gl asupsp(9; k)4
< CHf _QHA,(q) +DHf - gHA,supHgHj,(p)'

Since k is an arbitrary partition of A, (6.24) holds, completing the proof of
the theorem. a

6.5 Nemytskii Operators on VW, Spaces

In this section, the Nemytskii operator Ny, where ¢ = ¥(u, s) can depend on
s, is considered between the spaces G = W, (J; X) and H = W, (J;Y).

Acting and boundedness conditions from W, into Wy

For X =Y =R, when does the Nemytskii operator N, act from W, (.J) into
Wy(J) with 0 < p < ¢ < oo and o := p/q? If ¥(u, s) = F(u), then a necessary
and sufficient condition is that F' is a-Holder on bounded sets, by Corollary
6.36. For an arbitrary ¥, an a-Holder condition in u for each s is not necessary,
as the following example shows:

Example 6.41. For a linearly ordered set S, let T be a finite subset of S, and
let ¥ = 1(u, s) be such that ¥ (u,s) =0if s € S\ T and 9 (u, s) is arbitrary
if s € T. Then Ny (g) € Wy(S) for each ¢ > 0 and any function g: S — R.
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For an arbitrary v, we use an a-Holder condition uniformly in s as follows:

Definition 6.42 (of UH, and H,). Let 0 < o < 1 and let S be a nonempty
set. For Banach spaces X and Y, let B be a subset of X with more than one
element and let ¢: B xS — Y. We say that 1 is s-uniformly a-Hélder on B,
oron B xS, or ¢ €UHy(B x S;Y), if there exists a finite constant H such
that

oy 5) — (v, )| < Hiju—v]® (6.25)

for all u,v € B and all s € S. Let H,(v) := H,(¢; B x S,Y) be the minimal
H > 0 such that (6.25) holds. We write ¢ € UH,(B x S)if X =Y =K.

If ¢: X xS — Y issuch that B 3 u > t(u,-) =: f(u) € £°(S;Y), then
the preceding condition ¢ € UH,(B x J;Y) holds if and only if f: B —
£°(S;Y) has the a-Holder property. Clearly, if ¢(u,s) = F(u) then ¢ €
UHo(B x S;Y) if and only if F' € Ho(B;Y) and Ho(v)) = || F[|(#,,)- To define
a local version of a uniform a-Holder condition recall Definition 6.4 and the
sequence of sets B,,(U), m =1,2,..., defined there given an open set U.

Definition 6.43 (of Z/{Hlaoc). Let o, S, X, and Y be as in Definition 6.42, let
U be a nonempty open subset of X, and let ¢: U xS — Y. We say that v is
s-uniformly a-Holder locally on U, or ¢ € UH}SC(U xS;Y), if it is s-uniformly
a-Hélder on B, (U) for all sufficiently large m. We write ¢ € UH}SC(U x S)
ifX=Y =K

We show next that if the Nemytskii operator Ny, is bounded from W, into
Wy, then for ¢ = ¢(u,s), the (p/q)-Holder condition in u is necessary for
all but countably many s. Recall that a nonlinear operator from one normed
space E into another is called bounded if it takes bounded subsets of E into
bounded sets.

Theorem 6.44. Let 1 < p < g < o0, « :=p/q, J := [a,b] with a < b, and
: R x J — R. Suppose the Nemytskii operator Ny is bounded from W,(J)
into Wy(J). Then ¢ = n+ ¢, where

(a) n € UHPC(R x J).

(b) for some countable set E C J, £(u,s) =0 for s ¢ E.

(¢) we have (u,s) — (u,s+) € UH}SC(R X [a,b)) and (u,s) — P(u,s—) €
UH°(R x (a,b]).

(d) for each w and for f =1, n, or&, f(u,-) € Wy(J). For u bounded, f(u,-)
are bounded in Wy (J).

(e) if for a dense set of values of u, ¥(u,-) is right-continuous on [a,b) and
left-continuous at b, then we can take & = 0.

(f) N, and N¢ are also bounded operators from W, (J) into Wey(J).

Proof. On W,.(J) we have the equivalent norm || f|| ) := max{||f[| ¢y, | fllsup}
with [ fll) < | £l < 20 fllir for all f. Then for any 0 < C' < oo, Ny acts
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from {h: ||A[lp < C}into {f: ||f]lq) < M} for some M := M(C) < co. For
any C' > 0 let
H:= H(C) := 2?1+ /0 pp, (6.26)

We will first show that for some countable set T' C J, and ¥ = 9 restricted
to Rx (J\T),
Ur € UHC(R x (J\T)). (6.27)

Then (6.27) will also hold for any countable E > T in place of T. Sup-
pose (6.27) fails for all countable T C J. Then for some positive integer
k, there is no countable set T' such that ¢ € UH([—k, k] x (J\T)). In-
deed, otherwise for each &k = 1,2,..., there is a countable T'(k) C J such
that 1y € UHo([—k, k] x (J\ T(k))). Then letting T := Up>1T(k), (6.27)
holds with T' countable, a contradiction. Therefore for each m = 1,2,...,
the set &, = &Enk of all s € J such that for some u,v € [k, k],
|(u, s) — (v, s)| > m|u—wv|* is uncountable. For any u,v € [—k, k] there are
points uy, v € [k, k], 1 <1 < 10k, such that max; |u; — v;| < 1/5 and

|"/}(u> S) - 1/}(1}7 8)‘ < 10k m?X W(Ub s) — ¥(vi, S)‘

for any s € S. Therefore for each m = 1,2,... and for all s € &,, ;, there are
u,v € [—k, k] such that |u—v| < 1/5 and |[¢(u,s) — (v, s)| > (m/(10k))|u —
v|*. Take C' =k, fix m > 10kH with H defined by (6.26), and let F := &, .
Forr =5,6,..., let F, be the set of all s € F such that u and v can be chosen
with 1/(2r) < |[u—wv| < 1/r. Since F = U325 F,., some F, is uncountable, and
we can assume F = F,.. Let ¢ := 1/(2r) < 1/9. We can assume u = ys and
v = z5 chosen so that 0 < z;—ys < 20 for all s. There is a finite set F' C [—C, (]
such that each point of [—C, C] is within §/3 of some point in F. Thus for
some u € F', there is an uncountable set A, C J with ys < u < z, for all
s€ A,. Forann > (2M/H)1/6P, take a < s1 < --- < s, < bwith s; € A, for
j=1,...,n.Let sp := a and g(sg) := u. Recursively, suppose we have defined
9(s0),...,9(sj—1) for j < n, where g(s;) = zs, or ys, for each ¢ with 1 <i < j,
so that |g(s;) —u| < 26. Since |w(zsj,sj) —Y(ys;,85)| > H, we can choose
005,) =, 02y sl hat 4, 1= [0g(s). )~ V{9(55-0).5-0)| > HO" 2
In either case, |g(s;)—g(sj—1)] < 46. Thus g(s]) are defined for j =0,1,...,n

For each r = 1,...,n, we have > '_ A% > r(H/2)76". There is a least r <n
such that T(H/2)q5p > M9, and so 27’(46)” > 1 by (6.26). Then r > 2 and

I

D [Nu(9)(s5) = Nu(g)(sj-1) ZAq > MY, (6.28)
j=1
Also, we have (r/2)(H/2)%0? < M4, and so using (6.26) and C' =k > 1,

I

D lglsy) = gls;-1)lP < r(doP <1< CP. (6.29)

j=1
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Let h(sj) := g(s;) for j =0,...,r. Let h be linear on each interval [s;_1, s;],
j=1,...,r, and h(s) := h(s,) = g(s,) for s € [s;,b]. Any p-variation sum
sp(h; k) for h with a point partition « of [a, ] is dominated by one in which
adjoining increments of the same sign are combined, so we can assume that
adjoining increments are of opposite signs. Then we can assume that the
points of x are local maxima or minima of h and that x C {s;}j_,. Each
g(s;) is within 20 of u, so v,(h) < r(40)? < 1 by (6.29), and ||Ap) <1< C.
Since [|A|lsup < C we have [|h|,; < C, but [|[Ny(h)|(q > M by (6.28), a
contradiction. It follows that (6.27) holds for a countable set T C J.

By taking any constant function u1(-) in Wy (J) we get ¥(u,-) € Wy(J),
which is (d) for f =), and so ¢ (u, -) is regulated by Proposition 3.33. There-
fore for u € Q (rational), ¥ (u,-) is continuous except at most for s in a
countable set E,, C J. Let £ :=T UlJ,cq Eu U {b}. Then E is countable.

For every u € R and a < s < b, the limit ¢ (u, s+) = limy |5 ¥ (u, t) exists.
The limit can be taken through ¢t ¢ E since E is countable. For ¢t ¢ E, the
functions (-, t) are uniformly «-Hélder, thus uniformly equicontinuous, on
every bounded interval [k, k], k = 1,2,.... So as ¢t | s through ¢ ¢ F,
¥(+,t) converges uniformly on [—k, k] to ¥(:,s+). Thus (u,s) — ¥(u,s+) €
UHo([—k, k] X [a,b)). Moreover, if s ¢ E then ¢(u, s+) = (u, s) for allu € Q
and so for all u since both functions are a-Holder.

For all u € R, let n(u,s) := ¥(u,s+) for a < s < b, and let n(u,b) :=
limg1p, ¥(u, t). Then (a) holds for n. Let &(u,s) = ¥(u,s) — n(u,s) for all
u € Rand s € J. Then (b) holds for &. The first conclusion of (c) is already
proved. The proof of the second one is symmetric. Next, (d) holds for f =7
since taking right or left limits cannot increase the g-variation. Since W, is a
vector space, (d) also holds for f = £. Boundedness of f(u,-) for u bounded
holds by the hypotheses, so (d) is proved. For (e), replacing Q by the given
dense set, the same proof gives n =1 so £ = 0.

To prove (f), for [|Allsup < [|2[ljp) < S < 00, we have

[N (P)llsup < sup{[n(u, s)|: s € J, |u| <5} < o0

by (d). Any g-variation sum

n

> |n(h(si), si) = n(h(siz1), 1)

i=1

can be approximated arbitrarily closely by a sum
Z |[(h(si),t:) — 7/’(h(5i71)’ti71)’q
i=1

for t; ¢ E, t; close enough to s; and t; > s; except if s, = b, when t,, < s,
and t1 < ty < .-+ < t,. For any such {t;} ,, there is a ¢ € W,(J) with
g(t;) = h(s;) for i = 1,...,n and |lg|lp; < [|Aflp). It follows that for any
S < oo,
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sup {[|Ny (W)l )+ 1Bl < S} < sup {INy(9)ll ()¢ Nallp < S} < 0.

So (f) holds for N,, and since N¢ = N, — N,,, also for N¢. The theorem is
proved. O

Remark 6.45. For ¢ (u, s) = F(u) not depending on s the preceding theorem
gives that F'is a-Holder on bounded intervals. This also follows from the case
U(y) = y? and P(y) = yP of Theorem 6.35, which assumes that Np acts
(without assuming it is bounded) from Ws to Wy. In this case the acting
condition implies boundedness by Proposition 6.34.

Example 6.41 shows that if the set E in () is finite, ¢(-, s) for s € E can
be arbitrary bounded functions. Specifically, let E have cardinality n < oo,
let |t(u, s)| < M < oo for any s € F and u € R, and let ¥(u, s) = 0 whenever
s € J\ E. Then for an arbitrary function ¢g: J — R we have Nyg € W,(J)
with [|[Nygllsup < M and |[Nyglly) < 2n'/9M. So Ny is bounded in the
unusually strong sense that it is bounded uniformly on any space of real-
valued functions, not only on bounded sets for some norm. In this case n =0

and £ = ).

The following shows that 1 (u, -) is regulated uniformly for u in bounded
intervals whenever the Nemytskii operator Ny acts from W;(J) into R(J).
Recall that Wao(J) is the space R(J) of real-valued regulated functions on
J and ¢€°°(J) is the space of real-valued bounded functions on .J, both with
supremum norm.

Proposition 6.46. Let 1 < p < oo, 1 < ¢ < oo, J := [a,b] with a < b, and
: R x J — R. Suppose the Nemytskii operator Ny acts from W,(J) into
Wy(J). Then

) Y(u,-) € Wy(J) for each u € R;
) for eachk:— 1,2,..., ¢ is bounded on [—k, k] x J;
¢) for each C' > 0, letting 1o be @ restricted to [—C,C]| x J, the function
s ol s) is in R(J; £ ([-C, C))).

(a
(b
(

Proof. Since Wi (J) C W,(J) for p > 1 by Lemma 3.45, we can assume p = 1.
For each u € R, 9¥(u,-) = Ny(ul(-)) € Wy(J) since ul(-) € Wi(J), proving
(a). To prove (b), suppose it fails for some k. For each j = 1,2,..., choose
uj € [—k,k] and t; € J with [¢(uj,t;)| > j. Taking subsequences and by
symmetry, we may and do assume that u; | ug € [—k,k] and ¢; T s € J. Let
h(a) := w1, h(tj) := u; for j > 1, let h be linear on each interval [t;_1,1;],
where tg := a, and let h(t) := ug for t € [s,b]. Then h is nonincreasing and
bounded, so h € Wi (J), but (Nyh)(¢;) are unbounded, a contradiction. Thus
(b) holds.

To prove (c¢), each 9¢c(-,s) is bounded on [—C,C] by (b). By (a) and
Proposition 3.33, ¢ (u, -) is regulated for each u € R. By symmetry it is enough
to prove that for each s € (a,b] and 0 < C < o0, 9(u,t) converges to ¥(u, s—)
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as t 1 s uniformly for |u| < C. Suppose not. Then for some 0 < C' < co and
s € (a,b] there are € > 0, a < t; T s, and |u;| < C such that |¢(uj,t;) —
¥ (u;,s—)| > 2e. Taking a subsequence, we can assume that u; — uo for some
up € [—C, C], and then by symmetry that u; | ug. For each j, take s; € (¢, s)
such that [¢(uj, s;) — ¥ (uj, s—)| < € and so |¢(uj,t;) —¥(uj, sj)| > e. Taking
a subsequence of {t;}, we can assume that t; < s; < t;41 for all j. Let
g(tj) == g(sj) == uj for all j > 1 and g(a) := w;. Let g be linear on each
interval between adjacent values where it is defined and g = ug on [s, b]. Then

¢ is nonincreasing, so it is in Wy (J). Also, for each j = 1,2,... we have
that |(Nyg)(t;) — (Nyg)(s;)] > €. So Nyg(s—) does not exist and Nyg is not
regulated, contradicting the acting hypothesis. O

We will next define some conditions related to boundedness of the Ne-
mytskii operator Ny from W, into W, with p < ¢. For 0 < p < oo and
T = (v1,...,0), v € X, let wy(z) = v,({z; — i1 }1y)Y/P + max; ||z,
where

vp({xi — xi—1}iy) == max { Z |zoc) — zaj—1) Hp: 1<m<mn, (6.30)
j=1

1:9(0)<9(1)<~~<9(m):n}.

Clearly, v,({z; — wi—1}ls) = ve({zi — mi1}ly) with &(u) = wP, u > 0,
defined by (3.136). For 0 < o < 1, let ¥ € UHL(R x J), ¢ := p/a, and
f € Wy(J). Using the Minkowski inequality (1.5), for any point partition
K= {sz} ', of J, we have

/
Su(Nu i) < Ho) 1113 + (Zw ) — v sn)])

and wy({f(s:)}i=1) < || flljp)- Therefore Ny f € W,(J) if 1) also satisfies the
condition formulated next.

Definition 6.47 (of Wy q, Wa,q, and HW, 4). Let 0 < a < 1,let 0 < g < 00
and let J be a nondegenerate interval. For Banach spaces X, Y, let B be a
nonempty subset of X and let ¥ = ¢(u,s): B x J — Y. We say that ¢ is in
the class Wy ¢(B x J;Y) if for each 0 < K < oo, there exists a finite constant
W = W(K) such that

SACHND Z [ (uiy 50) = ¢ (us, sim1) [T < W4 (6.31)

for all partitions x = {s;}I_ of J and for all finite sets u = {u;}}"; C B such
that waq(p) < K. Let Wo 4(¥, K) = Wo (¢, K; B x J,Y) be the minimal
W > 0 such that (6.31) holds for a given K.

Suppose in addition that B has more than one element. We say that 1 is
in the class HWq ¢(B x J;Y) if
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(a) 1 is s-uniformly a-Holder on B, or ¢p € UHo(B x J;Y) (Definition 6.42);
(0) Y € Wa,q(B x J;Y).

In other words, HWqa q(B X J;Y) = UHo(B X J;Y) N Wa (B x J;Y). We
write 1 € HWa (B x J) it X =Y = K.

We will next compare the conditions ¢ € UHq(B x J;Y), 1 € Wy (B x
J;Y) and ¢ € HWq (B x J;Y) with the following two properties of ¢:

ur— P(u, ) € Ha(B;Wy(J;Y)), (6.32)
s—=P(+,8) € Wy(J; Haoo(B;Y)). (6.33)

In (6.33), if B is bounded, Ha,00(B;Y) = Ha(B;Y) as a set, but He,00(B;Y)
has the norm || - ||, and H4(B;Y') only a seminorm.

Proposition 6.48. Let 0 < a < 1,1 < ¢ < oo, J := [a,b] with a < b, let
X,Y be Banach spaces, and let B be a bounded set in X with more than one
element. For v: B x J —Y the following hold:

(a) if (6.32) holds then ¢ € UH (B x J;Y);
(b) if (6.33) holds then 1) € HWa 4(B x J;Y).

Proof. For (a), assuming that (6.32) holds, it follows directly that ¢ €
UHo(BxJ;Y). For (b) let (6.33) hold. The closure of the range of s — (-, s) is
compact in Hq, oo (B;Y) by Propositions 6.2 and 6.20(c), and so it is bounded,
showing that ¢ € UH (B x J;Y). Clearly (6.33) implies 1) € Wy (B x J;Y).
Thus (6.33) implies 1) € HW, (B x J;Y), proving the proposition. a

Remark 6.49. In the preceding proposition, clearly (a) also holds if in (6.32)
Wy (J;Y) is replaced by £°°(J;Y), and (b) also holds if in (6.33) Ha,e0(B;Y)
is replaced by ¢*°(B;Y).

The following example shows that ¢ € HWq 4(B x J;Y) does not imply
(6.33), that is, the converse to (b) in the preceding proposition does not hold.

Example 6.50. Let Y := R and X = H, a separable, infinite-dimensional
Hilbert space with orthonormal basis {e;}32,. For j =1,2,... and u € B :=
{z: |lz|] <1} C H, let F;(u) := max{0,1 — 2||e; — u|/}. Let J := [0,1] and
for s € J, let h;(s) := max{0,1 — 27![s — (1/27)[}, j = 1,2,.... Then for
(u,8) € B x J, let ¢(u,s) := > 77| Fj(u)h;(s) € R. The sum converges since
for any u, F;(u) # 0 for at most one value of j, and so ||¢||sup = 1. If for some
u,v € B, Fj(u) # 0, F;(v) # 0, and i # j, then ||u — v| > v2 — 1. Thus if
lu—v| <+2—1and s € J then either ¢)(u, s) — (v, s) = 0, or for some 7,

¥ (u, s) = P(v, 8)| = [Fj(u) = Fj(v)[[h;(s)] < 2lju— o],

and so [|1(-,8)||ln, < 14 2/(v/2—1) for all s and ¢ € UH(B x J;R) C
UHo(B x J;R) for any « € (0,1]. Let a € (0,1], 1 < ¢ < 00, and p := aq.
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To show that ) € Wy ¢(B x J;R), let & = {s;}}_, be a partition of J, let
0 < K < o0, and let p = {u;}}; C B be such that w, (1) < K. Then we have
at most ﬁmtely many values of j, say N, such that F) (u ) # 0 for some i.
Let I be the set of such j. Since w, (1) < K, K? > (N —1)(v/2 — 1)?, and so
N <1+ (K/(v2—1))P. Using the Minkowski inequality (1.5), it then follows
that

so@im 1< (S B )l lhy(si) — hy(si1)|7)
JEL it [lui—e;||<1/2
<201+ (K/(V2 - 1)),

since vy (h;) < 2 for each j, proving ¥ € Wy ¢(B x J;R). But letting ey := 0,
s;:=1/2""%" i=0,1,...,n, forany n = 1,2,... and 0 < q¢ < oo we have

1/q

n—1=3 [len-i,si) = lenisi1)[T < D [0 5:) = (-, 5im1)]| L
i=1 i=1
Thus the mapping s +— (-, s) is not in Wy (J; £°(B;R)), and so s — (-, s) &
Wy(J; Ha,oo(B; R)) for each a € (0, 1], although it takes values in Hq (B;R) =
Ha.0o(B;R).

Next, local versions of the conditions in Definition 6.47 will be defined
on U x J for an open set U C X, using the sequence of closed, bounded
sets By, := Uy, T U as m — oo defined before Proposition 6.3. The Wi?g

condition on ¢ € L{Hlaoc will be shown to be sufficient (Proposition 6.54(b))

for the Nemytskii operator IV, to be bounded from W, into W, with ¢ = ap.
Proposition 6.57 will show that a weaker condition is not sufficient.

Definition 6.51 (of W}fg and HW}SZ). Let «, ¢, J, X, and Y be as in Def-
inition 6.47. Let U be a nonempty open subset of X and let v: U x § — Y.
We say that ¢ is in the class W}fg(U x J;Y) or in the class HW}SE(U x J;Y)
if for each sufficiently large m, 1 is, respectively, in the class Wy ¢(Bym x J;Y)
or in the class HWaq ¢(Bm x J;Y). We write ¢ € W(ll(’)g(U x J) and ¢ €
HWRS(U % J)if X =Y =K.

Recalling the definitions of Ho(; B x J,Y) and W, (-, K;B x J,Y) in
Definitions 6.42 and 6.47, respectively, the following is easy to check:

Proposition 6.52. Let 1 < g < oo, o € (0,1], let J be a nondegenerate
interval, and for Banach spaces X,Y , let B be a subset of X with more than
one element. Then Ho(+;B x J,Y), and Wq q4(-, K; B x J,Y) for each K €
[0,00), are seminorms.

The two seminorms for 1 just introduced will be used to give sufficient
conditions for acting and boundedness of the Nemytskii operator Ny, in parts
(a) and (b) of the next fact. Conversely, part (c) shows that finiteness of Wy, 4
is necessary given that of H,. See further Theorem 6.58.
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Lemma 6.53. Let 1 < p < ¢ < oo, a:=p/q, J := [a,b] with a < b and let
A be a nondegenerate subinterval of J. For Banach spaces X and Y, let B be
a subset of X with more than one element and let ¢v: B x J — Y. Then the
following hold:

(a) for g e Wy(J; X), if the range of g is included in B, then
HN’/)gHA,(q) S Ha(w7B X A7 Y)HQH%,(;)) + Wa,q(% Hg||A,[P]7B X A7 Y)a
(b) for g e Wy(J; X), ifran(g) C B, vE€ B and t € A, then

HN’/’gHA,sup
S H7/J||B><A,sup
< Ho(; BXA,Y) sup [l = v[|*+Waq (4, [[v]l; {v} x A, Y)+ 9 (v, )5
ue

(¢) for 0 < K < o0,

Wa,q(waK;B X Aa Y)
< Ho(9; BXAY)K*+sup{||[Nyglla,q: 9]la,p < K, ran(g) C B}.

Proof. In proving each inequality we can assume that its right side is fi-
nite since otherwise there is nothing to prove. If g is constant, the proof
will show that the inequality in (a) holds with oo - 0 replaced by 0 if
H,(¢;B x A,Y) = 4+00. To prove (a), let & = {s;}"_, be a partition of A.
Then wy({g(si—1)}i=1) < llglla,jp)- Thus by the Minkowski inequality (1.5),
(6.25) and (6.31), we have

n

$/(Vogs )1 < (3 [I9g(s1), 50 = @lg(sion), 0]

bl (sin). ) = latsio.sinl] )
< (B x AY)( X o) —si-0)1P)
1/q

(D2 Ietgsi-1). 50) = wlglsima), sl
i=1
< Ha(s B x AY) 9% gy + W0, gl B x A,Y).

Since & is an arbitrary partition of A, (a) follows.
To prove (b), for g € W,(J; X) with ran(g) C B, for any u,v € B and
s,t € J, we have

[9(u, )| < e(u, s) = (v, s)ll + [¥(v, 5) = (v, )| + (v, 1)]
< Ho(¢; BxA)Y) sup [ = 0[] +Waq (4, [[0]l; {v} x A, Y)+ ¢ (v, ).
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Since the first inequality in (b) is immediate, (b) holds.

For (c), let k = {s;}]", be a partition of A, and let p = {u;}}; C B be
such that w,(p) < K. For such {u;} there is a g € W,(J; X) with g(s;) = u;
for all 4, ran(g) C p C B, and ||g|[a,p) < K. Then applying the Minkowski
inequality (1.5), (6.25), and (6.31), where s,(¢; i, ) is defined, we have

sq (5 1, K)I/q
< (2 [1Vu) (51) = (Nug) i)+ g5 -1). 5i1) (g o), i)l |
=1
= HN’/JQHA,(q) + Ho(¢; B x A, Y)||gl%, )
< sup {[|Nygllag): l9llap < K, ran(g) € B} + Ha(¢; B x A,Y)K®.

Q=

Since k and p are arbitrary, (¢) holds, completing the proof of the lemma. O

Recall that for a nonempty open set U C X, the sequence B,,(U) =

Ui/m T U as m — oo is defined before Proposition 6.3 and WI[,U](J; X) is the
set of all g € Wy (J; X)) such that the closure of the range ran (g) is included in
U. Also recall that a nonlinear operator from a subset F of one normed space
into another is called bounded if it takes bounded subsets of E into bounded
sets.

Proposition 6.54. Let 1 <p < g < oo, a:=p/q, and J := [a,b] with a < b.
For Banach spaces X and 'Y, let ¢p: X x J — Y. Then the following hold:

(a) ify € UHLOC(U x J;Y) for a nonempty open subset U of X, then (i) for
each 0 < K < oo and each m=1,2,...,

sup {[|Nyglliq): lgllp) < K, ran(g) € Bm(U)} < o0 (6.34)

if and only if (i1) ¥ € W}fg(U x J;Y). In particular, Ny acts from
W,[;U](J; X) into Wy (J;Y') provided ¢ € HW}SE(U x J;Y);

b) if Y € L{HLOC(X x J;Y) then Ny is a bounded operator from Wy(J; X)
into Wy(J;Y) if and only if ¢ € W(lx?g(X x J;Y);

(¢) if B is a bounded subset of X having more than one element and if
Y € UHa(B x J;Y), then Ny is a bounded operator from the set {g €
W, (J; X): ran (g) C B} into Wy(J) if and only if 1 € Wy o(B x J;Y).

Proof. For (a), to show (iz) implies (i), (6.34) follows from (a) and (b) of
Lemma, 6.53, provided ¢ € W(lx?g(Ux J;Y). Conversely, suppose that (i) holds.
Then by Lemma 6.53(¢), for any K > 0and m =1,2,..., W, (¢, K; B, (U)
J,Y) < oo, and so ¢ € W}Sfj(U x J;Y), proving the first part of (a). To
prove the second part let g € W,[)U](J;X). By Propositions 6.20(a) and 6.3,
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ran (g) C By (U) for some m. Then Nyg € Wy(J;Y) by the first part of (a).
The proof of (a) is complete.

To prove (b), for U = X and each m, By, = B (X) = {z: ||z]| < m}.
Given a bounded set D in W, (J; X), there is an m such that ran (g) C B, for
each g € D. Applying (a) and (b) of Lemma 6.53 to B = By, and v =0 € B,,,
we have that there is a finite constant C' = C(¢, D, m) such that || Nygl/jg < C

for each g € D provided v € W(lx?qC(X x J;Y). The converse implication holds
by Lemma 6.53(c) applied to each B = B,,, proving (b).

The proof of (¢) is the same as the proof of (b), replacing B,, by B and 0
by any fixed point v of B. The proof of Proposition 6.54 is complete. O

Remark 6.55. In relation to Proposition 6.54(b), recall that by Definition
6.47, for a subset B of X with more than one element, HW, (B x J;Y) =

quX<B X JaY) N W(x,q<B X J,Y) and so HW}SZ(B X J7Y) = Z/[HLOC<B X
J;Y) NWOYB x J;Y).

We next consider a condition weaker than 1 € W}fg(X x J;Y'). Namely,
condition (6.31) restricted to singletons p means that (u,-) must have
bounded g¢-variation uniformly for v in bounded sets. Proposition 6.57 will
show that in the case p = ¢ = a = 1, boundedness of the 1-variation of ¢ (u,-)
uniformly in « and an s-uniform Lipschitz condition on (-, s) are not suf-
ficient for Ny to act from WW; into W;. In that direction we first prove the
following.

Lemma 6.56. For any n = 1,2,..., there exists a real-valued function ¢ =
Y on [0,1] x [0,1] such that

(a) for any s,u,v € [0,1], |(u,s) = (v, s)| < Ju—vl;
(b) for any u € [0,1], [|¢(u, )| < 2;
(c) for g(s) = s, [[Nyglla) = n;
(d) Y(u,s)=0ifs oru=0orl, and|p(u,s)| < 1/(4n+2) for allu,s € [0,1].
Proof. Let n be a positive integer, and let M := M,, := (2n + 1)2. For j =
0,1,...,M, let s; := j/M. Define ¢ on [0,1] x [0,1], for u € [0,1], letting
Y(u,s5) = (=1) max{0,(d4n+2)' —|Ju—s;|} if j=n+2,...,M —n—2,
P(u,s;):=0ifj=0,1,....,.n+1lorj=M—-n—1,..., M, and letting ¥ (u, -)
be linear on each interval [s;_1,s;], j = 1,..., M. To check (a) notice first
that it holds when s = s; for each j, and so it holds for all 0 < s < 1.

To check (b) let u € [0,1]. By the piecewise linearity of ¥ (u, -), we have

M
b, )1y <D Jb(u, s5) = W(u, s5-1)].
j=1

For each j, we have ¢ (u, s;) =0 if |u — s;| > 1/(4n +2), and so ¥ (u, s;) # 0
for at most 2n 4+ 1 values of j. Thus in the sum there are at most 2n + 3
non-zero terms, each no larger than (2n+1)7!, giving a sum < 2, proving (b).
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For (¢) where g is the identity function, we have

M—-n—1
INggllay = D [w(sjrsi) —d(sj-1,85-1)] = 2n— 1>,
j=n+2

proving (c).
We have (d) for s = 0 or 1 by the definition of 4, and

¢(07 5n+2) = 7/}(13 5M7n72) = 0.

It follows that (0, s) = ¢(1,s) = 0 for s = s; for all j, and then all s, so (d)
and the lemma are proved. O

Now we can prove that boundedness of the 1-variation of ¢ (u, -) uniformly
in w and an s-uniform Lipschitz condition on ¢ (-, s) are not acting conditions
from W, into Wi for the Nemytskii operator Ny,.

Proposition 6.57. There exists a real-valued function v on [0,1]x [0, 1] such
that (a) and (b) of Lemma 6.56 hold and || Nyg| 1y = +oo where g(s) = s
0<s<1.

Proof. For n =1,2,..., let ¢, be functions on [0, 1] x [0, 1] satisfying all four
properties of Lemma 6.56. For j = 1,2,..., let p; := 1/[j(1 + j)]. Let to :=0
and forn > 1, let t,, :== Z;-lzl pj T lasn — oo. Let Cp, := [tn—1, tn] X [tn—1,tn]-
Define a function ¢ on [0,1] x [0, 1] to be 0 outside U ;C,,, and on C), let
W(tn—1 + Pty tn—1 + Pns) := ppn(u,s) for 0 <u<land 0 <s < 1.

To prove (a) of Lemma 6.56 for ¢, let s = t,_1 + pps, for some s,,
0<s,<1.Fort, 1 <u=t, 1 + Pt SV =1p-1+ Prn < tn,

W(U’ S) - ’(/}(U7 S)’ = Pan(Um Sn) - ’(/}n<vn7 Sn)’
< Pnltin — vn| = pnlu —v|/pn = [u — .
So (a) holds on C,, for each n. Since v is 0 on the boundary of each C,, and
outside their union, (a) holds on [0,1] x [0, 1].

For (b) of Lemma 6.56, notice that ¢(u,1—) = 0 for each u € [0, 1]. Using
additivity over adjoining intervals of the 1-variation, we then have

(s My =D palltbn(u, )l ) < 2

n>1

for each u € [0, 1], proving (b). Actually |4y (u,-)||1y > 1 implies s, 1 < u <
Sn, which can hold for only one value of n.
For g(s) = s, using (c¢) of Lemma 6.56, we have

||N¢9||(1) > ZPnHngH(U > Z Tl) = +00.

n>1

The proof of Proposition 6.57 is complete. O
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The main result of this section thus far is the following sufficient condition
for acting and boundedness of a Nemytskii operator Ny on Banach-valued
functions. Part (b) gives necessity for real-valued functions under a hypothesis

on .

Theorem 6.58. Let 1 < p < g < o0, a := p/q, and J := [a,b] with a < b.
For Banach spaces X and Y, let ¢: X x J — Y.

(a) If ¥ € HW}S’E (X x J;Y) then the Nemytskii operator Ny acts from
Wy (J; X)) into Wy(J;Y) and is bounded.

(b) Suppose that X =Y = R and for a dense set of values of u, ¥ (u, ) is right-
continuous on [a,b) and left-continuous at b. If the Nemytskii operator Ny,

acts and is bounded from W,(J) into Wy(J) then ¢ € HW}SE(R x J).

Proof. For (a), Ny acts from W,(J; X) into W,(J;Y") by the second part of
Proposition 6.54(a) with U = X. By Proposition 6.54(b), N, is bounded.

For (b), by Theorem 6.44(e), ¥ € MHLOC(R x J). Thus ¢ € HWoc (RxJ

«@,q

by the implication (i) = (i¢) of Proposition 6.54(a) with U = X =Y =R. O

Continuity and Lipschitz properties from W, into W,

The continuity of a Nemytskii operator N, will be proved using the following
conditions on ¢, which in turn use Definition 6.47 of W, 4(Bx.J;Y"), Definition
6.8 of u-differentiability of ¢, and the definition of wy,(x) for = (z1,..., )
before (6.30).

Definition 6.59 (of CWy 4 and HWq a,g)- Let 0 < a < 1, let 0 < ¢ < oo,
and let J be a nondegenerate interval. For Banach spaces X, Y and for a
nonempty open set U C X, let ¢ = ¢(u,s): U xJ — Y and let B be a
nonempty subset of U. We say that ¢ is in the class CWy 4(B x J;Y) if

(@) |Y]lBxJsup < 00 and 9 is s-uniformly continuous on B, that is, for each
€ > 0 there is a § > 0 such that |[¢(u, s) — (v, s)|| < € whenever u,v € B,
lu—v| <6 ands e J;

(b) Y € Wy 4(B x J;Y).

We say that ) is in the class HWo.a,q(BxJ;Y) for a = 1if 0 € B, 1 is Fréchet

u-differentiable on U x .J with derivative 15" € CWo,q(B x J; L(X,Y)), and

¥(0,-) € Wy(J;Y), or for a € (0, 1), if the following hold:

(c) sup{[lv(u,s) =¥ (v,s)|[: s € J, u,v € B, [lu—v| <} =0(6%) as é | 0;

(d) ¥ € Waq(B x J;Y), and for each 0 < K < oo and € > 0 there exists a
0 > 0 such that
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Aq (Vs pa, po, K)

=) Wi, s0) = ¥(wiy50) = (ui, si1) + Y(viysic)|| ! < €
=1

for all partitions k = {s;}7, of J and for all sets 1 = {u;}?, C B,
po = {v;}1, C B such that wae(p1) < K, waq(p2) < K, and max; ||u; —
UzH < 0.

We write ) € CWo (B x J) and ) € HWoa,q(B x J) if X =Y =K.

Next a local version of these conditions will be defined on U x J for an
open set U C X. Recall that for a nonempty open set U C X, the sequence of
closed, bounded sets By, := By, (U) := Uy, 1 U as m — oo is defined before
Proposition 6.3.

Definition 6.60 (of HWLOC ). Let o, ¢, J, X, Y, U, and ¢ be as in Defini-

0,a,q
tion 6.59 and let 0 € U if @ = 1. We say that 1 is in the class HW(I)?(S’q(U X
J;Y) if for each sufficiently large m, 9 is in the class HWg o q(Bm % J;Y).
We write 1) € HWI?S (U x J) if X =Y =K.

0,09

The following conditions will be shown to imply a Lipschitz property for
a Nemytskii operator, and will be used in Section 6.6 concerning higher order
differentiability on W, spaces.

Definition 6.61 (of HW,, a4 and KW, ). Let 0 < o < 1 and 0 < ¢ <
oo. Let J be a nondegenerate interval. For Banach spaces X, Y, let U be an
open subset of X, let B be a subset of U containing 0, and let n be a positive
integer. We say that ¢: U x J — Y is in the class HWyp1a,q(B x J;Y) if ¢
is Fréchet wu-differentiable of order n on U x J with derivatives such that for

k=0,....,n—1,
P0,) e W (J; L(EX,Y)) and o € HW, (BxJ; L("X,Y)), (6.35)

where L(°X,Y) = Y. Let 0 € U, let By, := Uy, m = 1,2,..., be the
sequence defined before Proposition 6.3, and let my > 1 be the least integer
such that 0 € B,,,,. We say that 1 is in the class HWlo¢ (Ux J;Y) if for each

n—+ao,q

m > my, w € HWn_A,_a’q(Bm X J, Y) Let HWnJ'_a’q(B X J) = HWn+a7q<B X
JiR) and KW, (U x J) := KW, (U x J;R).

Lemma 6.62. Let 0 < o < 1,1 < g < o0, and J := [a,b] with a < b. For
Banach spaces X and Y, let B be a nonempty bounded and convex subset of
X such that 0 € B, let U be an open subset of X such that B C U, and let

P: UxJ—=Y bein the class HWpta,q(B X J;Y) for some positive integer
n. Then for k=0,...,n—1,

P e HW, 4(B x J; L(*X,Y)). (6.36)
Moreover, (6.36) holds with k =0 if p € HWq1,4(B x J;Y).
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Proof. To prove (6.36) for k = n — 1, let u,v € B. Since B is convex the
segment [u,v] joining uw and v is included in B. Then by (5.2) in the mean
value theorem, we have for each s € J,

[ (0, 8) = 98 (w, 8) || < 105 | Bxsupllu = ol (6.37)

since ||Dw£n71)(~, s)|l = \|w£n)(-, s)|| for each s by Proposition 5.25. Moreover,
since B is bounded, ||1/)7(Ln)|| BxJsup < 00 by the second inequality in Lemma
6.53(b) applied to ¢ = ™. Thus "~ is s-uniformly Lipschitz on B, that
is, condition (a) in Definition 6.47 holds for 1 = ¢~ with o = 1.

To prove w,&nil) € Wiy(B x J;L("'X,Y)), let 0 < K < oo, let p =
{u;}?_y C B be such that w,(n) < K, and let x = {s;}_, be a partition of
J. Recall Definition 6.47, including the definition (6.31) of s4(n; 4, k). Since

for each s € J, w,&nil) (-, 8) is a continuously Fréchet differentiable function on
U, by Proposition 5.25 and using the fact that Lu := L(u)(---) = L(u,--+) €
L("'X,Y) for L € L("X,Y) (see (5.5) and Proposition 5.5 with k£ = n and
m = 1), we have Dy "V (rv,s)(v) = ) (rv,s)v € L("1X,Y) for each
r € [0,1] and v € B. By Lemma 5.40, by the Minkowski inequality (1.5) and
by Jensen’s inequality applied to integrals, we have

Sq(d’&n Y P, K Uq* ZH/ TUz» i) 1/131)(7"“2',52;1)}%(17’

Q)l/q
< K(/l zn: “qp&n)(rui, 8;) — q/;&”)(rui’ si_1)||9 dr)

+5q(¢(" 1)(0, SHORA
< KW, K) + [81(0, )]l g

+7/]1(Ln71) (Oa 51) - 7/’1&”71) (Oa 57271)

1/q

since max; ||u;|| < K and wg({ru;}?,) < K for each r € [0,1]. Thus
Wi, (" KB x J,L("1X,Y)) < oo for any 0 < K < oo, and so (6.36)
holds for k£ = n — 1. Proceeding in the same way for the lower derivatives we
conclude that (6.36) holds for k =0,...,n — 1.

Finally let ¢ € HWo1.4(B x J;Y). Then |[0$" || px ssup < 00 by Definition
6.59(a), and so ¢ is s-uniformly Lipschitz on B by (6.37) with n = 1. Since
for each s € J, ¥(+, s) is a continuously Fréchet differentiable function on U,
and since ¥\ € Wi ,q(B x J; L(X,Y)) by Definition 6.59(b), the preceding
argument for k = 0 yields (6.36) with k£ = 0, proving the lemma. O

Now we are ready to prove continuity properties of the Nemytskii operator
for v in one of the classes in Definition 6.60.
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Theorem 6.63. Let 1 < p < ¢ < o0, « :7 p/q, and J := [a,b] with a < b.

For Banach spaces X and Y, let ¢ € 'HWO 0.q(X X J;Y). Then the Nemytskii
operator Ny, is uniformly continuous on bounded sets from Wy(J; X) into
W, (J;Y).

Proof. By Definition 6.60 with U = X, the class 'HWIOC (X xJ;Y) is defined
with respect to the sequence of balls Bm =B, (X) = {x: lz|| < m} for m =
1,2,...,and so ¥ € HWy a,q(Bm xJ;Y) for each m. If & € (0, 1), by Definition
6.59 with B = B,,,, m = 1,2,.. ., its condition (c¢) implies that v is s-uniformly
a-Holder on By, or ¢ € UH (B, X J;Y) according to Definition 6.42. Thus
P e UH}SC(X x J;Y') by Definition 6.43. Also, condition (d) of Definition 6.59
implies that ¢ € Wa ¢(Bm x J;Y) for each m as defined in Definition 6.47.

Thus ¢ € WIS (X x J; Y) by Definition 6.51. Therefore v € WCnUHI®, a
so Ny, acts from W, (J X) into W,(J;Y") by Proposition 6. 54(6) if a € (0, 1)
For o = 1, so p = ¢, by Definition 6.59, v is Fréchet u-differentiable everywhere

on X x J with derivative w&l) € CWy p(Bm x J; L(X,Y)) for each m, and
¥(0,-) € Wy(J;Y). Thus by the second part of Lemma 6.62, it follows that

Y € HWi (B x J;Y) for each m, and so ¢ € HWIOC(X x J;Y') according
to Definition 6.51. Thus the Nemytskii operator Ny, acts from W, (J; X) into
Wy(J;Y) for a = 1, again by Proposition 6.54(b).

To prove the uniform continuity of N, on bounded sets let 1 < M < oo
and € € (0,1]. Let K := M + 1. We will show that there are finite constants
C = C(y, M) and 0 > 0 such that if G € W, (J; X) with ||G||;,) < M, then

[Ny (G + g) = Ny(G)ljg) < €C (6.38)

for each g € W, (J; X) with [|g|[j) < 0. Let B := {z € X: [jz|| < K}. First
suppose that o = 1. Since ) € HW%)(’)fq(X x J;Y'), 1 is Fréchet u-differentiable
everywhere on X x J with wz(zl) € CWy (B x J;Y), and so by Definition 6.59,

there is a § € (0, ¢€) such that Hq/},(f)(u,y) - (1)(1) y)|| < € whenever u,v € B,
lu—wv| <6, and y € J. Let g € W,(J; X) be such that ||g||j,) < 0. For each
s € J, since the line segment joining G(s) and (G + g)(s) is included in B, by
(5.2) in the mean value theorem, we have

[Ny (G+9)(5) = Ny (G)()|| < 1067 | B ssupllglsup < el Bxssup- (6.39)

To bound the p-variation seminorm of Ny (G + g) — Ny (G), for any a < s <
t < b, let

T(s,t) = [Ny(G +9) = No(G)] (1) = [Np(G + g) = Ny (G)] (5) (6.40)
= (G +9)t), 1) = (G + 9)(s),1)] = [D(G(D), ) — Y(G(s), D]
+((G +9)(5): 1) = (G (5), )] = [P((G + g)(s), 8) = P(G(5), 5)].

Since 77/11(})( ,s) and Pt )( t) are continuous on B, by Lemma 5.40, we have
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T(s.) = [ [0(G +)(s) + 716 +9)(0) ~ (G +9)(5))

0
—D(G(s) +r[G(1) — G(s))], t)} [G(t) — G(s)] dr

+/O VP ((G+g)(s)+r((G+g) (1) —(GHg)(s)] g () —g(s)] dr

+ [ [#006 + 7)) 0) = 6D (G + r9)(o).5)]s) dr

0

For each r € [0,1] we have u := (G + ¢)(s) + r[(G + g)(t) — (G + g)(s)] € B,
v:=G(s)+r[G(t) — G(s)] € B, and |lu — v < ||g[lp) < 6. Therefore

IT (s, 6)II < ellG(t) = G()| + 1L | B ssupllg (1) — g()] +

1
Flgllswp | [[0(G +19)(5),8) = (G + r9)(s), 9)||

0
Let & = {s;}]—, be a partition of J. For any r € [0,1], letting z; := (G +
rg)(si—1) for i = 1,...,n, we have w,({z;}}-,) < |G|l + llgllp) < K. Since
lgllp) < € and [|Gl|p) < M, using the Minkowski inequality (1.5), Jensen’s
inequality for integrals, and Definition 6.47 for Wy, it then follows that

- p\1/P (1)
(DTG s)lP) ™ < ellGllgy + 1Pz ssupligll) + lgllsupx
=1

(G +7g)(si—1),50) = VPG +1g)(si-1), Si—l)Hp dr)l/p

< E{M+ qujl(Ll)HBXJ,sup + Wl,p(quz(Ll)aK;B X J7L(X’ Y))}’

where W, (0", K;...) is finite because 15 € CWo (B x J; L(X,Y)) C
Wi p(Bx.J; L(X,Y)) by Definition 6.59(b). Letting C' := M+2[¢5" | px ssup+
Wi, (Y, K:B x J,L(X,Y)), and recalling that K = M + 1 and B =
{z: Hx|| < K}, so that C depends only on ¢ and M, the preceding bound
and (6.39) yield (6.38) in the case a = 1.

Now suppose that « € (0, 1). By Definition 6.59(c), there is a d; > 0 such
that [|¢(u,s) — (v, s)]| < €||lu — v[|]* whenever u,v € B, |ju —v|| < d;, and
s € J. By Definition 6.59(d), there is a d2 > 0 such that Ag(¢; 1, po, k) < €
whenever & is a partition of J, pu1 = {u;}?, C B, and po = {v;}?, C B
are such that w, (1) < K, wp(p2) < K, and max; ||u; — vs| < 2. Let § :=
min{dy, d2,1}. By Proposition 3.40 with @(u) = u? and ¢ = (6/2)P, there
exists a partition {z;}72, of J such that m <1+ 2Pv,(G)/0? <1+ (2M/6)P
and Osc (G, (zj-1, 7)) < /2 for each j = 1,...,m. Let g € W,(J) be such
that [|g[|f;; < 67/(2(67 + (2M)P)) < 6/2 < 1.1f zj_1 < s <t < z; for some
J€A{l,...,m} then [[(G + g)(t) — (G + g)(s)|| < d1 and [|G(t) — G(s)|| < I1,
and so by (6.40), we have
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1T (s, )| < 2€¢[|G(t) = G()[I* + €llg(t) — g(s)[|*
H((G +9)(5), 1) = (G(5), ) = (G + g)(5), 8) +¥(G(s), 5)| -

Let k = {s;}, be a partition of J and for each j = 1,...,m, let either
I :={i: zj_1 < sj—1 < s; < zj}or I; := (if there is no such i. Let pq = {(G+
9)(si—1)}4 and pg = {G(si—1)}" ;. Then recalling that K = M + 1, we have
wp(p1) < K, wp(p2) < K, and max; [[(G+g)(si—1) = G(si—1)[| < [|gllsup < 2.
Using the Minkowski inequality (1.5), and again recalling Definition 6.59(d)
for A,, we have

- 1/q
(DD T simnsi)l17) < 2€lIGIG) + ellglyy + Al o, iz, )

j=14€l,

< 2¢(M+1),
where the sum over the empty set is defined as 0. Since for each s € J,
(G +9)(s) = G(s)|| < llgllsup < 01, if i € {1,...,n} \ UL, I; then we have by

(6.40) (| T(si—1,5:)| < 2¢l|gl&,,- Since there are no more than m such indices
iand [|g||S,, < 67/(2(67 + (2M)P)) < 1/(2m), we get the bound

54(Np(G + g) — Ny(G); k)Y < 2em||gllsup + 26(M + 1) < €(2M + 3).
Again since [|g|sup < 61, we have
NG (G +9)(s) = Ny(G)(s)]| < ellgllsy, < e

for each s € J. Therefore (6.38) holds with C' = 2M + 4 when o € (0,1)
proving the theorem. O

)

In Definitions 6.59 and 6.60 for a =1 and U = X =Y =R, if ¢(u,s) =
F(u) not depending on s, then Definition 6.59(b) holds with Wy ,(¢, K; B X
J,R) = 0 for each B = B,,(R) = [-m,m|, m =1,2,..., and 0 < K < c©
(Definition 6.47), and so ¢ € HW%?ﬁq(R x J;R) for some, or equivalently all,
g with 1 < ¢ < oo if and only if F is a C! function on R. Thus we can apply
the preceding theorem to obtain the following:

Corollary 6.64. Let 1 < p < oo and J := [a,b] with a < b. If F is a
real-valued C' function on R then the autonomous Nemytskii operator N is
uniformly continuous on bounded sets from Wy(J) into Wy(J).

In Definitions 6.59 and 6.60 for « € (0,1)and U = X =Y =R, if ¢(u, s) =
F(u) not depending on s, then Definition 6.59(d) holds with Wy (¢, K; B X
J,R) = 0 for each B = B,,,(R) = [-m,m], m = 1,2,..., and 0 < K < o0
(Definition 6.47), and A, = 0. Therefore such ¢ € 'HW%)?;CI(RX J; R) for some,
or equivalently all, ¢ with 1 < ¢ < oo if and only if for each m =1,2,...,
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sup {|F(u) — F(v)|: u,v € [-m,m], |u—v| <3} = o0(6) (6.41)

as 0 | 0. Now we can apply Theorem 6.63 to a function ¢ (u, s) = F(u) in the
class HW%)?(S,q(R x J;R) with a € (0,1) to obtain local uniform continuity of
the autonomous Nemytskii operator Np:

Corollary 6.65. Let 1 < p < q¢ < oo, a := p/q, and J := [a,b] with a <
b. If F is a real-valued function on R such that (6.41) holds for each m =
1,2,..., then the autonomous Nemytskii operator N is uniformly continuous
on bounded sets from Wy(J) into Wy (J).

In Corollary 6.64, the operator N is not necessarily uniformly continuous
on bounded sets if F' is only a Lipschitz function:

Proposition 6.66. For F(u) = |u|, J := [0,27], and 1 < p < oo, the au-
tonomous Nemytskii operator Ng is not uniformly continuous on bounded sets
from W, (J) into itself; in fact, there is a bounded sequence {G,} C Wy(J)
such that for the sequence of constant functions g, =n~"/?, F o (G + gn) —
F o Gy, does not converge to 0 in W,(J).

Proof. Let G,,(s) := n~/Pcos(ns) for s € J. Consider the partition x, of .J
consisting of the points s; := jn/(2n) for j = 0,1,...,4n. Then along k,,
n'/P@G,, runs through the sequence of values 1,0,—1,0,1,0,—1,...,—1,0,1.
Considering only the even values of j we get all the relative maxima and
minima of G,, and find that v,(G,) = 2'*? for each n, so ||Gy|| [, are bounded.

If j =4i — 1 fori=1,...,n, we have G,,(s;) = 0, G, (s;) + gn = n~ /P, and
Gn(sj—1) = —n"1? so

[F(Gu(s5) + gn) = F(Gn(s;)) = F(Gn(sj-1) + gn) + F(Gu(sj-1))| = 2071/

for each such j. Thus v, (F o (G, +gn)— FoGy) > 2P, which does not converge
to 0 as n — oo. o

Remark 6.67. In fact, in the above proof |Gy, |3, ,, are bounded and ||g,|| —
0 in any normed space of real functions on [0, 27] containing the constants.

Under some conditions on 1 we will prove a local Lipschitz property of
a Nemytskii operator Ny, which in turn will be used to prove existence and

uniqueness of solutions of nonlinear integral equations in Chapter 10. Recall
Definition 6.61 of the class HW}?fa’q. Here we will take n = 1. For a function
Y(u,s) = F(u), the condition ¢ € HWlffa’q(X x J;Y) is equivalent to F' €

Hlffa(X ;Y) (Definition 6.5), and so the next result extends Theorem 6.40.

Theorem 6.68. Let 1 < p < g < oo, o := p/q, and J := [a,b] with a < b.
For Banach spaces X andY , let 1 € HWllofayq(X x J;Y). Then the Nemytskii



6.5 Nemytskii Operators on W, Spaces 319

operator Ny, acts from W, (J; X) into Wy(J;Y). Also, for each 0 < R < oo,
if f,9 € Wp(J; X) and 3max{| flli), lgllp} < R then for any nondegenerate
subinterval A C J,

INof = Nogl s < O = gllasup (6.42)
and

N0 f = Nugl ) < OIS = 9l + DS = gllasun [l + 1], (6:43)

where C' := Hq(¢;Br x J,Y) with B := {x € X: ||z|| < R} and D :=
Ho($W; Br X 1Y) + Wa (0" Ry Br x J,Y).

Proof. Each B,, = Bp,,(X) in the sequence {B,,}°_; in the definition of
HWllcfmq(X x J,Y) is a ball with center zero and radius m, and so it is
bounded and convex with 0 € B,,. Thus by Lemma 6.62 with n = 1, we
have ¢ € HW1 ¢(Bm x J;Y) for each m, and so Ny acts from W, (J; X)
into Wy (J;Y) by Proposition 6.54(b) and Remark 6.55. Let 0 < R < oo,
let f,g € W,(J; X) be such that 3max{| f||;, lgllp} < R, and let A be a
nondegenerate subinterval of J. Let [R] be the minimal integer m such that
m > R. Then C < Hy(¢; Brgy x J,Y) < oo, ran (f) Uran (g9) C Bg, and for
each s € A,

[(No.f = Nyg) ()| = [ (5), 5) = blg(s). )| <CIIf — gl
and so (6.42) holds. To prove (6.43) let s,t € A and let
Tu(s,t) = [0 (f(t),) = (9(t) + (f = 9)(s), 1) -

Clearly, ¥ (-, s) and (-, t) are continuously Fréchet differentiable functions on
X. Then by Lemma 5.40, we have

A,sup>

(Ve = Nug)(®) = (N f = Nug)(s)]| = Ta(s, )|
< [[[(9() + (f = 9)(s),8) = w(g(®). )] = [ (5), 5) = w(g(s),9)]|
< =)l / [V g(t) = 9(s) +&(r,5), 1) = D (€, s),9) | dr
< H.f - gHA,sup [T2(57 t) + TS(Sa t)]a

where &(r, 8) := g(s) + r(f — g)(s) for each r € [0, 1],
TQ(S,t) Z:/O ‘

Ty(s,1) = /01 H¢9>(g(r, s),t) — D (E(r, 5), 5)

U (9(t) = 9(s) + €0, 5). ) — ¥V (€, 9), 1) ar,

and
dr.
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Let x = {s;}}'_, be a partition of A. Then by the Minkowski inequality (1.5),
we have

Sq(Nlbf*Nlbg;”)l/q < (ZTl(Siflysi)q) !
i—1

5 - 1/q
S = gllasn 3 (30 Telsirs)?)
k=2 i=1

Since ran (f) and ran (¢g)+ran (f — g) are subsets of Bg and ¢ € HW1 4(Bgr %
J;Y) C UH1(Br x J;Y) (Definition 6.42 and Remark 6.55 for o = 1 and
B = Bg), we have

(6.44)

Zn&hq<mwgw

Let Dy := Ha(qp(l) Bgr x J,Y). By Jensen’s inequality and the s-uniform
a-Holder property (6.25) for ¢ = 1[1,81) and B = Bpg, we have

q

SZ:/01“1/}7(})@(&) g(si—1) +&(r, 5i-1), 81) — O (E(r, sim1), 81)|| dr

since ran (g) +r-ran (f — g) C Bpg for each r € [0, 1]. Also, by the definition of
Wa.o($, R) following (6.31) with ¢\ in place of ¢ and B = B, we have

q

dr

since wy, ({£(r, si—1)}i=1) < llg+7(f — 9)lla,p) < R for each r € [0, 1]. Letting

Dy = Wa (5, Ry Br x J,Y), we have D = Dy + Dy. The inequality (6. 43)
now follows by (6.44), proving the theorem.

A local Lipschitz property of a Nemytskii operator now easily follows:
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Corollary 6.69. Under the hypotheses of Theorem 6.68, for each 0 < M <
oo there is a finite constant L = L(M) such that the bound

[Ny f = Nygl| , < LILf = gl

holds for each f and g in Wy(J; X) having norms bounded by M.

An entire holomorphic function f from C into C is always locally Lipschitz.
But it is globally Lipschitz if and only if it is linear, f(z) = a+bz, by Liouville’s
theorem for f’. Analogously the following fact, due to Matkowski and Mis [161]
for ¢ = p = 1, shows that for a Nemytskii operator IV, to be globally Lipschitz
from W, into W, requires ¢ = 1¢(u, s) to be of a very special linear form in
u, except perhaps for s in a countable set.

Theorem 6.70. Let 1 <p < g < oo, J:=[a,b] witha <b, and: Rx J —
R. Suppose that the Nemytskii operator Ny, acts from W, (J) into Wy(J) and
there is a constant L < co such that for each f,g € Wy(J),

1N () = No(@)]| < ZIF gl (6.45)

Then there are functions 1n,£: Rx J — R such that ¢ = n+& and a countable
set T C J such that:

(a) &(u,s) =0 forallse€ J\T and u € R;

(b) there are functions o, B € Wy(J) such that n(u,s) = a(s) + B(s)u for all
u €R and s € J;

(¢c) for f =1,n or &, fis s-uniformly Lipschitz on R and for each u € R,
flu,-) € Wy(J) and so is regulated;

(d) for eachu € R, &(u,s—) =0 fora < s <band&(u,s+) =0 fora <s < b;

(e) the Nemytskii operators N, N¢ are globally Lipschitz.

Proof. Since W,,(J) contains the constant functions, the function ¢ (u, -) is in
Wy (J) for each u € R, and so it is regulated by Proposition 3.33. Using (6.45)
for two constant functions u1(-) and v1(-), we get that | (u,s) — ¥(v,s)| <
Lju —v| for any u,v € R and s € J. Let n(u, s) := ¢(u,s—) if s € (a,b] and
n(u,a) :=1(0,a) for each u € R, and let £ := ¢ — 1. Clearly 7 is s-uniformly
Lipschitz on R and for each u € R, n(u, -) € Wy(J). The same is true for £ by
linearity, and so (c¢) holds.

To prove (b), define two functions fi, k = 1,2, as follows. Let {cg,d},
k = 1,2, be real numbers, ¢t € (a,b], and let {t;}"¢" be a partition of [a,].
For each s € [a,b] and k = 1,2, let

fr(s) = {dk if s & {tai}iy,

cp if s € {tzi}?zl.

Clearly, f1, fo € W,(J). Also, we have
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/1 = fallp) < [(fr = f2)(@)| + 201 /1 — fall )
= ‘dl — d2| +2(2’I’L)1/p‘01 —co —dy +d2|

Thus by (6.45), it follows that

n /
(Z |1h(c1,t2i) — W(ca, tai) — Y(dy, tai1) + ¢(d27t2i71)’q)1 !
i=1

< [Ny (1) = No ()| ) < L{\dl —do| +2(20)Pler — e — di + d2|}~

In the left side of the preceding inequalities, letting t1 — tan11 = t, we get
the bound

n!a|(er, t=) = wlea, t=) = lda, t=) + ¥(da, )|
< L{|d1 — d2| + 2(2n>1/p’01 —co—dy + dg’}

For any real numbers v, w, taking ¢; :=v + w, ¢3 :=v, dy := w, and ds := 0,
we then have

[0+ w,t=) = (o, =) = (w, t=) + (0, =) < Ln~ .

Letting n — oo on the right side, it follows that the left side is zero. This
shows that the function 4;(u) := ¥ (u,t—) — ¥(0,t—), u € R, is additive. By
(¢), £ is continuous, hence linear. Since ¥(1,-) — ¥(0,-) € W,(J) there is a
function B € Wy (J) such that f(a) = 0 and for t € (a,b], {(u) = B(t)u,
u € R. Letting a(t) := ¢(0,t—) for ¢t € (a,b] and a(a) := (0, a), we have the
representation n(u, s) = a(s) + G(s)u for all u € R and s € J, proving (b).

To prove (a) and (d), for each v € Q (rational), ¥(u,-) is continuous
except at most for s in a countable set T,, C J. Let T := UueQ Ty. Then T is
a countable subset of J. For each v € Q and s ¢ T, £(u,s) = 0. By (¢), £ is
s-uniformly Lipschitz on R, so £(+, s) = 0 for each s € J\ T, proving (a). Also
by (¢), £(u,-) is regulated for each u € R, proving (d).

For (e), since W, (J) is a Banach algebra by Corollary 3.9 and ||-||;g < [|[/p)
by Lemma 3.45, for each f,g € W,(J), we have

[Ny f = Nugll ) N8 = 9Dl < 181l 1 f = gllgs

Thus the Nemytskii operator N, is globally Lipschitz, and so is the Nemytskii
operator N¢ by linearity. The proof of the theorem is complete. O

The following example shows that (-, s) can in fact be non-affine for s in
a countable set.

Example 6.71. Let 1 < p < o0, let Q :=QnN[0,1] = {ro,71,...} be the set
of rational numbers in [0, 1] with ro = 0, and for each u € R, let
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2~k sinu if s = 7, for some k > 0,

Elu,s) = { 0 itse0,1]\Q. (6.46)

Then for any partition k = {t;}]_ of [0, 1] and for any function f € W,[0,1],
we have

sp(Nefsk <2pz|g \P<2PZ2 2| sin f(re)| < 4P/(2P —1).
k=0
Thus the Nemytskii operator N¢ acts from W,[0, 1] into itself. To check the

global Lipschitz condition for Ng, let f,g € W,[0,1] and again let x be a
partition of [0, 1]. Then we have

sp(Nef = Negir) <20y 27" sin f(ry) = sing(ri)|” < 47| f — gl[2up,

TRER

and so || Ne f — Negl(p) < 4]1f — gllsup- Since for any s € [0, 1],

|(Nef = Neg)(s)| < [sin f(s) —sing(s)| < [If = gllsup,

it then follows that || N¢ f —Negl|p) < 5[[.f —glljp), that is, a global Lipschitz con-
dition holds for the Nemytskii operator N¢ generated by the function (6.46).

If a function ¢ = ¥(u, s) is left- or right-continuous in s then global Lip-
schitz conditions from W, into W, for the Nemytskii operator N, can be
characterized as follows:

Corollary 6.72. Let 1 < p < q < oo, let J := [a,b] with a < b, and let
P = YP(u,s): R x J — R be either left-continuous in s € (a,b] or right-
continuous in s € [a,b). Assume that the Nemytskii operator Ny, acts from
Wy (J) into Wy(J). There ezists a constant L < oo such that (6.45) holds for
each f,g € Wy (J) if and only if there are functions o, 3 € Wy(J) such that
¥(u, s) = a(s) + B(s)u for all s € (a,b] or s € [a,b) respectively and u € R.

Proof. The “if” part holds because W,(J) is a Banach algebra by Corollary
3.9 and ||-|[;g < |- llp) by Lemma 3.45. The “only if” part holds in case each
P(u,-) is left-continuous on (a,b] since then in the proof of Theorem 6.70,
P(u,s) = n(u,s) for a < s < b and we apply part (b) of the theorem. The
other case follows by symmetry. |

6.6 Higher Order Differentiability and Analyticity on
W, Spaces

Let M >0, W := (—M, M) C R, and let ¢ = ¢)(u, s) be a real-valued function
defined for (u,s) € W x [a,b]. Assuming 1» = (u,s) analytic with respect
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to u on W for each s, and under further conditions, we will prove that the
Nemytskii operator Ny, is analytic as a mapping acting from WZ[,W] into W,
with p > 1 (see Corollary 6.78 below for M = 400, or Corollary 6.79 for
general M > 0). We notice that analytic Nemytskii operators over W, do
not reduce to polynomials as do analytic Nemytskii operators over L,-spaces
(see Proposition 7.59 below). The present situation is more similar to the case
when Ny acts on a Banach space C' of bounded continuous R-valued functions.
By Theorem 6.8 of Appell and Zabrejko [3], for ¢ (u, s) = F(u), the Nemytskii
operator N is analytic on the space C' if and only if F' is analytic from R
into R.

We will give a characterization of the C* property for the Nemytskii op-
erator from W, to W,. Recall that for Banach spaces X, ¥ and an open
set U C X, a mapping F from U into Y is called C* on U if the Fréchet
derivatives of F' through order k all exist on U and are continuous. Before we
state the characterization, we will find the norm of a k-linear multiplication
operator (Definition 6.6).

Lemma 6.73. Let 1 < p < q < oo, let J be a nondegenerate interval,
and let k be a positive integer. Then h € Wy(J) if and only if the k-linear
multiplication operator M k[h] acts and is bounded from the Cartesian prod-
uct Wy(J) x -« x Wy(J) (k times) into Wy(J). Moreover, in either case,
|MF ]| = [l g

Proof. Let h € W,(J). By the Banach algebra property of W, (J) (Corollary
3.9) and since || - || < || - || (Lemma 3.45), for the norm on L(*W,, W,)
defined by (5.4), we have

|ar )l = sup {[lngr -+ gull y: Ngillpr <1, 8= 1k} < Bl

and so MF¥[h] is a bounded operator as stated. The converse implication and
the equality of the norms follow by taking M*[h](g1,...,gx) with g1 = --- =
g = 10) € W), 0

The special case p = ¢ of the preceding lemma is also a special case of
Lemma 5.13 on Banach algebras.

Theorem 6.74. Let 1 <p < q< oo, J:=[a,b] witha <b and : Rx J —
R. Then for k=1,2,..., the following two statements are equivalent:

(a) the Nemytskii operator Ny is a C* mapping from W,(J) into Wy(J);

(b) the function 1 is u-differentiable of order k on R x J and each Nemytskii
operator N,L/“(l:j) for i =0,1,...,k is a continuous mapping from Wy(J)
into Wy (J).

When (a) or (b) holds, for each s € J, u s 1 (u,s) is a CF function on R.
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Remark 6.75. Let ¥(u, s) = n(u,s) + £(s). Then for any k > 1, 1/;(k)( 5) =

( )(u s) if either side exists. But it can happen that the Nemytskii operator
N77 is a C* mapping from W,(J) into W,(J) while the Nemytskii operator
N, does not act from WP(J) into Wq(J), if £(-) & Wy(J). Thus, in (b) of
Theorem 6.74, it is not sufficient to take j = k (e.g. for k = 1).

Proof. Let k be a positive integer and suppose that (a) holds. Since N, is
Fréchet differentiable of order k at each constant function, by Proposition 6.9
with X =Y =R, S =J, G=W,(J), and H = W,(J), ¢ is u-differentiable
of order k everywhere on R x J, and by (6.6), for each G € W,(J), the kth

differential d* Ny (G) is the k-linear multiplication operator M’“[Nw(m (G)] in

L(*W,,W,). Thus by Lemma 6.73, the Nemytskii operator Nw‘k) acts from
W, (J) into W, (J). Also for any f1, fo € Wy(J),

dedel - de’L/JfQ = M* [Nwz(ﬁ)fl - Nwik)fZ:I.
Thus by the second part of Lemma 6.73, we have
||dezpf1 — ded)fQH = ||Nw£k)f1 - Nwi’“)fZH[q]’ (6.47)

proving continuity of N (), and so (b) holds for j = k. Also (b) must hold with

k replaced by j for j = 0,...,k, since by the definition of the C* property,
Ny is a C7 mapping from W, (J) into W,(J).

The converse implication will be proved by induction. Suppose that (b)
holds with £ = 1. For any u,v € R and s € J, we have

|50 (u, 5) =i (v, 8)] < [Ny (ul () = Ny (01(0))] (6.48)

2 sup’

Since N ) is a continuous mapping and [ul(-) — v1(-)||] = |u — v|, the

function 1/J7(Ll)<', s) is continuous for each s € J. Let G € W, (J). For ¢: R x
J—=R, f: J—=R, and s € J, let

A(fs5) = o((G + [)(5),5) = (G(s),5) = [No(G + ) = Np(G)](s). (6.49)
Then for a <s <t <band g € W,(J), by Lemma 5.40, we have
T(g;s,t)
:[Aw@w>—¢ﬂwcuxwmw}f[Aw@s>—wﬂkG@x$g@ﬂ
/ AW (rg;t) dr — / AWV (rg; s (6.50)

= — D (r r W — AWV (rg; s)| dr
Mﬂﬂﬂ/A¢<mﬂ+wyép%<%wA%<%ﬂd
=:Ti(g;s,t) + Ta(g; s, t).
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Let k = {x;}}_, be a partition of J. Since p < g, then we have

(jf:‘ﬂﬁ(g;Iifl,Iiﬂq)l/q < (ji:’jﬁ(g?lﬁflvxi”p)l/p
; i=1

=1 1=

D (pg: .
<l s [ 4vD00: ),
Also by Jensen’s inequality for integrals, we have

(zn: ’TQ(g;xi_in”q)l/q

=1
'S [ Ag) (1) )
<llgllow( | D |20 rgi2) = 40D (rgs )| )
0 =1
< ||gHSUP sup HA%l)(Tgw)H(q)
0<r<1

Thus by Minkowski’s inequality (1.5), it follows that

(Zn: ’T(9§$i—1,$i)’q)l/q
i=1

< gl S | AP (rg; )|

sup

D) (pq: -
+ Hg”SUP 0217‘121 HAd}u (Tga )H(q)

Ny acts from W, (J) into W, (J) by (b) for j = 0. Recalling the definition of
T, since k is an arbitrary partition, the right side of the preceding inequality

gives a bound for [|[Ny(G + g) — Ny(G) — N,y (@)9gll(q)- To bound the sup

norm, again using Lemma 5.40, for each s € J, we get as in (6.50)

Ny (G +9)(s) = Ny (G)(s) = Ny (G)(s)g(s)

>||sup'

1
| [ A0 rg:5)dr| < lgllun sup || A0 0g:
0 0<r<1
It then follows that
<Nyl sup [|AvD (rg:-)],,,
0<r<1

Hlolan [ s 18620 ) + s 146055
< 2||gll) S || w0 (G+rg) =N o H[

The right side is 0(||g\|[p}) as |gllp) — O since N, is continuous at G by
assumption. Also by assumption, N ¢(1)(G) € W,(J), so the linear multipli-

cation operator M y.q = M[Nwz(Ll)(G)] is bounded from Wy (J) into W,(J)
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by Lemma 6.73 with £ = 1. Thus for any G € W,(J), Ny, is differentiable
at G from W, (J) to Wy(J) with derivative equal to M 5 . Also since the
Nemytskii operator N e is continuous, the Nemytskii operator Ny is a ct
mapping by (6.47) Wlth k =1, proving (a) with k = 1.

Suppose that (b) implies (a) for k = 1,...,n for some n > 1 and (b)
holds for k¥ = n + 1. Then Ny is a C™ mapping from W, (J) into Wy(J)
since (b) implies (a) with k& = n. Also for each G € W, (J), the nth differential
d"Ny(G) € L("W,, W,) is the n-linear multiplication operator M™ [Nw(un) (@]
with N ) (G) € Wy(J) by Proposition 6.9. By the implication (b) = (a) with

k = 1 already proved and by Proposition 6.9 with £ = 1, both applied to 1/)&“),
for cach G- € Wp(J), Ny : Wy(J) — We(J) is differentiable at G and its
derivative is M [N , i1 (G)], with Ny (G) € Wy(J). By Lemma 6.73 with

,L/)U
k = n, we then have

||an’L/J G + g) - an’l/J(G) - Mn[Nwz(L”Jrl) (G)g} ||L("’Wp,Wq)

=N <n> (G+g)— NWI)(G) - N¢£n+1>(G)9’|[q]-
These norms are o(||gl|fy)) as [|gllpy — O by the facts for & = 1 just men-
tioned, and so d"Ny: W, — L("W,,W,) is differentiable at G € W,(J)
with the derivative Dd"Ny(G)g = M”[ngwl)(G)g], g € W,(J). For each
G € W,(J), we have by the implication (b) = (a) in Proposition 5.25 applied
to L = M”“[watnﬂ)(G)] that N, is differentiable of order n + 1 at G and

d"MIN(G) = MnH[szf["“) (G)]. Since N (n+1) is continuous, it follows that
Ny is a C"*! mapping from W, (J) into W,(.J), proving (a) with k = n+1. By
induction, (b) = (a) holds for each k = 1,2, .... By (6.48) with 4" in place
of w,(f) and since N,L/“(Lk) is continuous by (b), it follows that u +— 1/}7(Lk) (u,s) is
continuous for each s, completing the proof of the theorem. |

The next statement is in preparation for giving sufficient conditions on
for higher order differentiability of the Nemytskii operator N,. Recall Defini-
tion 6.61 of the class HW,,1q.q-

Lemma 6.76. Let 1 < p < g < r < o0, a := p/q, J := [a,b] with a < b,
and let n be a positive integer. For Banach spaces X, Y, let B be a conver
bounded set in X containing 0, let V' be an open set in X including B, and
let o: Vx J =Y bein the class HWpia,q(B x J;Y). Then for each k €
{1,...,n}, there exists a finite constant Cy, = Ci(¢p, B,p,r,«) such that the
bound

H(bgkil)(g(')? ) - ¢7(¢k71) (Oa ) - ¢£Lk) (Oa )(g()v s )H[T] < ”gH[p]ek (651)

with



328 6 Nemytskii Operators on Some Function Spaces

CngH;u_p(qﬁ), ifke{l,...,n—1} andn > 1,
Cullgllén™™, if k=,

holds for each g € Wy(J; X) such that ||g||;,) <1 and ran(g) C B.

Proof. Let g € W,(J; X) with ran(g) C B. For k = 1,...,n, let Ry(g9) =
Ry(g;-) be the function on J with values in L(*~!X,Y") for each s € J defined
by

Rk(Q? S) = (bq(fil) (g(s), s) — (bq(fil) (0’ S) - (bq(f) (07 S)(Q(‘S)’ ) (6'52)

Let hy(s,t) := P (tg(s),s)(g(s),...) € L(*'X,Y) for t € [0,1] and s € J.
By Lemma 5.40, it follows that

Ru(g:s) = / [ 5,1) — his(5,0)] dt = Te(g)() (6.53)

for s € J, since D¢gk71)(0, s)(g(s)) = (k) (0,5)(g(s),...) by Proposition 5.25.

To bound the r-variation seminorm of Iy (g) = I;;(9)(-), we will use the bounds
for the y-variation seminorm given by Theorem 3.111 of the integral transform
K(s) = F(hi(s,) — hi(s,0),dG) = I(g9)(s), s € J, where G(t) = ¢, t € [0,1].
To this aim we will bound Ag sup(hi) = Ag sup(hr; J % [0,1]) and Bgup 5(hi) =
Bgup,(hi; J % [0,1]) defined by (3.165) and (3.166), respectively, for g = ¢
and for suitable values of p > 1.

If n > 1, then by Lemma 6.62, foreach k = 1,...,n—1, (bik) € HWi 4(B x
J; L(*X,Y)), and so

Hi(¢) <00 and Wi ,(¢F, K) < oo (6.54)

for each 0 < K < 00, according to Definitions 6.42 and 6.47. Since B is convex
and contains 0, tg(s) € B for each t € [0,1] and s € J. Then for any partition
A= {t;}jL, of [0,1] and s € J, we have

51 (5, )5 0) < lgllap D [0 (59(5). ) = 6 (t-29(s). 5)

< H1(¢£Lk))||gH§upa

which gives a bound for Bgyp,i(hy). By Lemma 3.45, for each s € J,
||hk(5, )H(ﬁ) S ||hk(5, )H(l) S Bsup,l(hk)a and so we have

Bup,p(hie) < Boup,1(hie) < Hi(68)1g]|2p (6.55)

foreach k = 1,...,n—1and p > 1. For n > 1 and k£ = n, since ¢Sﬁ) €
HWa,q(B x J; L("X;Y)) by definition (6.35), we have

u u

Ho(¢™) <00 and W, (6", K) < oo (6.56)
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for each 0 < K < oo, according to Definition 6.47 again. Similarly, for any
partition A of [0,1] and s € J, we get the bound

Sq/p(hn(s,); X) < (Ha(¢0)/7 | gl| {2+

since p = aq, and so the bound

Baup,a/p(hn) < Ha(6)|gll20 (6.57)

holds. Next we will apply the second property in (6.54) with K = ||g]|(4. For
any partition k = {s;}], of J and ¢ € [0, 1], using the Minkowski inequality
(1.5) and (6.31), it follows that forn >1and k=1,...,n—1,

sq(hi(t);k)!/4

(i H (6 (tg(si), si) — o) (tg(si-1), s0)](9(s4), - .)

q)l/q
(i H (68 (tg(si1),50) — 60 (g(si1), 5:-1))(g(52), )
+(;

< [H1(¢§Lk))Hgll<q) + Wig (08, 19llig)] glsup + ||¢£Lk)HB><J,SUP||gH(q)7

Q) 1/q

3

P (tg(siz1), si-1)(9(s1) — g(si-1) H )1/q

since wq({tg(si—1)}i=1) < llgllig for each t € [O 1]. For each k = 1,. -1,
letting Dy, == Hy (¢47) + W, q( 1)+ o HBXJ,SUP, the bound
Agsup(hr) < Dillgllig (6.58)

holds if ||g[l;; < 1. If n > 1 and k = n then similarly to the preceding step,
except that now (6.56) with K = [|g||,) is used, we have

SQ(hn('at>; /"3)1/(1
= [Ha(qﬁ(n )HgH(P + WO& q( ”gH[p )] Hg”Sup + ||¢(n ||B><JsupHg||(q
Thus letting Dy, := Ha( (n)) + Wa q( 1) + quq(f) || Bx.J,sup, the bound
Ag,sup(hn) < Dallgllig (6.59)

holds if ||g[/;;) < 1. Denote by p and G respectively the parameters called p and
q in Theorem 3.111.If n > 1and k = 1,...,n—1, then apply the theorem with
p=gi=2—q/r€[1,2) and f:= q. Thus 1/y = (5/B)(1/p+1/q— 1) = 1/r
and [|G|lj0,13,(3) < IIGll[0,1],(1) = 1 by Lemma 3.45. Since p > 1 and 3/v = q/r,
by (3.167), (6.55), and (6.58), we have

Hlk (9) ||(T) < CAq7sup(hk)q/TBsup71(hk)l_(q/f')

i (6.60)
< B¢, B, p, ¢, ")llgllsap ™ N9 lg1
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if g/l < 1, where Ex(¢, B,p,q,7) := CDY"Hy (¢ =(@/") If k = n then
apply Theorem 3.111 with g := 1/(1 4+ p(1/r — 1/q)), p := ¢/p, and § := q.
Thus 1/p+1/g=1+p/r>1and 1/y = (p/B)(1/p+1/G— 1) = 1/r. Since
p>1,4>1,and /vy =q/r, by (3.167), (6.57), and (6.59), we have

an(g)H(T) < CAgsup(hn)?" Bayp, q/p(hn)lf(q/f‘)

< En(9,B,p,0,7)gll&6~ %" lgllgg

if [lg]lp < 1, where En(, B,p,q,7) :== CDY " Ha(6")'=(@/7). To bound the

supremum norm of Ij(g) for k € {1,...,n — 1} with n > 1, since PP
s-uniformly Lipschitz (the first property in (6.54)), it follows that

(6.61)

1) < lglhon |62 ta(.5) = 690.5)

dt < Hi(64)l|g2p

(6.62)

for each s € J. For k = n, since ¢gn) is s-uniformly a-Holder (the first property
n (6.56)) with o = p/q, we have

1n(9) () < llglsup | 0 (tg(s), s) — &(0,5) | d

n 14+«
Ho (6519113

(6.63)
for each s € J. Let M :=sup{||z||: « € B} < co. Then for k € {1,...,n—1}
with n > 1, using (6.60) and (6.62), it follows that

k(D)) = k() llsup + [Tk (9] )
< [Hi(@P)YMY" + Ei(¢, B,p, 0, 7)] |9l l9ll1g

since ||g||sup < M. Similarly, using (6.61) and (6.63), it follows that

(9l < [Hp/q (@4 ) M/ + En(¢, B.p, a, )] lglin? =" Nlglliq

since ||g|lsup < M. This together with (6.52) and (6.53) implies (6.51) since
ll9llig < llglljp) by Lemma 3.45, completing the proof of Lemma 6.76. O

Recall that for a nonempty open set U C X, W;[,U](J ; X) is the set of all
g € W, (J; X) such that the closure of the range ran (g) is included in U.

Theorem 6.77. Let0 < a<1<p<ar<ooandJ:=|a,b] witha <b. For
Banach spaces X, Y, let U be an open subset of X with 0 € U and let n be a

positive integer. Let ) € HWLOfawp/a(Ux J;Y) and G € W,LU](J; X). Then the

Nemytskii operator Ny, acts from WI[,U](J;X) into Wy(J;Y) and is Fréchet
differentiable of order n at G as a mapping with values in W,.(J;Y). Moreover,
there exist constants C = C(, G, U, p,r,a) < +00 and § = 6(G,U) > 0 such
that for the remainder in the differentiation of d" 1N,
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[Rem g1, (G, 9)|| < Cllgll ™" (6.64)

for each g € Wy, (J; X) with ||g]|p < 9.

Proof. Let ¢ := p/a < r. By Definition 6.61, ¢ € HWy4a,q(Bm x J;Y) for
each m > mg. Thus 4" € HWPS(U x J; L("X,Y)) and by Lemma 6.62,

5’“) € 'HWll?g(U x J;L(*X,Y)) for k =0,...,n — 1, as defined in Definition
6.51. By Proposition 6.54(a), for each h € WZ[,U](J;X),

Ny (h) € Wy(J;L("X,Y)) and Nw(um(h)EWP(J;L("“X,Y)) (6.65)

for £ = 0,1,...,n — 1. In particular, it then follows that NNy acts from
WI[,U](J ; X) into W,(J;Y). To prove higher order differentiability of Ny we
will use Proposition 5.25 with k-linear mappings Ly, defined as follows. For

a nonempty open set V C X, ¢ € HW}?fa’q(V x J;Y), k € {1,...,n},

he WY (7;X), and g1,..., gx € Wy(J; X), let

(Ers (g1, 90) () = 6P (hls), ) (g1 (s, gn(s) €Y (6.66)

for s € J. Then Ly (h) is a k-linear mapping from the k-fold product
Wp(J; X) x - x W,(J; X) into Y-valued functions on J. (The W, property
has not yet been used.) For each k € {1,...,n}, using Corollary 5.24 with
F =N, (h) and @(u) = u’, u > 0, (6.65), and since || - [|;g < ||+ i < I [l
by Lemma 3.45, it follows that

1L (R) (g1, -5 g i1 < ([N 0 (B[] lgallp - < gkl oy < o0

Thus for each k € {1,...,n} and h € W,[,U}(J;X), L (h) is in L(*W,, W,.).

Now the differentiability of order m will be proved by induction. By
Propositions 6.20(a) and 6.3, ran(G) C B, (U) for some m > 1. Let
§ = 6(G,U) := 1/(4m) and let W := {g € W,(J;X): [lglp < 20}.
Then G + W ¢ WIN(J; X). Let ANy, := Ny, Loy(h) == Ny(h), and
L(°W,,W,.)) := W,. Suppose that for some k € {1,...,n}, the (k — 1)st dif-
ferential d*~1 N, is defined on G+ W. Then d*"* Ny (h) = Li—1.4(h)(-,- - ,*)
for all h € G + W by definition if ¥ = 1 and by Proposition 6.9 if k& > 1.
Let V := B(0,20) C X and ¢(u,s) := (G(s) + u,s) for (u,s) € V x J.
By the chain rule (Theorem 5.1) we have gbq(f) (u,s) = 1/1,%) (G(s) 4+ u,s) for
k=1,...,n,s€ Jand u e V. For g € W,(J; X), let

_ S Liy(G)(9) ifk=1, [ L140)g) if k=1,
Dilg) = {Lk,Z(G)(§7’7--.,') ifk>1, {Lk,Z(O)(z,,...,) if k> 1.

We apply Lemma 6.76 to ¢: V x J — Y with B := {z: [jz| < ¢}. Let
g € Wy(J; X) be such that [|g||;,) < 0. If £ =1 then by (6.51) we have
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|7 Ny (G + g) = A" Ny(G) = Di(9) || < llgllipers

and the right side is of order o(||g||jy]) as [|g|lp) — O since r > q. If k > 2 then
using Corollary 5.24 with F' = Ry(g) defined by (6.52), and ®(u) = u", u > 0,
we have

[ N (G + 9) = 7 N (G) = De@)| sy )

= || Lk-1,6(9) = L—1,6(0) — Dk<9>||L(k71Wp,WT)

< sup {|Re(9) I llgallpy -+ Ngr—llpr: Mol < 100 lgr—allpy < 1}
< NRk(9)ll

since || - ||y < || - |l¢py by Lemma 3.45. By (6.51), the right side is of order
o(llgllw) as llgllp — 0 since r > q. Therefore d* !Ny, is differentiable at
G with derivative D(dk*1N¢(h))|h:Gg = Dy(g), and so Ny, is Fréchet dif-
ferentiable of order k at G by definition if & = 1 and by Proposition 5.25
(b) = (a) with L = Ly (G) if k > 1. By induction, Ny, is differentiable of
order n at G as a mapping with values in W,.(J;Y") and (6.64) holds with
C(,G,U,p,r, ) := Cyh(¢, B,p,r,a) by (6.51). The proof of Theorem 6.77 is
complete. O

Next we apply results from the end of Section 6.3, concerning analyticity
of Nemytskii operators acting from a real Banach algebra Bg to itself, where
B is a self-adjoint complex Banach algebra of functions and Bg is the set of
all real-valued elements of B. Here we consider the case B = W, (J;C) with
1 <p<ooandJ = [a,b],and so Bg = W,(J;R) = W, (J). By Remark 6.27, B
is a unital Banach algebra of C-valued functions on J such that ran (f) = o(f)
for each f € B. Then the following statement is a special case of Proposition
6.31.

Corollary 6.78. Let 1 < p < oo, J := [a,b] with a < b, and let V be a
connected open set in W, (J). Let p: R x J — R be u-differentiable of order
n everywhere on R x J for each n > 1. Let the Nemytskii operator Ny act
from V' into W,(J), and let G € V. Then Ny on 'V has a Taylor expansion
around G if and only if

(a) there are ¢ > 0 and r > 0 such that for each k =1,2,...,

sup {[¢F)(G(z) + t,2)|: z € J, t €R, [t] < v} < PR

() Nwik)(G) € Wy(J) for all k > 1, and sup>, Hngm(G)/k!H[lp/]k < 0.

The next statement is a special case of Theorem 6.32.

Corollary 6.79. Let 1 < p < oo, J := [a,b] with a <b, and W := (=M, M)
for some 0 < M < oo. Let p: W x J — R be u-differentiable of order n
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everywhere on W x J for eachn > 1, and suppose that the Nemytskii operator
Ny acts from W,LW](J) into Wy(J). Then Ny, is analytic on W,LW](J) if and
only if

(a) for each closed interval B C W, there is a ¢ > 0 such that fork =1,2,...,

le(ﬁ) HBXJ,sup = Ckk‘!;

(b) statement (b) of Corollary 6.78 holds for each G € W,LW](J).
The last statement in this section is a special case of Corollary 6.30.

Corollary 6.80. Let F: R — R and 1 < p < oo. Then the autonomous
Nemytskii operator Nr, as a mapping from W, into W, is analytic on W, if
and only if F is analytic on R.

6.7 Notes

We are aware of little previous literature on the specific topics of this chapter,
e.g. higher order differentiability of Nemytskii operators, and such operators
on W, spaces, except for the few references mentioned in the following notes.
There is much more literature about Nemytskii operators on other domain
spaces, e.g. LP spaces; see Chapter 7. The notes to Chapter 7 mention several
other classes of domain spaces.

Notes on Section 6.3. Dales [36, §4.1] treats natural Banach algebras. The-
orem 6.21 is Proposition 4.1.5 of Dales [36]; his Notes do not say who first
proved it.

Notes on Section 6.5. Theorem 6.35 essentially is the main result of Ciem-
noczotowski and Orlicz [33]. Proposition 6.57 seems to contradict Appell and
Zabrejko [3, p. 174, Theorem 6.12]. Theorem 6.70 with ¢ = p = 1 is due to
Matkowski and Mis [161].
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Nemytskii Operators on LP Spaces

In this chapter, the Nemytskii operator Ny, is considered between the spaces
G = L*® and H = LP with s,p > 1. Thus, it will be considered as an operator
between spaces of equivalence classes of measurable functions on a measure
space.

Throughout this chapter (§2,S, i) is a measure space with p(£2) > 0. As
before, “p-almost everywhere” is abbreviated “a.e. (u).” For 1 < p < oo,
Lr = LP(2,S,p) = LP(2,S,u;R) denotes the set of all real-valued
functions f on {2 such that f is u-measurable, that is, measurable for the
completion of x, and || f]|, < co where for 1 < p < oo,

1/
£l = ([ 15 an) " and Sl = essuply]

(cf. (1.22) and (1.23) with || f||r := |f]). LP := LP(2,S,p) := LP(2,S,1;R)
with norm || - ||, is the Banach space of all equivalence classes of functions in
LP(02,8, u; R) for equality a.e. (u).

In this chapter, the set S in the definition (6.1) of the Nemytskii operator
Ny will be 2. Also in this chapter, U = X =Y =R, and so ¥ is a function
(u,w) — Y(u,w) from R x 2 into R.

7.1 Acting, Boundedness, and Continuity Conditions

Given a function 1 from R x {2 into R, for the Nemytskii operator Ny to act
from L? into LP, it first of all must preserve measurability of functions.

Preserving measurability

A function ¥: R x 2 — R will be called bimeasurable or S-bimeasurable if
for each measurable function f: 2 — R, Ny (f) is measurable. Next some
properties of 1 are stated and shown to imply its bimeasurability.

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 335
in Mathematics, DOI 10.1007/978-1-4419-6950-7 7,
© Springer Science+Business Media, LLC 2011
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Definition 7.1. Let A € S. Then A will be called hereditarily S-measurable,
or Ae Sy, if forevery C C A, C € S.

Remark 7.2. Any subset of a set in Sy is also in Sp,. So is any countable
union of sets in Sp,. If w € 2 and the singleton {w} is in S then {w} € S.
If (2,8, 1) is complete and p(A) = 0 then A € Si. Thus if both (2,8, 1)
is complete and all singletons are in S, then A € S, if A = BU C where
#(B) =0 and C is countable. If 41 is a finite or o-finite measure on 2 = [0, 1]
then under some set-theoretic assumptions there are no sets in Sy, other than
such B U C [53, Appendix C].

The following condition on a function % will be shown to be sufficient for
its bimeasurability. It says that for some N € Sj,, ¥ restricted to (u,w) such
that w € N is jointly measurable.

Definition 7.3. Let B be the Borel o-algebra on R. A function ¢ = ¥ (u,w),
(u,w) € R x £2, is called a Shragin function or is said to satisfy Shragin’s
condition if there is a set N € S, such that for any A € B,

P HA)\ (R x N) = {(u,w) ER x N¢: Y(u,w) € A} € B®S, (7.1)

where B ® S is the product o-algebra on R x §2. If in the Shragin condition,
in addition, u(N) = 0, then the strong or p-strong Shragin condition will be
said to hold and a v will be called a strong or u-strong Shragin function.

If (£2, S, i) is complete, then a function ¢: R x 2 — R is p-strong Shragin
if and only if (7.1) holds for some p-null set N C 2.

Proposition 7.4. A Shragin function on R x §2 is bimeasurable.

Proof. Let ¢ be a Shragin function on R x (2. Let f: 2 — R be measurable,
A € B, and let N be a hereditarily S-measurable set for which Shragin’s con-
dition (7.1) holds. The function f: £ — R x 2 defined by f(w) := (f(w),w)
is measurable for the o-algebra B ® S on R x (2. Since w ¢ N if and only if
f(w) € R x N, we have that

{we 2\ N: (fw),w) e Ay ={we 2: flw e ™ {A\RxN)}eS

by Shragin’s condition. Also, {w € N: ¢(f(w),w) € A} € S since N € .
The proof of the proposition is complete. O

Definition 7.5. For a measurable space (X,S), aset A C X is called univer-
sally measurable (u.m.) iff it is measurable for the completion of every finite
measure £ on (X,S8). If (Y, B) is another measurable space, then a function
f from X into Y is called universally measurable (u.m.) iff f=1(B) is u.m.
for all B € B. If X and Y are separable metric spaces, then unless otherwise
specified, § and B will be taken as the Borel g-algebras in the respective
spaces.
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The collection Us of all u.m. sets for S is easily seen to form a o-algebra.
Note that if (£2,S) is a measurable space and (2, S, ) is complete for some
finite measure p, then Us = S. Also, if (£2,S, ) is a complete, o-finite measure
space, then there is a finite measure v on S equivalent to u, so Us = S in
this case also. If X is any uncountable complete separable metric space, e.g.
X =R, and S is the Borel o-algebra, then there exist u.m. sets which are not
Borel measurable, e.g. [53, §13.2].

The space of all Shragin functions on R x (2 is linear, as is the space of all
strong Shragin functions.

Proposition 7.6. If (£2,S, i) is complete and o-finite and if ¢ is a p-strong
Shragin function on R x (2, then the following are equivalent:

(a) Nypf =0 ae. (n) for all p-measurable functions f: 2 — R;

(b) for some p, 1 < p < oo, and some r > 0, Nyf = 0 a.e. () for all
feLr(2,8,u) such that || f||, < r;

(¢) for p-almost all w € 2, P(u,w) =0 for all u € R.

Proof. Implications (¢) = (a) = (b) are immediate. Suppose that (b) holds
for some p € [1,00] and let D := {(u,w): ¥ (u,w) # 0}. Since ¢ is a strong
Shragin function there is a p-null set N C 2 such that D\ (R x N) € B® S.
According to Sainte-Beuve’s selection theorem (e.g. [52, Theorem 5.3.2] for
F :=Y := R with Borel o-algebra and T the identity R — R, X = 9 restricted
to R x N¢), the projection E := {w: (u,w) € D\ (R x N) for some u € R} is
(universally) measurable in {2 and there is a (universally) measurable function
n: E — R such that (n(w),w) € D\ (R x N) for all w € E. If u(FE) > 0 then
by o-finiteness there is a C € S with C C E, 0 < p(C) < o0, |n] < M on C
for some M < oo, and |nlcll, < 7. Let ne := nlc. Thus ne € LP(02,S, 1)
with norm less than r, and so Nync = 0 a.e. (u). It then follows that C' is a
p-null set, a contradiction, so u(E) = 0. For w € 2\ (NUE), ¢ (u,w) = 0 for
all u € R, proving (¢). The proof of the proposition is complete. O

Definition 7.7. For two bimeasurable functions ¥ and ¢ on R x {2, we write
1 2 ¢ or equivalently ¢ v, ¢ if Nyf = Nyf a.e. (u) for each measurable
function f. For v again bimeasurable and for a Borel measurable function
h: 2 — R, we write ¢ = h if ¢ = h for h(u,w) := h(w), (u,w) € R x £2.

Remark 7.8. If ¥ and ¢ are strong Shragin functions, then so is ¥ —¢, and by
Proposition 7.6, ¢ = ¢ if and only if for g-almost all w € 2, ¥(u,w) = ¢(u,w)
for all u € R.

Acting and boundedness in the autonomous case

Let F' be a function from R into R and let Ng be the autonomous Nemytskii
operator defined by Npf = Fof. Given a complete and finite measure space
(2,8, 1),1 <s<oo,and 1 < p < oo, Theorem 7.13(a) will show that N acts



338 7 Nemytskii Operators on L” Spaces

from L® = L5(£2,S, ) into LP = LP(£2,S, ) if F' is universally measurable
and a condition on the growth of F holds, defined as follows (where 3 will be
s/p). For 0 < 8 < o0, let Gz be the class of all functions F from R into itself
satisfying the § growth condition:

1Fllgs = s5p|F(u)|/(1+|u\ﬁ) < . (7.2)

Let G4, be the class of all functions from R into itself which are bounded on
bounded intervals, i.e. ' € Goo if and only if sup, <y [F(z)| < oo for each
M with 0 < M < co. A norm || - ||g.. is not defined.

For 0 < 8 < o0, let I'g be the class of functions F' defined Lebesgue
A-almost everywhere from R into R such that

|Fllr, :=inf{K: |F(u)| < K(1+ [ul?) a.e. (\)} < o0. (7.3)

For § = 400, F € [, will mean that for each M with 0 < M < oo, F
restricted to [—M, M] is in L ([—M, M], X). For the next fact recall the class
Hlloc of functions that are 1-Holder locally on R, as defined in Definition 6.4.

Lemma 7.9. Let F' € H110C be such that for some 0 < § < oo, F' € I'g, with
K = |F'||p,. Then |F'(u)] < K(1+ |ul?) for all u such that F'(u) is defined.

Proof. Let t,u € R and € > 0. Suppose t # v and [t| < |u| + €. Then F(t) —
F(u) = [! F'(u) du, where the integral is well defined although F’(u) is defined
only a.e. (A) (e.g. Theorem 8.18 and Example 8.20 in [198]), so

|F(t) — F(u)| <[t —ul - K(1+ |u+€|?).

If F'(u) is defined, then letting ¢ — u and € | 0, by definition of derivative
the conclusion follows. O

Recall that an atom is a set A € S (not necessarily a singleton) with
#(A) > 0 such that for all C € S, (AN C) = 0 or u(A). If there are no
atoms, then (£2,S, 1) is called nonatomic. It is known that if (2,8, u) is a
nonatomic finite measure space then for any A € S and 0 < ¢ < p(A) there
isa C €S with C C A and ;(C) = ¢ (Appendix, Proposition A.1).

We will also need Np to preserve measurability of functions. Evidently,
if F is Borel measurable and u(-) is measurable from {2 into R, then so is
Fou. For ¢¥(u,w) = F(u), the function ¥(-,-) is a Shragin function if and
only if F' is Borel measurable. We next define a regularity condition for a
measure space (X,S,u). For any function T from X to another set Y, let
Sr:={ACY: T YA) € S}. Then Sy is a o-algebra of subsets of Y and
poT 1 is a measure defined on each A € St by (uoT~1)(A) := u(T~1(A)). If
(Y, B) is a measurable space and T is measurable for S and B, then B C Sr,
where the inclusion may be strict.
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Definition 7.10. A measure space (X,S,u) is called perfect iff for every
measurable function T from X into R and every set A C R such that T71(A)
is measurable for the completion of u, A is measurable for the completion of
the restriction of the measure po T~! to the Borel sets in R.

The following shows that some commonly occurring measure spaces are
perfect.

Proposition 7.11. Let (X, d) be a complete separable metric space, let S be
its Borel o-algebra, and let p be a finite measure on S. Then (X,S,u) is
perfect.

Proof. Let T be Borel measurable from X into R and let A C R be such
that T7!(A) is measurable for the completion of y, i.e. there are Borel sets
B, C X,i= 1,2 with By ¢ T7'(A) C By and u(B2 \ B1) = 0. Each
T[B;] = {T(z): = € B;} is um. in R [53, §13.2]. Thus for some Borel sets
Ci C R, C, C T[Bﬂ CAC T[BQ] C Cy with (/,LOT_1>(CQ \ Cl) =0, so A is
measurable for the completion of o7 ~!, which finishes the proof. O

Example 7.12. For X = [0,1], S the Borel o-algebra, and A = Lebesgue
measure on (X, S), let E be a non-measurable set and extend A to a measure A
on the smallest o-algebra Sg including S and containing E [53, §3.4, Problems
3-4]. Counsidering the identity 7 from X into R and A = E, we see that
(X,Sg,\) is not perfect.

Here is a fact on acting and boundedness conditions for Ng from L? to
LP for 1 <p < oo and 1 <s < oo. (Recall that an operator between Banach
spaces is called bounded if it takes bounded sets into bounded sets.) If g, h,
Fog, and Foh are all measurable, then g = h a.e. (i) implies that Fog = Foh
a.e. (u). Thus if Nz acts from £° into £P, it will naturally define an operator
from L? into LP.

Theorem 7.13. Let (£2,S, i) be complete and finite, let F' be a function from
R into R, let 1 < p < oo and 1 < s < oo. Then (a) always holds, (b) holds
when (2,8, ) is nonatomic, and (¢) holds when (£2,S, ) is nonatomic and
perfect, where

(a) If F € G, and F is u.m., then N acts from L® = L*(§2,8, ) into LP
and is a bounded operator.

(b) If N acts from V into LP then F € G, where V is a nonempty open
subset of L® for s < oo or V.= L*> for s = 4+oc0.

(¢) Np acts from L® into LP if and only if both F' € G,,,, and F is u.m.

s/p

Remark 7.14. By Proposition 7.11, the characterization in part (¢) applies
when 2 = [0, 1], u is Lebesgue measure, and S is the o-algebra of Lebesgue
measurable sets.
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Proof. (a): Let F' € G,/, be um. and g € £°. Then for any Borel set B C R,
(Fog)™Y(B) = g~ (F~Y(B)) € 8§ because F~1(B), being u.m. in R, must be
measurable for the completion of y o g~ on the Borel sets of R, and S is
complete for p by assumption. So Fog is a measurable function. If s < oo,
then we have

(/ |F(9(W))|pdﬂ(w))1/p

If g € L and ||g||cc < K for some K < oo, then

IN

IFls,, | [+ o mpan] "

1F]

IN

6.1, [N+ lgll2'*] < oo.

[Fog]l, < ‘S&%IF(OU)\M(Q)”” < 00.

Thus Np acts from £° into £P and defines a bounded operator from L* into
L?, proving (a).

(b): Let s < oo and let Np act from a neighborhood V' of some G € L?
into £?. Suppose that F' ¢ G /,. Then for some xz, € R and alln =1,2,...,

|F(zn)| > n(l+ |z,]¥P). (7.4)

We will find some numbers p,, > 0 and disjoint sets A, € S with pu(4,) = pn
such that

Zun|mn|s < o0, (7.5)
> HalFlaa)? = +oc. (7.6)
If sup,, |zn| < o0, let p, := C/n? for a constant C > 0. Or if the z,, are

unbounded, then taking a subsequence, we can assume that |z,| > 1 for all
n, and let p, = C/(|z,|*n?) for a constant C' > 0. Then in either case (7.5)
holds and since p > 1, by (7.4), also (7.6) holds. Taking C small enough, we
have ), pn < p(£2) and since p is nonatomic, disjoint A4,, € S with pu(4,) =
fin exist by Proposition A.1 and induction. Then h := }  x,14, € L® by
(7.5). Let Cy := U, > Anfork=1,2,....Let Gy := honCypand G := G
elsewhere. Then G € V for k large enough, but

[1FeGiran = [ (penpdu = +oc
(9] Ch

by (7.6), a contradiction, proving that F' € G, /, if s < 0o. Now let s = +00 and
Np act from L into LP. Suppose that F' ¢ G . Then there is a sequence {x, }
of real numbers such that sup,, |z,| < co and |F(z,)| > nforalln =1,2,....
Let ju, := C/n? for all n = 1,2, ..., where the constant C' > 0 is such that
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Donbn < p(£2), and let A, € S be disjoint sets with p(A,) = p,. Then
(7.6) holds and h := " x,14, € L. It follows that [|Foh|Pdu = +oo, a
contradiction, proving F' € G, and hence (b).

(¢): By (a) and (b), it is enough to prove that F' is u.m. provided Np acts
from L£° into L£P. Taking a constant times p, we can assume that p is a prob-
ability measure. Let 0 < M < oco. Each measurable function g from (2 into
[—M, M] isin £°. Since p is nonatomic, for any probability measure ) on the
Borel sets of [—M, M], there is a measurable g with puog=! = @ on the Borel
sets by Proposition A.7. Since Fog € LP, Fog must be measurable. Thus for
each Borel set B C R, g~ (F~1(B)) is measurable. So in R, (uog=1)(F~1(B))
is defined via the completion of the restriction @ of pog~! to the Borel sets,
since (£2,8, ) is perfect. Thus F~1(B) is Q-measurable. Since @ is an an ar-
bitrary probability measure on the Borel sets of [—M, M|, F~Y(B)N[-M, M]
is wm. for all M. Letting M — +oo we get that F~!(B) is u.m., so F is u.m.,
proving (¢) and the theorem. O

Next, here is a criterion for N to act from L® into L°°.

Proposition 7.15. Let (2, S, 1) be a complete, o-finite, nonatomic measure
space, let F': R — R be universally measurable, and let 1 < s < co. Then Np
acts from L® into L* if and only if || F||sup < +00.

Proof. As in the proof of Theorem 7.13(a), for each g € L5, Fog is a mea-
surable function. Thus if ||F|lsyp, < 400 then Npg € £, proving the “if”
part. To prove “only if,” suppose ||F|sup = +o0o. Then there is a sequence
{ur}r>1 C R such that |F(uy)| — +o00. Take B € § with 0 < p(B) < +oo.
Since p is nonatomic, by Proposition A.1 for u restricted to B or subsets of
it and induction on k, for each k, take disjoint A(k) € S such that A(k) C B
and 0 < p(A(k)) < w(B)/[2%(1 + [uk|®)]. Let g := >_p7 ; upl a(k). Then clearly
g € L* but Npg ¢ L, a contradiction, proving the proposition. O

Continuity

Necessary and sufficient conditions for the Nemytskii operator Ny to act from
L? into LP continuously will be given in Theorem 7.19 if 4 is a strong Shragin
function. It is not hard to show (cf. the proof of Proposition 7.18 below) that a
Nemytskii operator Ny, is continuous on L? assuming the following condition
on ¥. A function ¢¥: R x 2 — R is called a Carathéodory function (for u) or
is said to satisfy the Carathéodory condition (for p) if ¢(-,w) is continuous on
R for almost all w € 2, and ¥ (u, ) is p-measurable on (2 for all u € R. On
complete measure spaces (£2,S, 1), the Carathéodory condition implies the
strong Shragin condition, as the following shows:

Proposition 7.16. If (£2,S, ) is complete, then any Carathéodory function
¥ on R x §2 is a strong Shragin function.
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Proof. Let ¢ be a Carathéodory function on R x {2 and let N C (2 be a p-null
set such that for each w € N¢ ¢(-,w) is continuous on R. Since (£2,S, p1) is
complete, N € §j,. For § > 0 and (u,w) € R x N€ let

Ys(u,w) = sup{v(v,w): v €Q, |u—v| <d}.

For § > 0 and any ¢ € R, we have

{(u,w) € RXN®: ¢s(u,w) > c} = U [(vf(;,er(S)x{w €N Y(v,w) > c}}
veQ

Since ¢ is a Carathéodory function, it follows that 15 '((c,00)) \ (R x N) €
B ® S for each ¢ € R and § > 0, and so s is a strong Shragin function for
each 0 > 0. Also, letting ¢, := 15, for some d,, | 0, it follows that for each
(u,w) € R x N¢ we have ¢¥(u,w) = lim, e ¥y (u,w). Thus ¥(-,-) is jointly
measurable on R x N¢ (e.g. [53, Theorem 4.2.2]), so v is a strong Shragin
function as stated. a

The converse to the preceding proposition will be shown to hold if in
addition the Nemytskii operator Ny, is continuous from L into L°. Recall
that for a finite measure space (12,8, ), L° = LY(£2, S, i) is the space of all
p-equivalence classes of real-valued p-measurable functions on (2, with the
topology of convergence in p-measure, metrized by a metric dy (Section 1.4).

Proposition 7.17. Let (§2,S, u) be finite and complete, and let ¥ be a strong
Shragin function on R x {2 such that the Nemytskii operator Ny, is continuous
from L>(02, S, u) into L°(2,S, ). Then v is a Carathéodory function.

Proof. By Proposition 7.4, ¥(u,-) = Ny(ul(-)) is measurable for all u € R.
Thus it is sufficient to prove that for p-almost all w € §2, the function ¢ (-, w) is
uniformly continuous on any interval [—¢, ¢] with 0 < ¢ < oo. For C := [—¢, ¢],
let A = A(C) be the set of all w € 2 such that ¢(-,w) is not uniformly
continuous on C. For k,n =1,2,...,let C), := {(u,v) € CxC: |u—v| < 1/n},

Agn i ={w e 2: |[Y(u,w) — Y(v,w)| > 1/k for some (u,v) € Cy},

and Ay = Np>1A4k,,. Then A, T A as k — oo. To show measurability of Ay,
fix any k and n. Let

Bk,n = {(w,u,v) € 2 x Cy: W}(u?w) - 1/’(%”)\ > 1/k}

Since v is a strong Shragin function, there is a p-null set N such that By, \
(N x R?) belongs to the o-algebra S ® B(R?), where B(R?) denotes the o-
algebra of Borel subsets of R?. According to Sainte-Beuve’s selection theorem
(e.g. [52, Theorem 5.3.2] for F :=Y := C,, C R? with Borel o-algebra and T
the identity R? — R2, X (w,u,v) = ¥ (u,w) — ¥(v,w) restricted to N¢ x R?),
the projection
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Dy = {w € 2: (w,u,v) € B \ (N x R?) for some (u,v) € Cy,}

is (universally) measurable in {2 and there are (universally) measurable func-
tions g, (-) and vk, (-) from Dy, into C' such that (w,ugn(w),ven(w)) €
By, for all w € Dy, . Since N is a p-null set and Ay = (Agn N N) U Dy, p,
each Ay, , is measurable, and so are the sets Aj and A.

Suppose that for some interval C' = [—¢, ¢] with 0 < ¢ < oo, the set A has
positive u-measure. Then there is an integer k£ > 1 such that p(Ax) > 0. Fix
this k. For each w € D := Np>1Dyn D Ag \ N, by compactness, there is a
u € C such that for every neighborhood W of w, ug,(w) € W for infinitely
many values of n. Let A, be the set of all such pairs (w,u) € D x C. Then

A = ﬂ U U {(w,w): Jugn(w) —r| <1/m, |r—u| <1/m}, (7.7)

m>1n>mreQ

and so A, € S ® B. The projection of A, into {2 equals D. By Sainte-Beuve’s
selection theorem again there is a measurable function n: D — C such that
(w,n(w)) € A, forall we D. For m=1,2,..., let

Eipm i ={(w,U,V)eDxCxC: |U—-nw)| <2/m, |V-nw)| <3/m,
and [(U,w) = ¢(V,w)| > 1/k}.

Then Ej,, € S ® B(R?). For each w € D and m, there are U and V in
C = [—¢,c] with (w,U,V) € Ejp, by (7.7) with u = n(w), U = ug,(w)
for some n > m, and V = vy, (w). Thus by Sainte-Beuve’s selection the-
orem again, there are measurable functions U,, and V,, on D such that
(W, U (w), Vin(w)) € B for all w € D. Let g, = 1pUpn(+), hm = 1pVin(+)
and np := 1pn. Then np € L*, g, — 1np, and h,, — np in L™ as m — oo,
and for each m, |Nygm — Nyhm| > 1/k on the set D. But since Ny, is con-
tinuous on L*, Ny.gm — Nyhy, converges to zero in py-measure as m — 00, a
contradiction, proving the proposition. O

Proposition 7.18. Let (§2,S, u) be finite and complete, and let ¥ be a strong
Shragin function on R x §2. The Nemytskii operator Ny is continuous from
L°(92,8, ) into itself if and only if ¢ is a Carathéodory function.

Proof. The “only if” part of the conclusion follows from Proposition 7.17. To
prove the “if” part, let 1) be a Carathéodory function. Suppose that Ny is not
continuous on L°. Then there is a sequence { f,,} C £° converging in p-measure
to an f € £° and such that for some € > 0, do(Ny fn, Ny f) > € for each
n > 1. By a theorem of F. Riesz (e.g. [53, Theorem 9.2.1]) one can extract a
subsequence { f,,} which converges to f a.e. (). Thus the subsequence Ny, f,,/
converges to Ny f a.e. (1) as n — 00, and also in p-measure, a contradiction,
proving continuity of Ny on L°. The proof of the proposition is complete. O
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Theorem 7.19. Let (§2,S, 1) be finite and complete, let 1 be a strong Shra-
gin function on R x 2, and let the Nemytskii operator Ny act from L° =
L*(£2,8, 1) into LP for some 1 < s,p < co. Then Ny is continuous if and
only if ¢ is a Carathéodory function.

Proof. Since convergence in LP implies convergence in p-measure, the “only
if” part of the conclusion follows by Proposition 7.17. To prove the “if” part,
let ¢ be a Carathéodory function. First suppose that N;0 = 0 and that Ny
is not continuous at zero. Then there is a sequence {f,} C £° such that

SO0 fullt < o0 (78)
n=1
and for some finite constant C' > 0,
/ INyfalPdu>C  Vn>1. (7.9)
Q

Further, by induction, one can construct a sequence {ex} of positive numbers,
a sequence {Ax} of measurable subsets of {2, and a subsequence {f,,} such
that for each £ > 1, (1) 0 < €p41 < €x/2, (2) p(Ax) < €k, (3)

/ Ny foe [P dpt > (2/3)C, (7.10)

Ag

and (4) for each B € S such that p(B) < 2¢x41,

/B [Ny frn P dpe < (1/3)C. (7.11)

Indeed, let €; := p(£2), Ay := 2, and f,, := f1. Suppose that e, A; and
fn,, are chosen for some k > 1. Since [|[1Ny fn,llp — 0 as p(B) — 0, there
is an €41 satisfying (4) and (1). Since convergence in L® implies convergence
in p-measure, by Proposition 7.18, there is an integer ngy; > ny such that
w(Ag41) < €gx41, where

Ak+1 = {w € f: ‘(wank+1>(w)’ > (C/3M<Q))1/p}

By (7.9), it then follows that

/ |N1Z1fnk+1|p dp = / ’wank+1|p dp — / ’wankJrl’p dp > (2/3)07
Akt ? NAgta

and so (2) and (3) hold with k replaced by k + 1, completing the inductive
construction of {ex}, {Ax}, and {f, }. For k =1,2,..., let By := Ap\Ui>r 4;.
Then for each k > 1,

(A \ Br) < u( U Ai) <3 6 < 26041 (7.12)

i>k i>k
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Define a function g: 2 — R by g(w) := fp, (w) if w € By, for some k£ > 1, and
g(w) := 0 otherwise. Then ¢ is measurable and by (7.8),

/Q gl dy = Z/B el i < 3 a2 < 00,
k

k>1 k>1

and so g € L*. However, for each k > 1, by (7.10), (7.11), and (7.12), we have
/ |N¢g|pd,u:/ ’Nll)fnk’pd'u
By, By,
:/ ‘wank’pd/‘_/ ’wank‘deZC/?’-
Ag Ak\Bk

Since the sets By, are disjoint, it follows that [, |Nyg[? du = 400, contradict-
ing the acting condition for V. Thus Ny, must be continuous at zero provided
N0 = 0.

Now let ¢ be any Carathéodory function and let G € L°. For (u,w) €
R x £2, let

¢(u7 (.d) = ¢(G(W) + u7w) - ¢(G(W)a W)'

Then clearly Ny acts from L® into L and Ng0 = 0. For any u € R and w € {2
let fu(w) :=ul(w) = u. Then f, € L® so Ny(f,) € LP and ¢(u, ) = Ng(fu)(*)
is measurable. It is easily seen that ¢ is continuous in u for each w such that
Y(-,w) is, so ¢ is a Carathéodory function. By Proposition 7.16, ¢ is a strong
Shragin function. By the preceding part of the proof, Ny is continuous at zero.
Thus Ny, is continuous at G. The proof of the theorem is complete. O

Corollary 7.20. Let (2,8, 1) be finite, complete, and nonatomic, let 1 be a
Carathéodory function, and let 1 < p,s < oco. If the Nemytskii operator Ny
acts from L® into LP, then it is bounded, and there is a constant C = Cy, > 0

such that | Nyfllp < [ NyOllp + C| fI/F for each f € L*.

Proof. Let ¢(u,w) := ¢¥(u,w) —1(0,w), (u,w) € R x 2. Then for any f € L*,
Nyf = Ngf+1(0,-), and (0,-) € LP, so it will suffice to prove the result for
¢ in place of 1, or in other words to assume that (0, -) = 0. By Theorem 7.19,
Ny is continuous. Therefore there is an r > 0 such that || Nyg||, <1 for each
g € L* with ||g||s < r. By Proposition A.9, for f € L® with || f||s > r, there
exists a partition {A;}}, of {2 into measurable sets such that [, [f]|°du =
lfllz/(n+1) € (r?/2,r%] for i = 0,...,n. Then

ING fI5 =D 1IN (La NI < n+1< 2/r)If2
=0

Thus the conclusion holds with C' = (2/r%)'/7. O
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A Nemytskii operator acting from an open subset of L* into LP extends
to all of L® by the next proposition.

Proposition 7.21. Let (£2,S, 1) be nonatomic, let 1 < p,s < oo, and let V
be a nonempty open set in L*(2,S, ). For the Nemytskii operator Ny the
following hold:

a) if Ny acts from V into LP, then it acts from L*® into LP;
P
b) if in addition Ny, is continuous from V' into LP, then it is continuous from
P
L?® into LP.

Proof. For (a), let G € V and let » > 0 be such that G + B, C V, where
B, ={feL®: |flls <r}. For (u,w) € R x £2, let

P(u,w) = P(G(w) + u,w) = P(G(w),w). (7.13)

Then Ny acts from B, into LP. Let f € L® be such that f ¢ G + B,,, and so
IIf — G|ls > r. By Proposition A.9 with h = f — G and ¢ = r/2, there is a
partition {4;}F_, of £2 into measurable sets such that ||(f —G)14,||s < r/2 for
i=0,...,k Since Ny(f —G) = 5o Ns((f — G)1a,), we have Ny(f — G) €
L?, and so Ny f = Ny(f — G) + NyG € Ly, proving (a).

For (b), as for (a), let G € V, let > 0 be such that G+ B, C V, and let ¢
be defined by (7.13). Then Ny is continuous from B, into LP. Let f € L*® be
such that f € G+ B, and for a sequence { f,} C L®, f, — fin L®. Again, let a
partition {A4;}%_, of 2 into measurable sets be such that ||(f —G)14,||s < /2
fori =0,...,k (Proposition A.9). Thus [|(f, — G)14,||s <7 for each i and all
sufficiently large n. Since

k
INo(fa = G) = No(f =G IE = D INo((fa = G)1a,) = No((f = G)1a,)

i=0

50

as n — oo, it follows that Ny fr, — Nyf = Ny(fr, — G) = Ny(f —G) — 0 in
LP as n — oo. The proof of the proposition is complete. O

Let F' be a Borel measurable function from R into R such that the au-
tonomous Nemytskii operator Np acts from L® into LP. By Theorem 7.19,
Ny is (globally) continuous if and only if F' is continuous. The following gives
a local continuity condition.

Proposition 7.22. Let (£2,S, 1) be complete and finite, and let 1 < s,p < oo.
Let G € L® and let F be universally measurable from R into R, continuous

a.e. for poG—1, and in Gs/p- Then Np is continuous at G from L* into LP.

Proof. By Theorem 7.13(a), N acts from L® into LP. To show its continuity
at G, let g, — 0in L®. Taking a subsequence if necessary, we can assume that
gn — 0 a.e. (). Then f, == Np(G + ¢,) — Np(G) — 0 as n — oo a.e. (u)
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since F' is continuous at G(w) for p-almost all w € §2. By e.g. Theorem II1.3.6
in [57], it is enough to show that {|f,|"},>1 are uniformly integrable, that is,

for each € > 0 there is a § > 0 such that if p(A) < ¢ then [, |fn|? dp < € for
each n > 1. Using the 8 growth condition (7.2) with 8 = s/p, it follows that

/A fulP dji = [|INF(G + ga) — Ne(G)LAIL

< 4r7H|F|

(e s [ 16+ b an} 2t [ INeGP d
o A A

for any A € S. Since G+ g,, — G in L* as n — oo, and so {|G + gn|*}n>1 are
uniformly integrable, the right side tends to zero as u(A) — 0 uniformly in n,
proving the proposition. O

Recall that Proposition 7.15 gave a criterion for Ng to act from L® into
L™ of a suitable measure space, namely that F' be bounded. The following
shows that for Nz not only to act but to be continuous into L*° is much more
restrictive:

Proposition 7.23. Let (12,8, 1) be a o-finite, nonatomic measure space, let
F be a function from R into R, and let 1 < s < co. Then Ng both acts and is
continuous from L® into L*° if and only if F' is a constant.

Proof. “If” is clear. To prove “only if,” suppose F' is not a constant. Then
F(a) # F(b) for some a,b. Take B with 0 < u(B) < 400 and let G :=alp €
L?. Take A(k) C B, A(k) € S, with 0 < p(A(k)) — 0 as k — 400, as is
possible by Proposition A.1. Let g := (b—a)l 4. Then as k — oo, gr, — 0
in L®* but F o (G + gi) does not converge to F o G in L. So, either Np
does not act from L® into L, or if it acts, it is not continuous, proving the
proposition. O

7.2 Holder Properties

For 0 < o < 1, recall Definition 6.42 of a uniformly a-Hélder function v (u, s)
specialized to the case when S is a singleton, B = L,, and Y = L,, where
1 <s,p < o0. Foragiven G € Ly, we say that a Nemytskii operator Ny, acting
from Ly into Ly is a-Hélder at G from L, into L,, if there are a neighborhood
V of 0 in L, and a finite constant L such that | Ny (G + g) — Ny G|, < L||g||$
for each g € V. In other words, Ny, is a-Holder at G if || Ny (G+g) — NG|, =
O(llgl) as llglls — 0.

It will be shown that the autonomous Nemytskii operator N has a Holder
property from spaces L® to LP for F' € W, (R), but only at suitable functions
G which will be characterized. For 1 < p < oo, let y(p,s) := 14 s/[p(1 + s)]
for 1 < s < oo and y(p,00) :==141/p.
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Theorem 7.24. Let (2,8, 1) be a finite measure space, let J be a nondegen-
erate interval (bounded or unbounded), and let G be a measurable function on
0 with values in J. Then the following are equivalent:

(a) there is a C < oo such that for some p € [1,00) and s € [1,00],
INF(G + ) = Np(G)llp < ClIF || llgll 7~ (7.14)

for all F € Wp(J;R) and g € L*(12,S, 1) such that G + g has values in
J;

(a") (a) holds for all p € [1,00) and s € [1,00];

(b) G € Dy, that is, there is an M < oo such that yo G~ has a den-
sity with respect to Lebesgue measure A on R bounded by M, so that
(oG ((e,d]) < M(d —¢) for —o < ¢ < d < c0.

Moreover, the constants C' in (a) or (a') can be chosen to depend only on
w(£2) and M in (b), or also on p; we can take M > 1 and then C = Cy or Cs
where Oy := 2(max{pu(£2),6M +1})'/P < Oy := 2max{u(2),6M + 1}.

Remark. Proposition 7.28 will show that in (7.14) the power v(p,s) — 1 on
llglls, the power 1 on [[F[|(,), and the seminorm || - ||, itself are all optimal.
(b) implies that p is nonatomic by Proposition A.4; thus, so must (a). In fact,
if goG~! has an atom at a point where F has a jump, then g — Np(G + g)
is not continuous at g = 0 (Remark 7.26 below).

Proof. (b) implies (a’): fix p € [1,00) and s € [1,00]. Let g € L*(£2,S, 1)
be such that G + g has values in J, let 6 := |g|ls, 5 = s/(1+s), or
B = 1if s =400, K = p(f2), and F € W,(J;R). Subtracting a constant
from F', we can assume that sup F' = —inf ' and so that ||F||sup < [|F']|(p)/2.
We can assume that 6 < 1, since otherwise (7.14) holds using C' > K/,
Let A = {we€ 2: |gw)| < 6%} Then u(R\ A) < 508 =58 if 5 <
00, or pu(2\ A) = 0 if s = +o00. We can assume that M > 1 in (b). Let
A = A(F,G,g) == Np(G + g) — Nr(G). It follows that

[, 1aran < 18 (7.15)

Let k be a positive integer such that 1/(2k) < 67 < 1/k. For fixed k we can
decompose R into disjoint intervals Iy, ; := [(j —1)/k,j/k), j € Z. Let Zy be
the set of all j € Z such that A(k,j) := ANG (I}, ) is nonempty. Then

J1aran < 3 (su (A1 u(Ak 1)
JGZO J)

Choose si,; € A(k, j) for each j € Zg such that [A(sg ;)| > sup ) [A]/2.

Then |g(sk ;)| < 6% < 1/k. For i = 0,1,2 let Zo; be the set of all integers

j € Zgo such that 5 = ¢ mod 3. For each 4, the intervals with endpoints

(G + g)(sk,;) and G(sg,;) for all j € Zy; are disjoint. Thus
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3M
[1aran < »2EPI, < oust2r,,

Combining this with (7.15) and taking pth roots we get || Al|, < C||F| ||gH’f/p
for C' as given at the end of the theorem. So (a’) is proved.

Clearly (a’) implies (a). Lastly, to show that (a) implies (b), assume
(a). If (b) fails, then for n = 1,2,..., there exist ¢, < d, in R with
dn = (MOG_1>((Cn>dn]> > n<dn - Cn)- Let gp, == 2<Cn - dn) on G_l((cman
and g, := 0 elsewhere, and let F,, := 1p, ). Then for all n, |||, =
1 and ||[Fyo(G + gn) — FuoGl, = /P For s < o0, ||lgnlls = 2(dn —
cn)qu/s. Letting &, = d, — ¢, > 0 gives ¢, > nd,, while by (a), qu/p <
C’(Qén)s/(l?(yrs))q}/(?(l""s))7 giving qf/(HS) < Cp(25n)s/(1+s) and so ¢, <
20P(s+1)/55,  a contradiction for n large. For s = oo, ¢b/? < C-1- (20,)/P
80 ¢n, < 2CP§,, while ¢, > nd,, again a contradiction for n large. So (b) holds
and the theorem is proved. O

The next fact will be used in Theorem 8.9 below to prove differentiability of
a two-function composition operator (F, g) + Fo(G+g), where both || F'[| ) —
0 and ||g||s — 0.

Corollary 7.25. If (a) in Theorem 7.24 holds then also for anya > 1,b> 1
witha=t + b=t =1 and v := v(p, 5),

INF(G +9) = Ne(@)llp < C(a P, + b~ gl 017,

1 1
VoG +9) - Ne(@ly <€ (2171, + (1- 2 ) 1ol

for each F € Wy(J;R) and g € L*(£2, S, 1) such that G and G+ g have values
mn J.

Proof. For any u,v > 0 we have uv < a~'u® + b~ 1v® by (3.20), and the first
conclusion follows from (7.14). Then a := v, b = v/(y — 1) gives the second.
O

The following example shows that the nonatomicity of p1oG~! in Theorem
7.24(b) is essential, not only for the given Hélder property, but for continuity
of NF.

Remark 7.26. Let G € £>(£2,8, 1) and suppose oG ~! has an atom at y,
meaning that u(G=1({y})) > 0. Then if F(y+) exists but F(y+) # F(y), the
autonomous Nemytskii operator N is not continuous at G' on L*°; to see
this let gn(w) = 1/n, 50 ||gnllc — 0, and on G ({y}), Nr(G) = F(y), while
Np(G + gn) — F(y+). Similarly if F(y—) # F(y), let gn(w) = —1/n.
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Remark 7.27. Let G(z) = , 0 < 2 < 1, and F1(7) := li;<1/2). Let J(n)
be the interval [1/2,1/2+1/n), and g, := —n"1;(,), n =2,3,.... Then for
1 < p < oo and p equal to Lebesgue measure on 2 = [0,1], | Np, (G + gn) —
N (G|l = n~V? and || Fy||(p) = 1. Also ||gn|ls = n=(F9)/s for 1 < s < oo,
||gn||sup = 1/”7 HgnH(r) = 21/7’/7% and so HgnH[r] = (1 + 21/7’)/% 1<r<oo
We can also take multiples F' = tF; with ¢ — 0.

The last remark gives the following:

Proposition 7.28. If (F,|| - ||) is a normed space of real-valued functions on
[0,1] containing Fy of Remark 7.27, and for some finite constants C > 0, \ >
0, and ( > 0,

INF(G +gn) = Ne(G)p < CIFIMlgnlls

for F, G, and g, as in Remark 7.27, then A < 1 and ¢ < s/(p(1 + s)) for
1<s<o0,(<1/p for s =o00. Thus the powers A =1 in Theorem 7.24 (a)
and ¢ = s/(p(1+ s)) for s < oo, ( = 1/p for s = oo, are separately optimal,
and no norm on I allows a better exponent than || - ||, does.

On the other hand, the exponents for s = co are not improved if we replace
| - lloc by a stronger r-variation norm ||g||j, 1 < r < oo.

By Theorem 7.24, for F' € W,(R) and a = s/[p(1 + s)], the autonomous
Nemytskii operator Ng is a-Hoélder from L? into LP at suitable elements of L®.
We will show in Proposition 7.30 that N is a-Holder from L° into LP with
a=s/p <1 provided F' € Ho(R;R). Although for a bounded nondegenerate
interval J, Ho(J;R) C Wy (J;R) for 0 < a < 1, W,(R) does not include
any space Hq (R; R).

Let My(f1,..., fr) := fi1--- fx be the function defined by the pointwise
multiplication of real-valued functions fi,..., fx on 2. The following bound
for the L, norm of My(f1,..., fr) extends Hélder’s inequality and will be used
to prove a-Holder properties of Nemytskii operators and several times later
for other purposes.

Lemma 7.29. Let (2,8, 1) be o-finite and L™ := L"(§2,S, ). For any k =
2,3,...,ifpj € [1,00) for j =1,...,k and s := Z?le/pj < 1, then for
p:=1/s,

My (frs - fillp < M fallpy - Ikl (7.16)

and (f1,..., fx) — Mi(f1,..., fr) is a bounded k-linear map from LP* X - - X
LPx into LP with norm ||My|| = 1.

Proof. We have p < p; for all j. For k = 2, by Holder’s inequality (e.g. [53,
Theorem 5.1.2] with p = spy and ¢ = sp2), if f € LP? and g € LP2, then

[isarans ([ 15 an)™ ([ 1o an)"™.

and so (7.16) holds. For the norm defined by (5.4), we then have
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M| = sup{ (| follp: [Ifllpy <15 [lgllp, <1} < 1.

By induction on k it follows that (7.16) and ||Mg|| < 1 hold for all k.
Conversely, take any h € £' with ||h]l; = 1 and let f; := |h|}/Ps for j =

1,...,k. Then | fj|l,, = 1 for all j and ||[My(f1,..., fe)llp =1, so [[My| =1,

proving the lemma. O

The following statement gives sufficient conditions for an autonomous Ne-
mytskii operator to be a-Hélder from L® into LP with 1 < s < p < .

Proposition 7.30. Let (12,8, 1) be complete and finite and let 1 < s <p <
o0o. If F € Ho(R;R) with 0 < o < s/p, then the autonomous Nemytskii
operator N is a-Holder from L*(£2,S, ) into LP(£2,8, ).

Proof. Clearly F' € G, and F is universally measurable. Thus N acts from
L* into LP by Theorem 7.13(a) since a < s/p. For some K < oo, we have
|F(2)—F(y)| < K|z—y|* for all ,y € R. Then for any G and g in L*(£2, S, u),
by Lemma 7.29 with k£ = 2 if o < s/p, or directly if o = s/p,

[ Fe(c+ ) - PGl dus K7 [ g au < arfgli
2 0]

where M := K?u(2)'~#2/) which gives the conclusion. O

The upper bound s/p for « in the last proposition cannot be made larger,
as Corollary 7.34 will show. But first we show that for a specific F' € H,,
the autonomous Nemytskii operator Nr is g-Hoélder at suitable elements of
L* for a f = B(a,s,p) with a < § < s/p < 1. As defined in the Appendix,
Dy = Da(£2,8, ) is the set of all functions G € L°(£2, S, i) such that poG~1!
has a bounded density £ with respect to Lebesgue measure A on R.

Proposition 7.31. Let (12,5, 1) be complete and finite, 1 < s < p < 00, and
let Fo(u) = |ul® with 0 < o < s/p. If G € Dy N LS then the autonomous
Nemytskii operator Ng, acts from L® into LP and there is a constant K < oo
such that for each g € L* with ||g||s < 1,

INF. (G +9) = Ne. (G < Kllgll?, (7.17)
where = [a+ (1/p)]s/(1+ s) € [a, s/p].

Proof. If & = s/p then § = « and the conclusion follows from Proposition
7.30. Suppose that a < s/p, and so o < 3 < s/p < 1. Since F,, € Go C Gy/p,
Np, acts from L?® into LP by Theorem 7.13(a). For each g € L® with ||g||s < 1,
let A(g) := Foo(G+g)—FooG. Let p:=s/(1+s) and € := €(g) := ||g||?. Thus
B = pla+ (1/p)]. Also, let A1 := {w: |G(w)| < €}, A2 := A N{w: |g(w)| >
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€/2}, and Az := A{ N{w: |g(w)| < ¢/2}. Thus the left side of (7.17) does not
exceed the sum of T; := [|A(g)14,lp, ¢ = 1,2,3.

Let M := [|{clloc < oo. Then u(A1) = [{z<qéa(r)dr < 2Me =
2M||g||%. Since |Fy(u) — Fo(v)| < |u —v|* for all u,v € R, it then follows
by Lemma 7.29 with k£ = 2 if a < s/p, or directly if o = s/p, that

1/p X
1< ([ lomiadn) " < lallzu(a)t P < Kalgl, (718)

where K, := (2M)(1/P)=(@/9) For Ty, again, since € = ||g||?, we have
p(Az) < p({w: [g(w)l > €/2}) < (2/€)°[lglls = 2°[lgllZ-
Thus as in (7.18), we get the bound

1/p
7 < ([ ol aan) " < lglen(a) P < Kalgl.

where K, := 2(5/P)=%_ To bound T, by (5.2) in the mean value theorem, for
each x,y € R such that || > € and |y| < ¢/2, we have

|Fa(z +y) — Fa(2)| < [y| sup |F(a+ty)]
0<t<1
where |z + ty| > €/2, so the sup is finite. It then follows that for each w € As,
|A(g)(w)] < alg(w)| sup |G(w) + tg(w)[*
0<t<1

< (e/2) P g(w)P/P[|Gw)] — /2]

since s < p. Since € = ||g||? < 1, we have

T < (g)k(s/p) {(/Agﬂ{lclx} |g|52p(17a)d'u>1/p

+(f o1"(e/2)7° d)
Asn{lG|<1}
< (e/2) g/ |20 4 (e/2) 7

= 2/ | glg1+ A1) 1 lg)|?] < Kallgll2,

1/?}

where K3 := 2K5. Summing the bounds of T;, ¢ = 1,2, 3, and letting K :=
K + Ky + K3, it follows that (7.17) holds whenever ||g||s < 1. The proof of
the proposition is complete. O

For the Nemytskii operator Nz, the order of the remainder bound (7.17)
cannot be improved in general, as the following shows.
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Proposition 7.32. Let (£2,S,p) = ([0,1],B,A), 1 < s,p < o0, Fu(u) = |u]?,
u€ R, with 0 < a < 00, G(x) =, x € [0,1], and § > 0. If the Nemytskii
operator N, acts from L® into LP and |Nr, (G + g) — Ne, (G)|l, = O(||g||?)
as ||glls — 0, then « < s/p and B < [a+ (1/p)]s/(1 + s) € [, 8/p].

Proof. By Theorem 7.13(b), it follows that o < s/p, and so as in the last proof
[+ (1/p)]s/(1+s) € [a,s/p]. For g € L*, let A(g) := Foo(G + g) — FpoG.
For 6 > 0, let gs(z) := —x1j9 5)(), z € [0,1]. Then ||gs, = 6*+1/*) /(1+5)1/*
and |A(gs)| = Faljo,s)- Thus there is a constant C' = C(a, s, p) < oo such that
for each 6 > 0,

1A(gs)||p = 6*TA/P) /(1 + ap) /P = C||gs||let+A/P)ls/Ots)

Since ||gs|ls — 0 as 6 | 0, the stated conclusion follows. O

For (u,z) € R x [0, 1], letting ¢q (u, z) := |z + u|* — |z|*, ¢o is a Shragin
function on R x [0,1]. By Theorem 7.13(a), if o < s/p then Np, and so Ny,
acts from L*([0,1], B, \) into LP([0,1], B, A). Thus by the preceding proposi-
tion, if @ < s/p and |[Ng_gll, = O(|lg]?) as ||g||s — 0, then 8 < s/p. This
fact holds for any non-degenerate Nemytskii operator acting from L® into LP,
as the following shows.

Proposition 7.33. Let (£2,S, 1) be nonatomic and finite, 1 < s,p < oo, and
0 < a < o0. Let a Shragin function ¢ be such that ¢ £ 0, and let the Nemytskii
operator Ny act from L® into LP. Then the following hold:

(@) if [ Naglly = O(lgl2) as llglls — 0, then a < s/p;
®) f [Noglly = o(llgl1%) as [lglls — 0, then a < s/p.

Proof. Let f € L% be such that Nsf # 0 on a set of positive y-measure. Then
for some constant C' > 0, the set A := {w: |¢(f(w),w)| > C} has positive
p-measure. We can and do assume that for some M < oo, |f| < M on A. Since
1 is nonatomic, by Proposition A.1, for each n = 1,2,..., there are 4, € S
with A, € A and 0 < p,, := p(A,) — 0 as n — oo. For each n = 1,2,...,
let g, := fla,. Then ||gnlls < MM}/S and ||[Ny(gn)llp > Cu}/p. Thus for

(a) we have u,l/p = O(un’") as n — oo, and so a < s/p. For (b) we have

u,l/p = o(u%/s) as n — oo, and so a < s/p. The proof of the proposition is
complete. O

Corollary 7.34. Let (2,S,p) be nonatomic, finite, and complete, 1 < s <
p < oo, and 0 < a < 1. Let F' be a Borel measurable non-constant function.
If the autonomous Nemytskii operator Np is a-Holder at some G € L® =
L5(82,8, u) from L® into LP, then o < s/p.
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Proof. Let G € L® be such that Ny is a-Holder at G. For (u,w) € R x 2, let
d(u,w) := F(G(w) + u) — F(G(w)). Then ¢ is jointly measurable on R x {2,
and so it is a p-strong Shragin function on R x (2. Since F' is not constant,
for each w € 2, ¢(u,w) # 0 for some u € R, and so ¢ £ 0 by Proposition 7.6.
Since || Nggll, = O(|lg]|%) as ||g||s — 0, the conclusion follows from Proposition
7.33(a). ]

Proposition 7.35. Let (§2,S, 1) be nonatomic, finite, and complete, 1 < s <
p < o0, s/p<a<l,andlet) be a Shragin function on R x £2. The Nemytskii
operator Ny is a-Hélder at some G € L5 = L5(2,8, ) from L® into LP if
and only if there is a function h € LP such that ¢ < h.

Proof. The “if” part is obvious. To prove the “only if” part suppose that Ny
is a-Holder at G € £* from £° into LP. For (u,w) € R x 2, let ¢(u,w) =
P(G(w) + u,w) — P(G(w),w). Then ¢ is a Shragin function on R x 2 and
INoglly, = O(llgllg) as |lglls — 0. Since o > s/p, by Proposition 7.33(a),
Nyf = 0 ae. (p) for each f € £° Let h := NyG € LP and f € L£°. Then
Nyf =Ng(f —G)+h =hae. (u), proving the proposition. |

7.3 Differentiability

Proposition 7.35 will be used to show that only degenerate Nemytskii oper-
ators acting from L® into L? with 1 < s < p < oo are Fréchet differentiable.
Recall the remainder in the differentiability as defined in (5.1) for a Nemytskii
operator Ny:

Remy, (G, 9) = Ny (G + g) — Ny (G) — (DNy(G))g- (7.19)

Corollary 7.36. Let (2,S,1) be nonatomic, finite, and complete. For 1 <
5 < p < o0, the following statements hold:

(a) if ¢ is a Shragin function on R x §2 and the Nemytskii operator Ny is
Fréchet differentiable at some G € L® from L® into LP then there is a
function h € LP such that ¢ = h.

(b) if F is a Borel function on R and the autonomous Nemytskii operator Np
is Fréchet differentiable at some G € L® from L® into LP then F must be
a constant function.

Proof. Let N be either Ny or Np. Since N is Fréchet differentiable at some
G from L® into L? and using (7.19), we have

[N(G +g9) = NG|, < [Remn (G, 9)[|,, + [(DN(G)gll, = O(lglls)

as ||g|ls — 0, and so N is 1-Holder at G. Thus (a) follows by Proposition 7.35.
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For (b) let ¢(u,w) = F(u). Then v is a p-strong Shragin function on R x {2
(with N = 0). By part (a), Nyf = h for each f € LY. By Proposition 7.6
applied to ¢(u,w) := Y(u,w) — h(w), (u,w) € R x 2, we have for p-almost
all w, ¥ (u,w) = h(w) for each u € R. Since ¥(u,w) = F(u), h must equal a
constant ¢ a.e. (1) and F = ¢, proving (b). a

In the case 1 < s = p < oo, ¥ must be affine in v to give a Fréchet
differentiable operator N, from L° to LP, as will be shown in Proposition
7.39. But first the derivative linear operator in case of differentiability of a
Nemytskii operator Ny will be shown to be a multiplication operator M [h]
induced by some function h € L", where for 1 < p < s < oo with p < oo,

400 if s =p,
r:=r(s,p):=1% (sp)/(s—p)if p<s < o0, (7.20)
P if s = +o0.

Recall that for a function h: 2 — R, the multiplication operator M|[h] from
L# into L? induced by h takes each g € L* to the pointwise product M [h](g) =
hg € LP.

Lemma 7.37. Let (£2,S,p1) be o-finite, let 1 < p < s < 0o with p < o0,
and let h: 2 — R be pu-measurable. Then the following three statements are
equivalent:

(a) h e LreP);
(b) h induces a bounded linear multiplication operator MIh| from L® into LP;
(¢) for any f € L3, hf € LP.

If these conditions hold, then the operator norm of M[h] in (b) is |hl|,.
If1 < s <p< oo and (2,8,1) is nonatomic, then (b) and (¢) are
equivalent to h =0 in L°.

Proof. To show that (a) implies (b), first let s < oo. If p < s then for any
f € L% fhis p-measurable and we have

[ msrau= [isimran< ( [isran) ( [ura)” < o @2

by Lemma 7.29 with k = 2. Taking pth roots, we see that M|h] is a bounded
linear operator from £° into £P. If p = s and h € L£>°, then for any f € LP,
we have ([ |hf|? du)'/? < ||hllsol| |, Similarly if s = +o00 and so r = p, then
for any f € £, we have ([ [hf[P du)'/? < |||l f|leo- Thus (b) follows from
(a).
Clearly (b) implies (¢). Suppose that (¢) holds. To prove (a), first let s <
+o0. Let f, — fin £® and f,h — ¢ in LP. Taking a subsequence, we can
assume that f, — f p-almost everywhere and thus that f,h — g a.e. (u), so
fh = ga.e. (1). Thus the linear multiplication operator M [h] from L£* into L?



356 7 Nemytskii Operators on L” Spaces

is closed, and by the closed graph theorem it is bounded, that is, its operator
norm

M = sup {[| fhllp: | flls <1 (7.22)

is finite. For any g € £3/?, let f := |g|"/?. Then f € £* and

| [awran < [iglibran = [ 1enran

s [ Ifeaur’s = ar( [ gl /rapyr.

Thus g — [ g|h|Pdp is a bounded linear functional on £5/?. By the Riesz
representation theorem, it is of the form g +— f gy dp for some function ¢ €
L7/ or 4p € L for s = p, unique up to equality a.e. (p). If p({w: Y(w) #
|h(w)|P}) > 0 let A € S with 0 < p(A) < 400 and ¢ # |h[P on A. By
symmetry we can assume 1 > |h|P on A. We have 14 € £5/P and [¢14du >
[|h|P1a du, a contradiction. Thus ¥ = |h[P a.e. (1) and so h € L", proving
(a) when s < +o00. If s = 400 then (a) also holds since f :=1(-) € L>®,r = p,
and h=hf e L".

To prove that M = |||, holds suppose that the three conditions hold.
If p<s < 400, by (7.21) and (7.22), we have M < ||h],. Conversely, given
h€ L7, let f = [h]"/. Then f € £, ||flls = [All;"*, and || fhll, = [All;"",
50 Ifhllp/Iflls = IAlly and M = [[all,. T s = p, thon M < ||hlec and we
get M = ||h]|oc by considering functions fn, := lgn|>|n)je—1/n}, 7 — 00. If
s = +o0, then p = r and M = ||h|, by (7.22), since ||1()||cc = 1. So the
equality of norms is proved.

Clearly, if h = 0 a.e. (u) then (b) and (¢) hold. Conversely, suppose 1 < s <
p < 00, (12,8, 1) is nonatomic, and (c) holds for a given h € £L°(§2, S, i), not
equal to 0 a.e. (¢). Then for some § > 0 and set A € S with 0 < u(A) < oo,
|h| > 6 on A and so (¢) holds with h replaced by 614 and thus by 14.
Let pa(E) := w(E N A) for all E € S. Then clearly 4 is a nonatomic
measure. By Proposition A.5 in the Appendix, there is a measurable function
G from 2 into [0, 1] such that us o G~ is u(A) times Lebesgue measure

n [0,1]. We can set G(w) = 1 for all w in the set 2\ A of ps-measure 0.
Let f(w) := G(w)""P1a(w). Then f € L* but f ¢ LP, a contradiction. The
lemma is proved. O

IN

IN

Proposition 7.38. Let (12,5, 1) be o-finite and 1 < p < s < oo with p < oo.
Let G be a p-measurable real-valued function on §2 and let v be a Shragin
function on R x (2. If the Nemytskii operator Ny is Fréchet differentiable
at G from L*(£2,S, p) into LP(£2,S, ) then the derivative operator Dy o =
(DNy)(G)(+) is the multiplication operator M[h] induced by some function
h e L($2,8, 1), where r is defined by (7.20).

Proof. Dy ¢ is a bounded linear operator from L*® into L?. Let A € S with
u(A) < oco. Let ha 1= Dy g(la) € LP. Then ast — 0,
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I(Ny(G + 1) — NyG)/t — hall, — 0. (7.23)

It follows that ha(w) = 0 for p-almost all w € A. If B C A, we have hp(w) =
ha(w) for p-almost all w € B. Since p is o-finite, it follows that there is a
p-measurable function h: {2 — R such that we can take hy = hly for all
A € S with p(A) < oo. Taking t along the sequence 1/n in (7.23), and by
o-finiteness again, there is a sequence ny | 400 such that

ne[(GW) +m ™ w) = Y(Gw),w)] — h(w) (7.24)

for p-almost all w as k — oo. We can redefine h(w) as the limit of the left side
if it exists and 0 otherwise.

Let g be any p-simple function on (2, that is, g = 2?21 cila, where ¢; € R,
A; € S, and p(A;) < co. Then since Dy, ¢ is linear, we have Dy ¢(g) = hg.

Now take any g € £5(£2,S, 1) and take p-simple g, — ¢ in £5. We have
Dy.c(gn) = hgy for all n and Dy ¢(gn) — Dy.c(g) in £P. Taking a sub-
sequence, we can assume that g, — ¢ and Dy .g(9n) = hgn — Dy.c(9)
hold p-almost everywhere. Thus Dy c(g9) = hg ae. (n). It follows that
Dy.c(g9) = Mh](g) € LP for each g € L°, and so h € L" by (b) = (a) of
Lemma 7.37. a

Now we can show that for Ny, to be Fréchet differentiable from an L? space
to itself, ¥ must have an affine form in u, up to equivalence in the sense of
Definition 7.7.

Proposition 7.39. Let (£2,S, 1) be nonatomic, finite, and complete, let 1 <
p < oo, and let 1 be a Shragin function. If the Nemytskii operator Ny is
Fréchet differentiable at some G € LP((2,S, 1) from LP into LP, then for some
E€LP and h € L, ¥ = 1 where n(u,w) = &(w) + h(w)u, (u,w) € R x 2.

Proof. Suppose that Ny, is Fréchet differentiable at G € £ from L? into L*.
By Proposition 7.38 with s = p, there is an h € £ such that (DN, G)(f) =
hf a.e. (u) for each f € LP. For (u,w) € R x £2, let ¢(u,w) := P(G(w) +
u,w) — P(G(w),w) — h(w)u. Then ¢ is a Shragin function on R x 2 and
INoglly = [Remn, (G.9)ll, = o(llgl,) as llgll, — 0. By Proposition 7.33(b)
with @ = 1 and s = p, we must have ¢ = 0, and so Nyf = 0 a.e. (p)
for each f € L£° Let £ :== NyG — hG € LP and f € L% Then Nyf =
Ny(f—G)+(NyG—hG@)+hf =E+hf = N, f a.e. (1), proving the proposition.

O

Proposition 7.41 will give sufficient conditions for Fréchet differentiability
of an autonomous Nemytskii Ng operator from L° into LP with p < s. The
following gives necessary conditions. Let F' be a u.m. function from R into R
and let v be a finite Borel measure on R. Then F' will be said to be differ-
entiable in v-measure if there exists a measurable function 7 from R into R
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such that (F(y+1t)— F(y))/t — n(y) in v-measure as t — 0, and then we will
write D,y F = 7, defined up to equality a.e. (v).

Theorem 7.40. Let (£2,S,p) be o-finite and complete. Let G: 2 — R be
u-measurable and let F': R — R be Borel measurable. Let 1 < p < s < oo.

If the autonomous Nemytskii operator N is Fréchet differentiable at G from
L5(02,8, p) into LP (02, S, 1), then:

(a) the derivative operator Dp g := (DNp)(G)(-) must be the multiplication
operator Mh] induced by some function h € L"(§2,S, 1), where h can be
taken as no G for some Borel measurable function n, and r is defined by
(7.20);

(b) if p is finite and v is the image measure o G=1 on R, then F must be
differentiable in v-measure with n = D, F.

Proof. Since F' is Borel, ¥(u,w) = F(u) is a Shragin function, and so by
Proposition 7.38, the derivative operator Dp ¢ is multiplication by some func-
tion h € L. As in (7.24), there is a sequence ny | +oo such that

h(w) = lim ny[F(G(w) +n; ') — F(G(w))]

k—oo

for p-almost all w. We can take h(w) to be the limit if it exists and 0 otherwise.
Then h is G1(B) := {G~'(B): B € B} measurable. It then follows that
h = n oG for some Borel measurable function 7, e.g. by [53, Theorem 4.2.8]
with X =02, Y =R, T =G, and f = h. So (a) is proved.

For (b), if p is finite and X is the identity function on R, then it follows
easily that v — Fo(X+7) is Fréchet differentiable at v = 0 from £*(R, B, v) to
LP(R,B,v), setting g := oG and applying the image measure theorem, e.g.
[53, Theorem 4.1.11], twice. Then, to see that F is differentiable in v-measure
with D,y F' = 7, let v — 0 through constants. Theorem 7.40 is proved. O

A natural question is whether, under the conditions of the previous theo-
rem, the ordinary derivative I’ exists v-almost everywhere. Examples will be
given in Proposition 7.63 of Section 7.5 showing that it may not.

Recall the classes Gg and Iz of functions satisfying growth conditions,
defined in (7.2) and in (7.3), respectively, and the classes Hlloc of functions
that are 1-Holder locally on R, as defined in Definition 6.4. We will say that a
function f defined almost everywhere for p is in £7(§2,S, ) if f = g a.e. (1)
for some g € L7 (12,8, ).

Proposition 7.41. Let (2,8, 1) be a finite complete measure space, and let
1<p<s<oo Let F e HPO®, F' € I'(yyp1 and let G € L5(2,S,p). If
F'oG exists a.e. (1), then F'oG € L7 (2,8, u) with r defined by (7.20), the
autonomous Nemytskii operator Np is Fréchet differentiable at G from L*
into LP, and DNp(G) = M[F'oG].
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The proof of this proposition will use the following measurability fact.

Lemma 7.42. Let F be a real-valued Borel function on R, and let D be the
set of all x € R such that F is differentiable at x. Then D is u.m. (universally
measurable) and for each m = 1,2,..., there is a u.m. function D > x —
0(x,m) > 0 such that for each t € R with |t| < 6(z,m),

|F(z 4 t) — F(z) — F'(2)t] < [t|/m.

Proof. For x,s,t € R such that s # 0 and ¢ # 0, let

Q(F;x,s,t) :=

‘F(ert) —F(x) F(z+s) fF(x)‘

Fork=1,2,...,and m=1,2,..., let

Bl = Bigm (F)
= {(z,5,t) eR*: 0 < [s| < 1/k, 0<|t| <1/k, Q(F;z,s,t) >1/m}.

Since F is Borel measurable, each By, is a Borel set in R3. For y := (z,s,t) €
R3, let m(y) := z and let Agm := {m(y): y € Brm}. Then each Ay, is
analytic and so a u.m. set in R (e.g. [53, Theorem 13.2.6]), and Ay ,,, decreases
as k increases. The complement Aiym, that is the set of all z € R such that
0 < |s| <1/kand 0 < |t| < 1/k implies Q(F;x,s,t) < 1/m, also is a u.m.
set. Now F is differentiable at = if and only if € D := (7, UgZ, A5 -
Thus D is a u.m. set. For any € D and each m = 1,2,..., there is a least
k = k(x,m) such that z € Aj . The function D > z — k(x,m) is um. for
each m since k(z,m) = k if and only if x € Ai,m N Ak—1,m, where Ay ,, =R,
for k = 1,2,.... Letting 6(x,m) := 1/k(z,m) for x € D and m = 1,2,...
completes the proof of the lemma. O

Proof of Proposition 7.41. Since F € ’HIIOC, it is locally absolutely con-
tinuous and is an indefinite integral of F’ (e.g. Theorem 8.18 and Example
8.20 in [198]). Thus F' € G/p,, and so Np acts from L*® into LP by Theorem
7.13(a). Notice that r = (sp)/(s—p) > p > 1 and s/r = (s/p) — 1. Since there
is a K < oo such that |F'oG| < K(1(-) + |G|*/") whenever F'oG is defined,
by Lemma 7.9, and so a.e. (1), by the Minkowski inequality for integrals (e.g.
[53, Theorem 5.1.5]), we have

[FoG, < K10) + G/ < K (u(2)"/" + | G7) < oo.

Thus M[F'oG] is a bounded linear operator from L*® into L? by Lemma 7.37.
Let N be a p-null set such that F’(G(w)) exists for each w € 2\ N. For u € R,
let

P(u,w) = F(G(w) +u) = F(G(w)) = F/(G(w)u
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if we 2\ N and ¢(u,w) := 0 if w € N. Then the Nemytskii operator Ny
acts from L® into LP. To prove that Ng is Fréchet differentiable at G with
derivative M[F'oG] we need to show that

INygllp = o(llglls) as lglls = 0. (7.25)

Let € = 1/m for some m = 1,2,..., and let 6(-,m) be the function from
Lemma 7.42. If w € 2\ N, let dg(w) := 6(G(w),m), and let dg(w) := 1 if
w € N. Then for each w € 2, |(u,w)| < €|u] whenever |u| < dg(w). For
each g € L*, let A := A(g) = {w: |g(w)| < dg(w)} and write Ny(g) =
Ri(g) + Ra(g) + Rs(g), where Ry(g) := Ny(g)1a, Ra(g) := (F'oG)gla- and
R3(g) :==[Fo(G + g) — FoG]1 zc. For Ry, we have

1Ry (9]l < ellgllp < ellgllsn(2)M" (7.26)

by Lemma 7.37. For Ry, using the same lemma we have

1R2(9)llp < llglls|(F'oG)Lac I = o(llglls) (7.27)

as ||g|ls — 0, because in this case p(A°) — 0, and so ||(F'oG)14¢||, — 0 by
dominated convergence. Turning to Rg, for each w € (2, since t — F(G(w) +
tg(w)) is Lipschitz and so absolutely continuous on 0 < ¢ < 1, we have

F(Gw) +9(w)) - F(Gw)) = g(W)/O F'((G +tg)(w)) dt.

Thus by Lemma 7.37, we have

Irsol, < lole( [ | [ Fot@ 10

Applying Holder’s inequality (e.g. Lemma 7.29 with & = 2), the 8 growth
condition with 8 = s/r = (s/p) — 1 and the Minkowski inequality for integrals

twice, we get
(/.

r 1/r
du) . (7.28)

1/r

/F’ (G +tg) d,u)

/ / |F'o(G + tg)|” d,udt) o
v 1/r
<k([ 1o+ qc1+ 1o | dn)
AC
c\1/r s/r
< K{u(A)" + (|G Lacls + glls) "} = (1)
as |lglls — 0, where K := |[F’|g, . This together with (7.28) yields that

IRs(g9)ll, = o(llglls) as |lg|lls — 0. Letting € | 0, by (7.26) and (7.27), we see
that (7.25) holds, finishing the proof. O

o)
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Proposition 7.43. Let F' be a u.m. function from R into R and v a finite
Borel measure on R.

(a) If the derivative F'(x) exists for v-almost all z, then a derivative in mea-
sure D, I exists and equals F'(x) for v-almost all x.

(b) If v has an atom at a point x, so that v({x}) > 0, and D, F exists, then
F'(x) ewists and equals D) F(z).

Proof. For (a), the set Dp := {z: F'(x) exists } is u.m. by Lemma 7.42 and
v(R\ Dp) = 0. Let n(x) := F'(z) for x € Dp and n(x) := 0 otherwise. Then
since pointwise convergence a.e. () implies convergence in v-measure, 7 is a
derivative of F' in v-measure, and any other function p satisfying the definition

of D(,yF' must equal  and therefore F'(z) for v-almost all z.
For (b), let v({z}) > 0 and n = D,y F. Convergence in measure implies
pointwise convergence at an atom, so F”(x) must exist and equal D, F(z).
O

Corollary 7.44. If F': R — R is everywhere differentiable, then for every
finite Borel measure v on R, D, F' exists and can be taken equal to F.

Proof. Since F'(z) exists for all z, F is continuous and so Borel measurable
and u.m. The rest follows from Proposition 7.43(a). O

Proposition 7.45. Let (£2,S, ) be finite and complete, let 1 < p < s < 00,
and let F: R — R be differentiable everywhere. The following statements are
equivalent:

(a) F" € G(s/p)—1;
(b) the autonomous Nemytskii operator N is everywhere differentiable from
L* into LP? and DNp(G) = M[F'oG] for each G € L*.

Proof. Assuming (a), since F’ is locally bounded, F € Hlloc by the mean
value theorem of calculus. Since Gg C I's and F’oG is defined a.e. (i) for each
G € L*, (b) follows from Proposition 7.41.

Suppose that (b) holds. Then for r = sp/(s — p), F'oG € L" for each
G € L* by Lemma 7.37, and so F' € G(s/p—1 by Theorem 7.13(b) with r
instead of p. Thus (a) holds, proving the proposition. O

Proposition 7.46. Let (2, S, 1) be finite, complete, and nonatomic, and 1 <
p < s < oo. Let a Borel measurable F': R — R be such that the autonomous
Nemytskii operator Np acts from L® into LP. If Np is Fréchet differentiable
on a nonempty open set V, then F is everywhere differentiable on R, it is
locally Lipschitz with F' € G(s/p)—1, NF is Fréchet differentiable on all of L?,
and the derivative operator DNp(G)(-) at any G € L*® is the multiplication
operator M[F'oG](-) induced by the function F'oG, which is in L" with r
defined by (7.20).
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Proof. To show that F' is differentiable, let © € R and let G € V. For A € §
with p(A4) > 0, let f: 2 — R be such that f =u on A and f = G elsewhere.
Since p is nonatomic, by Proposition A.1, one can choose A such that f €V,
and so Np is Fréchet differentiable at f. Since pof~! has an atom at wu,
F'(u) exists by Theorem 7.40 and Proposition 7.43(b). Since u is arbitrary,
F is differentiable everywhere. By Theorem 7.40 and Corollary 7.44, for each
f €V, the derivative operator DNg(f) equals M[F'of] and F'of € L" with
r = (sp)/(s — p) as in (7.20). Thus by Theorem 7.13(b) with r instead of p,
F € Gs/p)-1-

By Proposition 7.21(a), Ng acts from L*® into LP. To show that Np is
Fréchet differentiable on all of L® let G € V and let p > 0 be such that
G+ B, CV,where B, ={f € L*: || f||s < p}. For (u,w) € R x {2, let

o(u,w) = F(G(w) + u) — F(G(w)).

Then ¢ is a Shragin function on R x {2 and the Nemytskii operator Ny acts
from L® into LP. Recalling Definition 6.8 of gi)q(}), we have

Ng(g0 +9) — Ny (g0) — Ny (90)g

(7.29)
= Nr(G+g0+9) — Ne(G+go) — F'o(G + g0)g

for any go,g € L*. Let go € B, and let g € L® be such that ||g]| < p — ||gol|,
and so go+¢g € B,. Then G+ go € V, G+ go+ g € V, and so by (7.29)

[Ns(90 +9) = No(g90) = Ny (90)gllp

(7.30)
= [|[Remn (G + g0, 9)[l» = o(llglls)

as ||lg|ls — 0, where the remainder Remy, is defined as in (7.19). Thus Ny is
Fréchet differentiable at go € B, and the derivative operator DN (go)(-) is the
multiplication operator from L*® into LP induced by N¢§}> (go) = F'o(G + go).
To show that the derivative operator DN extends from V to all of L?, let
f € L® be such that f ¢ G + B,, and so ||f — G|ls > p. By Proposition
A9 with h = f — G and ¢ = p/2, there exists a partition {4;}", of {2 into
measurable sets such that ||(f — G)1a,lls < p/2 fori=0,...,m. For g € L*
such that ||g||s < p/2, by (7.29) with go = f — G, we have

INF(f +9) = Np(f) = (F'of)gll}
= [[No((f = G) +9) = No(f = G) = Ny (f = G)gll}

= > IRem, ((f = G)1la,, gLa))llf = olglI?)
i=0
as |lglls — 0 by (7.30) with g9 = (f — G)14, and with gl4, instead of g.
Thus Np is Fréchet differentiable on all of L® and the derivative operator
DNp(f)(-) at f € L*® is the multiplication operator M[F’of](:) induced by
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the function F'of € L" with r defined by (7.20). The proof of the proposition
is complete. O

Corollary 7.47. Let (2,8, u) be finite, complete, and nonatomic, and 1 <
p < s < oo. Let a Borel measurable F': R — R be such that the autonomous
Nemytskii operator Np acts from L° into LP. The following statements are
equivalent:

(a) Np is Fréchet differentiable on a nonempty open set V in L*;

(b) Np is Fréchet differentiable everywhere on L®, F is differentiable every-
where on R, and for each G € L*, DNp(G) = M[F'oG];

(c) F is differentiable everywhere on R and F' € G(g/p)—1

Proof. Statement (b) and thus (a) follow from (c) by the implication (a) = (b)
of Proposition 7.45. By Proposition 7.46, (a) implies (b). Then (b) implies (c)
since (b) implies (a) in Proposition 7.45, proving the corollary.

O

By Theorem 7.24 and Proposition 7.28, the autonomous Nemytskii oper-
ator Np has a Holder property at G of optimal order s/[p(1 4 s)] from L*
into LP, uniformly for [|F||,) < 1, if and only if G € Dy, that is, poG~" has
a bounded density with respect to Lebesgue measure A\. Such G are dense
in L*(£2, S, ) for any nonatomic measure space ({2, S, 1) by Proposition A.6.
One might ask whether Proposition 7.46 extends to F' such that N is Fréchet
differentiable at all such G. The answer is negative: F' need not be locally Lip-
schitz, as the following proposition shows for a < 1.

Proposition 7.48. Let (12,8, 1) be finite, complete, and nonatomic, let 1 <
p < s < oo, let Fp(u) = |ul® with 0 < a < 1, and let G € Dy N L.
If o« > 14 (1/s) — (1/p), then the autonomous Nemytskii operator Np, is
Fréchet differentiable at G from L® into LP, and there is a constant K < oo
such that for each g € L* with ||g||s < 1,

[Remy (G, 9)ll, < K|g]l%, (7.31)
where N = Np, and 3 :=[a+ (1/p)]s/(1+s) > 1.

Proof. Since F,, € Go C G,/p, NE, acts from L® into LP by Theorem 7.13(a).
For u # 0, |F.(u)| = alu|*!, and F/ (u) is undefined for u = 0. Let ¢ be a
density of poG~1 and let M := ||€g|loo < co. If @ < 1, by the image measure
theorem, we have for any r > 0,

/ \FéoG\rdu:ar/ |I|(a71)rfa(f£)dl’
19, R

<o p({w: |GW)] >1}) +a"'M || (@7 dz.,
{|l=1<1}
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For r := (sp)/(s — p), (& — 1)r > —1, and the right side is finite since p
is finite. If @ = 1, then the left side is finite since p is finite and F] =
+1(+). Thus FloG € L", and so D(g) := (F/,oG)g € L? for each g € L*
by Lemma 7.37. Also, for each g € L*, let A(g) := Foo(G 4 g) — F,og
and R(g) := A(g) — D(g). We will show that for a finite constant K < oo,
|R(9)|l, < K||g||? for each g € L* such that ||g||s < 1. From this bound it will
follow that Np, is Fréchet differentiable at G from L® into L?, the derivative
operator DNp_ (G)(g) equals D(g), and the stated bound (7.31) holds.

We have 1/p = (1/r) + (1/s) and r > p > 1. Let p := s/(1 + s) and
e:=€(g) :=||g||? < 1. Thus 8 = p[a + (1/p)]. Also, let

Ty := || A(g)1allp,
A:=A{w: |G(w)| <€}, Ty == ||D(g)1allp,
B:=A{w: |[Gw)|>¢, |g(w)] >¢€/2}, and ¢ T5:=|A(g)1gl,
C:={w: [G(w)| > ¢, [gw)| <e€/2}, Ty == | D(g9)1B|p,
Ts = | R(9)1c|lp-

Thus || R(g)ll, < 327, Ti- To bound T1, we have (i(A) = [(,<q éa(z) dz <
2Me = 2M ||g||?, where M = ||{g]|co- Since |Fp(u) — Fo(v)| < |u — 0| for all
u,v € R, by Lemma 7.29 with k = 2 it then follows that

1/p i
7o ([ lariade) < lalen) 00 < Klgll, (732)
where K := (2M)(/P)=(/9) For Ty and a < 1, since ||£g/oo = M, we have
2a" M

FloG|" dp = o/“/ 2" Veg(z)de < ————— || g||lr(e=D+1le,
J Fiec [ e e dr < )

Thus by Lemma 7.29 with k = 2, we have
Ty < |lglls||(FaoG)1a]], < Kallgll?

for a constant Ky = Ks(«,r, M). The same holds when o = 1. For T3, since
e = |lg]|?, we have

p(B) < p{w: [g(w)l > €/2}) < (2/€)°[lgl[3 = 2°l|gl<- (7.33)

Thus as in (7.32), we get the bound
ap Y o, (B (1/P)~(a/s) 6
Ty< ([ lolisdn) " < glleuB) < Ksllgll?,

where K3 := 2(s/P)=a For Ty and o < 1, we have

/ |F!oG|"dp = ozr/ |G| dp + ozr/ |G| dy
B B{|G<1} BO{|GI>1}
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< o [ ] u(fwr lg@)] > ¢/23) < a2 gl T 4 g

by the second inequality and the equality in (7.33). Thus by Lemma 7.29 with
k = 2, it follows that

T1 < gl |[(FhoG) 1|, < a2°/" [|lgl im0/ g 1+e/r] < Ko g2

since [|gls < 1 and 1+ p/r > 3, where K4 := a2'**/". For a = 1, since
|F{| = 1(-), by Lemma 7.29 with k¥ = 2 and (7.33), we have

Ty < |lgllsn(B)'/" < 22/ gl +/7 < Kalgll?,

where K4 := 2%/7. Finally, for T5, by Taylor’s theorem with remainder, for
each x,y € R such that || > ¢ and |y| < ¢/2, we have

2
|Fo(a +y) — Fala) = Fi(e)y| < L sup |F(x +ty)|.
2 o<i<1

For a = 1, the left side is zero, and so we can assume that a < 1. It then
follows that for each w € C,

2 a—2

M[g(wﬂ sup ’G(w)+tg(w)|
0<t<1
ol — e

<
- 8

[R(g)(w)] <

[|G(w)] — /2]

Since € = ||g]|? < 1 and ||¢¢|lcc = M, we have

(/ [|G| - 6/2]1)(0472) du) 1/p
{e<IG|<1}

- <~/{E<x<1} lal = €/2)"" P¢alo) dx>1/p

2—« l/p
< <%) ||g\|f[a’2+(1/p)]-
p(2—a)—

Thus, splitting the integration in 75 over C N {|G| > 1} and C N {|G| < 1}, it
follows that

_ 1/p
a(l =) | oo L ) 2(2—)p \p
T < ————= | 2¢ )/p P - - Bl < K. I¢]
5> ) [ M( ) ||gHs + p(270é)71 ||gHs —= 5Hg||sa

since ||g||s < 1 and 2p > f3, for a suitable constant K5. Summing the bounds of

Ti,i=1,...,5,it follows that for K := >"_| K, |R(g)|l, < K| g||? whenever
llglls < 1. The proof of the proposition is complete. |
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The following shows that the order of the remainder bound (7.31) cannot
be improved in general.

Proposition 7.49. Let (£2,S,u) = ([0,1],8,)), 1 < p < s < 00, F,(u) =
lul*, u € R, with 0 < a < o0 and G(x) = z, x € [0,1]. If the autonomous
Nemytskii operator Np, is Fréchet differentiable at G from L® into L?, and
there are constants K < oo, 0 < p < 1 such that (7.31) holds for all g € L*
with ||glls < p, then 3 < [o+ (1/p)]s/(1 + s).

Proof. By Theorem 7.40, we have that the derivative operator (DN, )(G) =
M{[(Dx)Fu)oG], where we take D) Fo, (u) = a|u|®/u for u # 0 by Proposition
7.43(a). Thus for each g € L*, we have

R(g) := Remn,, (G,g) = Fao(G + g) — FooG — [(D(n) Fa)oGlg.

For § > 0, let gs(z) := —2x1j9 5 (2), z € [0,1]. Then [|gs||s = 26*F1/*) /(1 +
)Y/ and |R(gs)| = 2aF,1[,5. Thus there is a constant C = C(a, s, p) < 0o
such that for each § > 0,

1R(g5)llp = 2a6°T/P) /(1 + ap) /P = O gs |2+ VP 0H2),

Since [|gs]ls — 0 as 0 | 0, the stated conclusion follows. |

The next fact shows that the sufficient lower bound for « in Proposition
7.48 is necessary:

Proposition 7.50. Let (£2,S, 1) be nonatomic, finite, and complete, let 1 <
p < s < oo, and let F(u) = |u]®, u € R, for some o > 0. Let G € DyN L® be
such that for some C > 0 and 6 > 0, g(x) > C for all x € [-6,6]. Such G
exist. If the autonomous Nemytskii operator Np_, is Fréchet differentiable at
G from L® into LP, then 14 (1/s) — (1/p) < a < s/p.

Proof. Functions G satisfying the hypotheses exist by Proposition A.5. The
interval (1 + (1/s) — (1/p),s/p| is nonempty if and only if s > p. Since Ng,
acts from L® into L? by Proposition 7.31 and F,, ¢ Gg for # < «, we have
a < s/p by Theorem 7.13(c). If & > 1, then the proof is complete. Suppose
that o < 1. By Theorem 7.40, the derivative operator (DNp, )(G) equals
MI[(Dx)Fy)oG], where Dy Fo(u) = alu|®/u if u # 0 by Proposition 7.43(a).
Letting r := (sp)/(s — p), by Lemma 7.37, (Dy)F,)oG € L". Thus by the
image measure theorem, we have

5
00 >/ |D(ny FooGl" dp > ar/ ||V (2) do > 200/’/ 2@ dg,
° || <5 0

and the conclusion follows. O
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The following is a consequence of Propositions 7.48 and 7.50:

Corollary 7.51. Let (£2,S,u) be nonatomic, finite, and complete, let 1 <
p < s <oo, and let F(u) = |u]®, u € R, for some 0 < o < 1. The following
statements are equivalent:

(a) for each G € DyNL?®, the autonomous Nemytskii operator N, is Fréchet
differentiable at G from L® into LP;

(0) [e+ (1/p)]s/(1+ ) > 1.

The following applies if F' is the distribution function P((—o0,z]) of a
probability measure P with support in [a, b] and density in Hg([a, b]; R). Recall
Definition 6.5 of the class Hi4g.

Proposition 7.52. Let (2,8, 1) be a finite measure space, —00 < a < b <
o0, 1 <p<s<oo, and
_s(1+p) s—p

ﬂ:’p(1+s) 71:[)(1-{-8)'

Let F': R — R be a function whose restriction to [a,b] is in Hiys([a, b];R),
F(z) = F(a) for all x < a, and F(x) = F(b) for all x > b. Let G be a
measurable function from (2 into [a,b] such that for some K < oo,

(oG ) (Ja,a+ 2] U b —z,b]) < Kz (7.34)

for all x > 0. Then the autonomous Nemytskii operator Np acts from L® into
LP it is Fréchet differentiable at G, and the remainder in the differentiation
has the bound

IRemn . (G, 9)ll, = Olglls*") (7.35)

as |lglls — 0.

Proof. Clearly 0 < 8 < 1. Since F' is bounded and p is finite, Np acts from
L® into LP. To prove its Fréchet differentiability at G we can assume a = 0
and b = 1, possibly changing K in (7.34). If & is such that G + h has values
in [0, 1] then by the mean value theorem of calculus

[Remn,. (G, h)| = [F'o(G + th) — F'oG|-|h| < || F'||3,)|h"*?
for a variable ¢t with 0 < ¢ < 1. Then by Hoélder’s inequality (e.g. Lemma 7.29
with k = 2),
[ IReme (G du < B, u(2) P05, (7.30)
o a

Now let g be any function in L*(£2,S,u). Let A:={G+ g <0}, B:={0 <
G+g<1},and C:={G+g>1}. Let g1 :=14-(G+g), g3 := 1 (G+g—1),
and g2 := g — g1 — g3. Then we have G + go = max{0, min{G + g,1}},
lg1lls < llglls, and [[g3][s < ||g]ls. Thus by (7.36) for h = ga,
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IRem (G, g2)llp < Cillgzlls*7 < 347C g3+ (7.37)

for some constant C;. We have G+ g2 =G+ g—g1 =0on A and G+ g2 =
G+g—g3=1onC. Thus Fo(G + g) = Fo(G + g2), on A since F(y) = F(0)
for y <0, on C since F(y) = F(1) for y > 1, and on B since g, = g there. It
follows that

Remp, (G, g) = Remy, (G, g2) — (F'oG)-(g1 + g3)- (7.38)
Again by Holder’s inequality,

/Q P du = /A (G — ) du < ||glPu(A) 7. (7.39)

For any § > 0, let m := sup{u(A4): ||lg|ls < d}. On A we have 0 > —G > g.
If we replace g by —G on A, then ||g|s is not increased and A is unchanged.
Thus in finding m we can assume ¢ = —G on A. Then, m is attained by
1(A) under the constraint [, G*du < 6% when A is a set such that for some
t>0,{G <t} C AC{G <t} by the Neyman—Pearson lemma (e.g. Lehmann
[137, Theorem 3.1, p. 74]), applied to x and G*®u normalized to be probability
measures. Let pa(E) := p(ANE) for all E € S, v := pusoG~ 1, and L(z) :=
v([0,x]). Then [, G*du = [t 2* dL(z) and L(t) = u(A). We can assume that
t is the (unique) smallest number for which the latter holds. For all > 0,
we have L(z) < Kz by (7.34) and so L(x) < min{Kz, 1(A)}. Integrating by
parts, and then writing [¢ = f(’)‘(A)/K + f;(A)/K, it follows that

lolls > / 2* dL(z) = £*(A) / L(@)sa*~1 da > p(A)F K5 (1 + 5).

Thus p(A) < C’2||g\|§/(1+s) for some constant Co. By (7.39) we then have the

bound

lgilly < CS7PP | g||L+2.

The function gs and the set C' can be treated symmetrically, interchanging G
with 1 — G and g with —g, giving the same bound. Thus

1(F"oG) (g1 + g3)|lp < 2] F'|lsupCs PP g|| 7.

This together with (7.37) and (7.38) yields Fréchet differentiability with the
remainder bound (7.35), proving the proposition. O

7.4 Higher Order Differentiability and Finite Taylor
Series

The kth order differential of an autonomous Nemytskii operator from L® to LP
will be shown under some conditions to be a k-linear multiplication operator
MP*[h] induced by a function h € £, where for 1 < p < kp < s < o0,
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r = ri(s,p) == (sp)/ (s — kp), (7.40)

defined as +oo if kp = s. (This was already done when k = 1 in Definition
7.20 of r(s,p) = r1(s,p).)

Recall that for a function h: {2 — R and a positive integer k, if for any
g1,---, gk € L*, the pointwise product M*[h](g1,...,gr) = hg1 -+~ gx is in LP,
then M¥[h] is the k-linear multiplication operator from (L*)* := L® x ---x L*
(k times) into L? induced by h. The following extends Lemma 7.37 to k-linear
multiplication operators.

Lemma 7.53. Let (2,8, 1) be o-finite, let h: 2 — R be p-measurable, let k
be a positive integer, and let 1 < p < kp < s < co. Then the following three
statements are equivalent:

(a) for any g1,...,gr € L, hg1---gr € L?;

(b) h induces a bounded k-linear multiplication operator M¥[h] from (L*)*
imto LP;

(¢) h € L™ with ry, defined by (7.40).

If these conditions hold, then the operator norm of M*[h] in (b) is ||h| .,
If 1 < s < kp and (2,8, ) is nonatomic, then (a) and (b) are equivalent
to h =0 in L°.

Proof. Clearly (b) implies (a). To show that (a) implies (c), take any f € L*/*.
Let g1 = g2 = --- = gr = |f|V/* € L*. By (a), h|f| € L?, and so hf € LP. Tt
follows by Lemma 7.37 with s/k in place of s that h € L™ i.e. (¢) holds.

To show that (¢) implies (b), we apply Lemma 7.29 with k + 1 instead of
k,pj=sforj=1,...,k, and pry1 = ri. By (7.16), it follows that

1M = sup {[IM*[R)(g1, -, 90l Nlgslls <10 5 =1, k} < Al

completing the equivalence proof. To prove the reverse inequality let h € L"*
and g; := |h|™//||h]|/¥/* for j = 1,...,k. Then g; € L°, |lg;lls = 1, and
| M*[h)(g1,- -, 9r)|lp = ||B|lr,, completing the proof for kp < s.

If kp > s and (£2,S, i) is nonatomic, then h = 0 in LY clearly implies (a)
and (b). Conversely, suppose (a) holds. Then as in the case kp < s, we have
fh € L? for any f € L*/F. Applying the last statement of Lemma 7.37 with
s/k < p in place of s, we get h = 0 in L°, finishing the proof of the lemma.

O

The next fact extends Proposition 7.46 to kth differentials.

Proposition 7.54. Let (2,8, u) be finite, complete, and nonatomic, k a pos-
itive integer and 1 < p < kp < s < oo. Let a Borel measurable function
F: R — R be such that the autonomous Nemytskii operator Ng acts from L*
into LP. If Np is k times Fréchet differentiable on a nonempty open set V,
then F is k times differentiable on R, N is k times Fréchet differentiable on



370 7 Nemytskii Operators on L” Spaces

all of L*, and for each f € L*, the kth differential d* Np(f) is the bounded
k-linear multiplication operator from (L*)¥ into LP induced by the function
F®)of which is in L™ with vy, defined by (7.40).

The proof of this proposition is by induction on m, 1 < m < k. First, we
prove a lemma giving a part of the induction step, which also extends the
hypothesis to allow f to be fixed and for that f, (k —1)p < s < kp, but
shows that if s < kp then d*Np(f) = 0. The lemma will also be used later
in Proposition 7.59, which will show that if Np is k times differentiable with
k > sp at some G € L® then F is a polynomial of degree <k (or k — 1, if s/p
is not an integer).

Lemma 7.55. Let (£2,8, 1) be finite, complete, and nonatomic, and let 1 <
p<mp < s < oo for some positive integer m. Let a Borel measurable function
F: R — R be such that the autonomous Nemytskii operator Ng acts from L*
into LP. If Np is m + 1 times Fréchet differentiable at f € L° and there
is a Borel measurable function G such that d™Np(g) = M™[Gog] for each
g €V, a neighborhood of f, then there is a function hy € L°(£2,S, 1) such that
d™HINp(f) = M™ 1 hy]. If s < (m+1)p then hy = 0 in L°, so d™ T Np(f) =
0.

Proof. By assumption, the (m + 1)st differential L := d™ ' Np(f) exists
and is in L(™*1L*, LP). By Proposition 5.25, the function g — d™Ng(g) =
M™[Gog|, g € V, is differentiable at f and D(M™[Gof])(g0) = L(go,.--)
for each g9 € L®. Thus for each ¢o,91,...,9m € L° and t € R such that
f+tgo € V, we have

[t [N (f +tgo) = Na(f)]gr -+~ gm — L(g0, 91, - -, gm)||, = 0 (7.41)

as t — 0. It will be shown by induction on ¢ = 1,2,...,m + 1 that
for any fixed go,91,---,9m—i € L*® there is a py-measurable function h =
h(go, g1, - -, gm—i)(-) such that for the i-linear multiplication operator M?*[h]
and any gm—i+1,---,9m in L° we have

L(90,91,- - gm) = MW} (gm—is1, - -, gm)- (7.42)

For ¢ = m + 1 none of gg,... will be fixed and h will be just one function,
giving the conclusion of the lemma.

For i = 1, let go,91,--.,9m-1 € L® be fixed and for each g,, € L®, let
T(9m) == L(90,91,---,9m)- Let A € S with u(A) > 0 and g,, = 14. By
(7.41), it follows that T'(14)(w) = 0 for p-almost all w ¢ A. If B € S and
B C A, then T(1g)(w) = T(14)(w) for p-almost all w € B. Since p is finite,
there is a p-measurable function h = h(go, 91, --,9m—-1)(:): 2 — R, namely
h =T(1(-)), such that T'(14) = 14h for all A € S with u(A) > 0. In particular
for A = (2, taking ¢ along the sequence 1/n in (7.41) and g¢,, = 1(-), there is
a sequence n; T oo such that
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n; [G(f(w) +n; go(w)) — G(f(W))]g1-+ gm-1 — h(w)

for p-almost all w as j — oco. We can redefine h(w) as the limit of the left side
if it exists and 0 otherwise.

If g, is a p-simple function, since T'(+) is linear, we have T(gm) = hgm.
For any g, € L°, there exist pu-simple ¢, ; — ¢gm in L® as j — oco. We
have T'(gm,;) = hgm,; and T(gm,;) — T(gm) in L? as j — oo. Taking
a subsequence, we can assume that g, ; — ¢m and T(gm,;) = hgm,; —
T(gm) p-almost everywhere as j — oo. Thus L(go, g1,---,9m) = T(gm) =
h(go,g1s-- - Gm—1)gm a.e. (p) for any g, € L*, and so T'(+) is the multiplica-
tion operator from L® into L? induced by the function h. By Proposition 5.5,
the operator norm ||7°(-)|| is bounded by ||L||||golls|lg1lls - [[gm—1]s- Since
p < s, by Lemma 7.53 with & = 1, h € L™ with 1 = sp/(s — p), and
T = I7]lr, - Thus (7.42) is proved for i = 1.

For the induction step, given (7.42) for some ¢ with 1 <4 < m, we want
to prove it for i + 1 in place of i. We can write the right side of (7.42) as
h(gos- -+ Gm—i)gm—i+1-- gm € LP. Since i« < m and mp < s we have by
Lemma 7.53 that h(go,...,gm—i) € L"(>P). We need to show that for any

fixed go,...,gm—i—1 € L* (or with none of go,... fixed if i = m), we can
write h(go, .-, gm—i) = h(go, - - Gm—i—1)gm—i for some measurable function
h(go,- -y Gm—i—1)(+), or simply a function h if i = m. As in the ¢ = 1 case, for

any gm—i € L?, let T(.gm—i)(') = h<90>~ . 7gm—i) € L”(s’p)’ and let Im—i =
14 for any A € S with u(A) > 0. By (7.41) and (7.42) we have T'(14)(w) =0
for p-almost all w ¢ A. Also, (m + 1)-linearity of L and (7.42) imply that
T is linear from L*® into L"i(>?). Thus, the proof as for i = 1 gives that
h(gos- - -, gm—i—1) exists and (7.42) holds for ¢ + 1 in place of 7. For i = m +1
we get that there is a p-measurable function hy := h: {2 — R such that
L(90,G1,---+s9m) = hygog1 - - gm a.e. (u) for any go,g1,...,9m € L*. If s <
(m+1)p then hy = 0in L° by the last statement in Lemma 7.53 for k = m+1.
Since f € V is arbitrary, the proof of the lemma is complete. O

Proof of Proposition 7.54. If £k = 1, then the conclusion follows from
Proposition 7.46. Suppose that k > 1 and the conclusion holds for some m in
place of k with 1 < m < k. It will be proved to hold for m+1. By the induction
assumption, (1) F("™) exists everywhere on R, and (2) for each f € L°, the
mth differential d™Ng(f) is the bounded m-linear multiplication operator
from (L*)™ into LP induced by the function F(™of € £ . Thus for f € L?,
dmNF(f)(gla7gm) = NF(m)(f)gl Gm for each gis--59m € Le.

To prove (1) and (2) with m + 1 in place of m, let f € V. Since Np is
m + 1 times differentiable on V, by Lemma 7.55 with G = F (™) there is an
hy € £0(£2,8, ) such that d™ T Ng(f) = M™Fhy]. Since (m+1)p < kp < s,
the function Ap41(f) := hy € L™+ by the implication (b) = (c) of Lemma
7.53 with k replaced by m + 1. By Proposition 5.25 with & = m + 1, the
function f — d™Np(f), f € V, is differentiable at f and DA™ Ng(f)g =
M™  hpo1(F)(g, .. .) for each g € L*. Since
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Tnt1 = $Tm /(S — Tm) (7.43)

the linear multiplication operator M[hy,+1(f)] is bounded from L*® into L™,
and for each g € L*, the m-linear multiplication operator M [hy41(f)g] is
bounded from (L*)™ into LP. Therefore by Lemma 7.53 with k& = m, for each
g € L® such that f +g €V, we have

INpe (f +9) = Npeny (f) = b1 (£)gllr,
= ||[d™Nr(f +g) —d™Np(f) — deNF(f)gHL(mLspr) = o(llglls)

as ||g|ls — 0. Thus the autonomous Nemytskii operator Ny is differentiable
from V into L™ and its derivative at f € V is the bounded multiplication
operator induced by the function h,,+1(f). Next we will apply Proposition
7.46 with r,,, and F(™ instead of p and F, respectively, as we may, recalling
that (m+1)p < kp < sand so 7, < s. It follows that F("+1) exists everywhere
on R and for each f € L*, hyy1(f) = F™mTDof, proving (1) and (2) with
m+1 in place of m.Therefore the conclusion of the proposition holds for m+1
instead of k. The induction argument is then complete, and the proposition
is proved. O

In particular, the preceding proposition concludes that F(*)of is in L"*
for each f € L°. Using Theorem 7.13(b) with 7, = sp/(s — kp) instead of
p, and recalling the growth-condition classes Gg defined in (7.2), we get the
following:

Corollary 7.56. Under the hypotheses of Proposition 7.54, F(*) ¢ G(s/p)—k-
The necessary condition just stated is also sufficient:

Proposition 7.57. Let (£2,S, 1) be finite and complete, k a positive integer,
andl <p<kp<s<oo. If F: R — Risk times differentiable everywhere on
R and its kth derivative F%) s in G(s/p)—k, then the autonomous Nemytskii
operator N is k times Fréchet differentiable from L® into LP and d* Np(f) =
MF[E®of] for each f € L*.

Proof. It k =1, then the conclusion holds by Proposition 7.45. Suppose that
k > 1. Since F® is locally bounded, F*=1 ¢ Ho¢ by the mean value
theorem of calculus, so it is locally absolutely continuous and is an indefinite
integral of F(¥) (e.g. Theorem 8.18 and Example 8.20 in [198]). Thus F*~1 ¢
Q(s/p)_(k_l). Iterating, we find that

F9 € Gy forj=0,1,...k, (7.44)
where FO = F.

Now suppose that the conclusion holds with k replaced by some m, 1 <
m < k. It will be proved to hold for m + 1. By the induction assumption, Np
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is m times Fréchet differentiable from L® into LP, and the mth differential
d™Np(f) equals M™[F(™of] € L(™L®, L?) for each f € L*. Thus F(™of €
L™ by Lemma 7.53. Let G € L®. Recall that r; = (sp)/(s — jp) for jp < s.
Since (m + 1)p < kp < s, we have (s/p) — (m + 1) = s/rm41 and (7.43). By
(7.44) with j = m+ 1 and Theorem 7.13(a) with 7,41 instead of p, it follows
that F(m*YoG € L™ +1, and so M [F(™+1)0o(G] is a bounded (m+1)-linear
multiplication operator from (L*)™*! into L? by Lemma 7.53. Also for each
g € L*, (F*tYoG)g € L™ and M™[(F(™+t)oG)g] is a bounded m-linear
multiplication operator from (L*)™ into L? by Lemma 7.37 with 7, instead
of p and by Lemma 7.53 with & = m, respectively. By Proposition 5.25, it is
enough to prove that the function f — d™Ng(f), f € L?, is differentiable at
G and DA™ Np(G)(g) = M™FH{F™ oG] (g,...) for each g € L*. For g € L?,
let

R(g) := d"Np(G +g) — d" Np(G) — M™ [F™DoG(g, ...
= M™[F™o(G + g) — F™oG — (F™+toG)g] € L(™L?, LP).

By the norm statement in Lemma 7.53 with k& = m, the operator norm of
R(g) is

IR(g)ll = [ E™o(G + g) = F"™oG — (FI"DoG)g]y,,.

The right side is o(||g||s) as ||g|s — 0 by Proposition 7.45 applied to F = F (™)
and p = ry,, using (7.44) with j = m + 1 and the identity (s/p) — (m + 1) =
($/rm) — 1. The proof of the proposition is complete by induction. O

Proposition 7.58. Let (§2,S, u) be finite, complete, and nonatomic, k a pos-
itive integer, and 1 < p < kp < s < co. Let a Borel measurable F: R — R be
such that the autonomous Nemytskii operator Nr acts from L° into LP, and
let V' be a nonempty open subset of L*(£2,S, ). Then the following statements
are equivalent:

(a) Np is C* on V;

(b) Np is C* on L*;

(¢) Fis C* on R and Npw acts and is continuous from L® into L™ with ry,
defined by (7.40).

Proof. First suppose that (a) holds. By Proposition 7.54, the kth derivative
F®) exists on R, and for each f € L*, the kth differential d* Np(f) exists and
is the bounded k-linear multiplication operator from (L*)* into L induced
by the function F*of € L™. Thus the Nemytskii operator Npu) acts from
L? into L™ . By Lemma 7.53, the operator norm of the k-linear multiplication
operator from (L*)¥ into L? induced by a function h € L™ is equal to ||A||,, .
Thus for any f1, fo € L®, we have



374 7 Nemytskii Operators on L” Spaces

[Npaw (f1) = New (f2)llr,
=sup {||[FFofy —F(k)0f2]91"'ngpi lgills <1, llgnlls < 1}

= [|[d*"Np(f1) — d*Np(f2)l].

Since d* Ny is continuous on V, it then follows that Npe is continuous on
V. By Proposition 7.21(b), Np®) is continuous from L® into L™, proving the
second part of (c). The first part follows from Theorem 7.19, since F(*) is
Borel measurable and t(u,w) = F®*)(u) is a Carathéodory function if and
only if F(*) is continuous.

Suppose that (¢) holds. By Theorem 7.13 with 7 in place of p and F®) in
place of F, since N acts from L® to L™, we have F(¥) ¢ Gs/r = YG(s/p)—k-
Thus by Proposition 7.57, N is k times Fréchet differentiable from L° into
L?, with d* Np(G) = M*[F®* oG] for each G € L*. By (c), Npa) is continuous
from L* into L"*. By the norm equality in Lemma 7.53, it follows that d* Np(-)
is continuous on L*, so that (b) holds. Since clearly (b) implies (a), the proof
of the proposition is complete. O

In the preceding proposition it was assumed that kp < s. If kp > s then 7,
in part (¢) is not defined. If kp = s, then 7, = 400, and the condition in part
(¢), if it holds, implies by Proposition 7.23 that F(¥) is a constant, in other
words, that F' is a polynomial of degree at most k. The following proposition
confirms this and proves that F is a polynomial also if Ng is k times differ-
entiable, even at one point, for a k > s/p. Thus such differentiability is very
restrictive.

Proposition 7.59. Let (£2,S,u) be complete, nonatomic, and finite, let 1 <
p < s < oo, and let j and k be respectively the largest and the smallest
integers such that j < s/p < k. Let F' be a Borel function on R such that the
autonomous Nemytskii operator Np acts from L® into LP. If Nr is k times
Fréchet differentiable at a point G then F is a polynomial of degree at most

7

Proof. If k = 1 then p = s and j = 1, and the conclusion follows from
Proposition 7.39. Thus we can assume that &k > 1. Let » > 0 be such that Np
is k — 1 times differentiable on G + B,., where B, = {g € L*: ||g||s < r}. For
g € B,, the remainder in Taylor’s expansion of Nr around G of order k is
defined by

k
1 . )
Ri(G,g) = Rem{y, (G, g) = Nr(G +g) = Np(G) = 3 _ d'Nr(G)g™".

i=1

Thus Ry(G,g) € LP for each g € B,. For i = 1,...,k — 1, since ip < s,
by Proposition 7.54, F() exists and d’Ng(G) = M'[F?¥oG]. By Lemma
7.55 with m = k — 1, there exists hg € £°(£2,8, 1) such that d*Np(G)
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MP¥[hg]. Let a;j(w) := (i) 'F@oG(w) for i = 1,...,k — 1, and let ag(w) :=
(k) ~thg(w). For (u,w) € R x §2, let

k

Y(u,w) = F(G(w) + u) — F(G(w)) — Zai(w)ui. (7.45)

i=1

Then 7 is a strong Shragin function on R x (2 and the Nemytskii operator IV,
acts from B, into LP since Ny(g9) = Ri(G, g) for each g € B,. By Theorem
5.44, || Ny ()|l = o(l|gl|¥) as ||lg||s — 0. If for some g € B,., Ny (g) # 0 on a set
of positive u-measure, then by Proposition 7.33(b), we must have kp < s. This
contradiction yields that Ny (g) = 0 for each g € B,. Therefore by Proposition
7.6, there is a p-null set N such that for each w € N¢ ¥(u,w) = 0 for all
u € R. Thus taking an wy € N°¢, it follows that

k
F(u) = F(G(wo)) + Zai(wo)(u — G(wo))’

for each u € R. The proof is complete if j = k, in other words if s/p is an
integer.

Let j < k. Then kp > s and j = k — 1. In this case, for g € B,., consider
the remainder R;(G, g) := Remy,, (G, g) in Taylor’s expansion of Np around
G of order j. Also, for (u,w) € R x {2, let ¢(u,w) be defined by (7.45) without
the last term. Then again, 1 is a strong Shragin function on R x (2 and the
Nemytskii operator Ny acts from B, into LP since Ny(g9) = R;(G,g) for
each g € B,. By Theorem 5.44, |Ny(g)|, = O(|lgl¥) as ||g|ls — 0. If for
some g € B,, Ny(g) # 0 on a set of positive y-measure, then by Proposition
7.33(a), we must have k < s/p. This contradiction yields that Ny (g) = 0 for
each g € B,. Again by Proposition 7.6, it follows that F' is a polynomial of
degree at most j. The proposition is now proved. O

We will give bounds for the remainders in Taylor expansions of the au-
tonomous Nemytskii operator g — Np(G + g). For an open set U C R,
n=12..,and 0 < a < 1, we write ' € H,1o(U;R) if a function
F: U — Ris C" on U and its nth derivative F(") is in H,(U;R). If n = 1
this agrees with Definition 6.5 for X =Y =R.

Proposition 7.60. Let (2,8, 1) be a complete, finite measure space. Let 1 <
p<s<oo,0<a<l, and a positive integer n be such that (n+ a)p < s. Let
F € Hpta(R;R) and let G € L3(£2,S,u). Then the autonomous Nemytskii
operator Np acts from L*(2,8,u) into LP(£2,8, 1), it is n times Fréchet
differentiable at G, and the remainder in the Taylor series around G has the
bound

" koG
|Np(G +a) = Ne(@) =30 ot < Kol (7.46)

k=1
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where K = u(Q)(l/p)f(”+“)/s||F(")||(Ha)/n!, forall g € L*.

Proof. Since for each k = 1,...,n, F*~1 is an indefinite integral of F®*),
F" e H,, and n+a < s/p, it follows that F' satisfies the § growth condition
(7.2) with § = s/p. By Theorem 7.13, it then follows that Np acts from L*
into LP, proving the first part of the conclusion. By Taylor’s formula with an
integral remainder (e.g. Theorem 5.41), for each (u,w) € R x £2, we have

") (Gl
F«x@+wg—pax@)—§jf—%$—ﬁw
k=1 ' (7.47)

1ﬂATﬂm@W)HMﬂm@@wd%@,

where 0,,(t) = —(1 —¢)"/n! for 0 <t < 1. Let 1 <k < n. Since (n + a)p < s,
F*) gatisfies the 3 growth condition with 8 = (s — kp)/p = s/7k, and so by
Theorem 7.13 the Nemytskii operator Np) acts from L® into L™ . By Lemma
7.29 with k+1 in place of k, p1 = -+ = pr = s and pgy1 = 11, for g € L® and
each 1 < k < n, we then have

o(u,w) :

[ 1EDG) P di < [Ne IR, gl < o
(P

Thus N, acts from L® into LP. Since F(™) € H,,, for each (u,w) € R x £,
6w, )| < [ul" T 34, /.
Therefore by Lemma 7.29 with £ = 2, we have

/n INogl? dps < [ | ey /1] ()P0 g 200

and the conclusion follows. The proof of the proposition is complete. O

Remark 7.61. The assumption (n + a)p < s in the preceding proposition
cannot be improved in general. Indeed, under the hypotheses of Proposition
7.60 suppose in addition that (£2,S,u) is nonatomic and F(u) # F(0) +
S (K)TLE®(0)uk for some u € R. Thus ¢ # 0, where ¢ is the Shragin
function defined by (7.47) with G = 0. If (7.46) holds for G = 0, then by
Proposition 7.33(a) we must have n 4+ a < s/p.

The remainder bound O(||g||”*%) in (7.46) is of best possible order under
the conditions of Proposition 7.60, as the following shows (for n = 1).

Proposition 7.62. Let 0 < a <1 and 1 < p < p(14+«a) < s < oo. Then
there are a function F € Hi44(R;R), a finite measure space (£2,S, ), and a
G € L°(2,8, 1) such that if for some > 1,

Rem, (G, 9)ll, = O(llg?)
as ||lglls — 0, then 5 <1+ a.
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Proof. Let (12,8, u) be [0,1] with Lebesgue measure A and G(z) := z, 0 <
x <1.Let M > 1 be a large enough integer so that

max{1/(M® —1),7/(M'~* — 1)} < 1/150, (7.48)
and let
F(u) = (2m)~! Z MO+ gin (2 M ™), uc R
n=1
Then

F'(u) = Z M~ cos(2nM™u), u € R.

n=1

We have F’ € H, by the proof of Proposition 3.104. Thus F' € Hj,, and so
the autonomous Nemytskii operator N is Fréchet differentiable at G from
L? to LP by Proposition 7.41. By the fundamental theorem of calculus for
g € £5(]0,1],A) and z € [0, 1], we have

Remy, (G, g)(z) = g(x) / [F'(x + tg(x)) — F'(x)] dt.

For k=1,2,...,and € [0,1], let gr(z) := rM~* — x, where r is the nearest
integer to xM¥, or the smaller of two equally close integers. The values of |gy|
are uniformly distributed over [0, M ~*/2], so

M~F/2 1/s
Joulle = (230 [ yray) " = et

for a constant C'(s) not depending on M or k. For k,n =1,2,..., and z,t €
[0,1], let

A(k,n,x,t) = cos(2nM"™(x + tgr(z))) — cos(2mM™x).

Then for k=1,2,... and = € [0, 1], we have

Remy, (G, gr)(x) = gr(2) ) M‘”“/O Ak, n,z,t) dt. (7.49)

Using the definition of g and the periodicity of the cosine, it follows that
Ak, k2, t) = cos(2rM* (1 — t)gr(z)) — cos(2rM " gi () > 0,

where the last inequality holds since ¢t € [0,1] and 2rM¥*gi(z) € [, 7]
for x € [0,1]. If |gr(z)| > M~*/4, which occurs on a set A C [0,1] with

MA) =1/2, and if t > 3/4, then A(k,k,x,t) > 271/2. Thus for the pth norm
of the kth term of the sum on the right side of (7.49), we have the bound
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> M k(O+a)9—=(9/2)=-(1/p) > M—’f(1+a)/50_
P

1
Hng—’W/ Alk, k,a,t) dt
0

For the sum of the terms with n > k, we have since || g ||sup = M ~*/2,

Hgk Z M”“/Aknxt)dt

n=k+1

<M k— (k-‘rl)(x( _M—a>—1
p

< M—k(1+a)/<Ma _ 1).

For the sum of the terms with n < k, we have

HngM "a/ (k,n, z,t) dtH < HngM na( QWM”)'M_’“HP

k—1
S 7TM72k Z Mn(lfa) S ﬂ_Mfk(1+a)/(lea _ 1)
n=1

By choice of M (7.48), we have
IRem . (G, gi)llp > M+ /150 > Cl|giofl

for a constant C' > 0. Since ||gi||s — 0 as k — oo, the conclusion follows. O

7.5 Examples where Ny Is Differentiable and F' Is Not

Here are examples showing that when an autonomous Nemytskii operator Ng
is Fréchet differentiable at one G, the derivative of F' in measure as in Theorem
7.40(b) may not be an ordinary derivative. Let B be the Borel o-algebra in R.
For a measurable function A > 0 and a measure u, we define a measure hu by
(hu)(A) := [, hdp, A€ B.

Proposition 7.63. There exist a probability measure v on B, a compact set
K c1I := [0,1] with v(K) =1, and a continuous function F from R into
R such that for the identity function X (x) = x from R into R, and any p, s
with 1 < p < s < oo, the autonomous Nemytskii operator Np is Fréchet
differentiable at X, in other words, g — F o (X + g) is Fréchet differentiable
at g = 0, from L5(I,B,v) into LP(I,B,v) with derivative 0, but F' exists
nowhere on K. Moreover, F', K, and v can be chosen so that for Lebesque
measure A, either (a) or (b) holds, where

(a) N(K) =1/2, F is a-Holder for each a € (0,1), and

v=2-1g\; (7.50)
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(b) M(K) =0 and F is Lipschitz, with |F(x)—F(y)| < 2|z—y| for allz,y € R.

Remark. The F’s constructed in the proof will be differentiable everywhere
outside of K. In part (b), F', being Lipschitz, is necessarily differentiable almost
everywhere for \.

Proof. Numbers b; = 1 — a; € (0,1/2] will be defined for ¢ = 0,1,... as
follows. For part (b) we just take a; =b; =1/2,i=0,1,.... For part (a) and
i=0,1,..., let

o @+1/+2)  (i+1)(E+3) o
“ S G ire) - Grar 0 e lTw =10+ (75

Then for any £k =0,1,... and n > k,
(k+1)/(k+2) k+1

ey = 7.52
ARkt =l = 0 1 2) k2 (752)
as n — 00, SO
i 1
in part (a), Hai =3 (7.53)
=0

We will define the set K as the intersection of a decreasing sequence of
sets K;, 2 =0,1,..., each of which is a finite union of nondegenerate closed
intervals K, j = 1,..., M(3), for some M (7). The lexicographic ordering of
ordered pairs of positive integers is defined by (i,5) < (¢/,7’) if and only if
1<i ori=1 and j < j'.

First, let Ko7 := [0,1] and M(0) := 1. Closed intervals K;; will be
defined recursively in ¢ and j, ¢ = 0,1,..., 5 = 1,..., M (i). Suppose that
Kij,j=1,...,M(i), are defined for some ¢ > 0. For a positive integer m(i, j)
defined below, each K;; will be a union of 2(%) nonoverlapping intervals
Lijr = [aijr bijr], m=1,..., 2m(i:3) | of equal length

bijr — aijr = hij = M) /2m09). (7.54)
Let ¢ijr = aijr + bihij/2 and dijr := bjr — b;hij/2. Then
Kijr = [cijr, dijr) (7.55)
is a subinterval of I;;. with
MEijr) = aiXlijr) = aihij > hij/2 (7.56)

since b; < 1/2 for all i. The intervals K; 1 s are defined as the intervals K;j,
for all j = 1,...,M(i) and r = 1,...,2""9) where s < s’ if and only if
(4,7) = (4',r"). For i = 0,1,... let

M (%) -
M(i+1) = > 2mtd), (7.57)
j=1
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Thus K415 for s=1,...,M(i+ 1) will be defined once m(i, j) are defined.
Now to define m(s, j) and so h;; recursively, we begin with

m(0,1) :== 1 and  ho1 = M(Ko1)/2™OY =1/2. (7.58)

If K;;, m(i,7), and so h;; are defined for some ¢ > 0 and forall j = 1,..., M(7),
as they are for i = 0, then all the sets K1 ; are defined as in (7.55) and just
after (7.56). Let m(i 4+ 1,1) be the smallest positive integer such that

hivin = A Kig1,1)/2™0 D < (R gy /(4 2))72 < hyaegiy /2. (7.59)

For each j = 1,...,M(i) — 1, choose m(i + 1,5 + 1) as the smallest positive
integer such that

hipiger = MEip100)/2" 0 < (b /(04 1)) (7.60)

Then, iterating (7.60) and (7.59), the recursive definition of all m(i, j), M (4)
by (7.57), K;;, and h;; is complete. It follows from (7.58), (7.59), and (7.60)
that for alli =0,1,...,

hisia <hin/2<1/2772 s0 > hy <1 (7.61)

n=0

It follows that h;; > h;j» whenever both are defined and (i, j) < (i, '), i.e.
h071 > h1’1 and for all 7 = 1,2,...,

hivr > hjg > -+ > hi,M(i) > hi+171 > 0. (7.62)

Fort=0,1,... let K; := U;Vi(f) K;j, a finite union of closed intervals. Then
)\(K()) =1 and )\(Ki+1> = CLZ)\(K1> for all i > 0, with Ko D K1 D Ko D ---.

Let -
K = (K (7.63)
1=0

Then K is a compact, perfect set with A(K) = II°,a; = 0 in part (b), while
in part (a), AN(K) = 1/2 by (7.53). For part (a), v is defined by (7.50). For
part (b), we define v(Ko;) := 1 and recursively let v(K;j;.) = v(K;;)/2m@9)
forall j =1,...,M(i)and r = 1,...,2™(J) (these equations are also true, by
the way, in part (a)). Then in part (b), v extends to a unique Borel probability
measure on R with v(K) = 1. We have

in part (a), for each n > 1 and 1 < j < M(n), (7.64)
I/(Knj) < QA(KnJ) < th,Ll < 1/2“71 ’
by (7.50), (7.56), and (7.61).

We will use the following fact, which holds for the probability measure v
in each of parts (a) and (b).
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Lemma 7.64. For any i = 2,3,4,... and r = 1,...,M(i), let the interval
K be [a,b] with a < b and let J be a subinterval of K;. with a common
endpoint, J = [a,x] or [z,b] for some x € K;,. Then

v(J)[v(Kir) < 2MJ)/MKir). (7.65)

Proof. For part (a), by (7.55), (7.56) iterated, and (7.52), we have for each
i>1,

while by (7.50), v(K;») = 2A\(K; N K) and V(J) < 2XA(J), so the conclusion

follows. The rest of the proof will be for part (b). For any Borel set B and
1=0,1,..., let

M (i) M (i)
vi(B) = Z MBNKyj)/ Z MK j). (7.66)

Then each v; is a Borel probability measure on I. We claim and will show by

induction that: 4
in case (b), v(K;j)=2"\(K;;) (7.67)

forall i =0,1,... and j =1,..., M (7). For i = 0 the claim holds. Let i > 1
and suppose the claim holds for ¢ — 1 in place of i. For each j = 1,..., M(i) we
have K;j = K; 1,4, forsomeu=1,..., M(t—1)andv=1,...,m(i — 1,u).
Then

V(Kij) = v(Kiq,,)/2m0 1w by definition of v
= 27 IN(Ki_1.4)/2m0 1 by induction hypothesis
=2 INLi—1 ) by (7.54) with 7 — 1 in place of i
= 2'A(K5) by (7.56) and since a;_1 = 1/2,

proving (7.67) by induction. Iterating the first equation in (7.56), it follows
that ZjM:(f) MNKij) =a;—1---ap=2"" and so

v;(K;;) = v(K;;) for each j. (7.68)

The sequence {v;};>0 converges weakly to v, which has a continuous dis-
tribution function. Thus it suffices to prove (7.65) for each vy, k > 4, in place
of v. Let k =i+ gq for ¢ =0,1,2,.... On K;., v; = 2°\ by (7.66) and (7.67),
and viy4(Ky) = v(Ky,). Suppose J = [a,z] for © € [a,b] = K;. We can
assume x > a and want to prove that for ¢ = 0,1, 2,

Gy(e) = vipglla,))/(2(z —a)) < 2. (7.69)

For ¢ = 0, G4(z) = 1. For ¢ = 1, we will show that G (z) < 4/3 for all z. K,
is decomposed into 2™(4") intervals Iiyp of equal length h;,.. For each p, Ky
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is the middle half of I;,,. The Radon-Nikodym derivative (density) dv;+1/dv;
equals 2 on each K, and is 0 on the complementary intervals iy \ Kirp. It is
easily seen that G; = 1 at the endpoints and midpoints of the intervals I,
except that for p = 1, G; = 0 on an interval (a,a + ) for some § > 0. The
midpoints of I;, and Kj;,, are the same. Let u be the midpoint of Kj;,,. Then
on K., we have Gi(z) = [u—a+2(z—u)]/(x—a) since u—a+(x—u) = z—a.
Since u > a it follows that Gy is increasing on each K, and attains a relative
maximum at its right-hand endpoint d;,. Then

phir 1
o) = P = (p-1),
R 4
which is maximized for p = 1,...,2"") when p = 1, where it equals 4/3, so

G1(x) <4/3 for a < x < b. Applying the same proof with i + 1, Go/G1, and
2(x—u) in place of i, G, and x —wu respectively gives that Ga(x) < (4/3)G1(x)
for a < x < b, and hence

Go(z) < (4/3)%, a<x <b. (7.70)

For each ¢ = 0,1,..., v;y4 is concentrated on intervals K;iq¢, on each of
which it has density 29 with respect to v;, or 2¢t¢ with respect to A. Let
he(z) = (x —a)Gy(z) for each z. Then for each ¢ > 1, hi(z) = 0 or 2¢
wherever the derivative is defined (as it is except on a finite set). We have
dGy(x)/dx = ((z — a)hj(x) — hy(x))/(z — a)* > 0 if and only if z is in the
interior of Ky 4 ¢ for some  and Gy(x) = hy(z)/(x—a) < hy(z), which equals
29 on such an interior.
Now, the bound

Gy(7) = hy(z)/(x —a) < 2771 (7.71)

for each ¢ > 2 will be proved by induction on ¢g. We have dvg41/dyy < 2
everywhere, and so hgi1(z) < 2hg(x) for all € [a,b]. For ¢ = 2, ho(x) <
2(x — a) by (7.70). So (7.71) holds for all ¢ = 2,3,... and a < & < b as
claimed, finishing the induction.

It follows that G is increasing on each K44 ¢ and has a relative maximum
at its right-hand endpoint. Suppose that ¢ > 2 and the absolute maximum of
Gq is at a point B, which must be the right endpoint of some K4 ¢. Then
Kitqe C Kiyg—1, for some u. Let b := hitq—1.4 = 2A(Kitqe)-

It will be shown that £ is the largest n such that K;1,¢ C Kiyq—1,u-
Suppose not. The right endpoint of K44 ¢+1 18 B+h. Let A := hy(B+h) —
hq(B) = Vitq(Kitqet1)/2" = 29N (Kiyqe+1) [by (7.67) and (7.68)] = 27~ 'h.
To show that G4(B + h) > G4(B) is equivalent to showing that (B —a)A >
hhy(B), or hy(B) < (B—a)-2971, or G4(B) < 277!, which is true by (7.71). So
G4(B+h) > G4(B), which gives a contradiction, and ¢ is the maximal 7 such
that Kiyqy C Kitg—1,u- Let By := B and let Cy_; be the right endpoint
of KH»qfl,u- Then hqfl(cqfl) = hq(C’q,l) = hq(Bq) and Cq,1 - Bq = h/4
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Let C := Cy-1 —aand D := By, —a. Then D/C = 1— (h/(4C)). We
have K;yq—1,u4 C Kitq—2,5 for some s and by (7.59) since ¢ > 2 and ¢ > 2, so
i+q—22>2and
C > MEKirg-1u) = hipg—2:/2 > 2200 005,

Since h = hitq—1.4 < hitq—1.1, it follows that h/(4C) < 1/22(++1,
Now 1/(1 —2) <1+2zfor0<2z<1/2 so

hq(Bq) _ hqfl(cqfl) _ 9
B,—a D = pGa-1(Cat)

SI;P Gq(m) = Gq(Bq) =

C
< T Sup Gy—1(z) < (1 + 47 sup Gg—1(z).
Using this for ¢ > 3, the bound (7.70), and since 1 +¢ < ¢! for ¢t > 0, we have

supsup Gy(w) < (4/3)2exp(1/(64(1—471)) < 2,

qz1 =z

proving (7.69) and Lemma 7.64 for intervals J = [a,xz]. A proof for intervals
J = [x,b] is similar. a

Next the function F' will be defined. For any b with 0 < b < 1 let G(-;b)
be the trapezoidal function on R defined by

0 if <0,

x/b if 0<z<b/2,
G(z;b) = { 1/2 if b/2<x<1-b/2,

(1—2)/bif 1-b/2<2<1,

0 if ©>1.

For eachi =0,1,...,j=1,...,M(i), and r = 1,...,2™9)  let

]W(i) 2m(i,k)
Hij7»<.’13) = hw‘G((.’E—aijT)/hij;bi), Hi—i—l = Z Z Hiks- (772)
k=1 =1

Each H;j, is a continuous, piecewise linear function with support ;. We have
ngr = 0 or +1/b; except at the four points where right and left derivatives
have different values. For k =1,2,..., let F}, := Zle H;. Then each H; and
F}, is piecewise linear. All functions Hjj,, H;, and Fj, are nonnegative and are
0 outside [0,1]. For each ¢ and each = € [0, 1], there is at most one ordered
pair (j,7) such that H;;-(z) > 0. Also, for the finite union U; of open intervals
where H; 11 has a non-zero derivative, U; C K; \ K;41, so the U; are disjoint,

UinU, = 0, i#k (7.73)
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For any set S and bounded real-valued function f on .S, recall that the
oscillation of f on S is defined by Osc(f;S) = (sup—inf)({f(z) : = € S})
and that ||f|lsup = sup{|f(z)|: = € S}. If f > 0 and f(z) = 0 for some
x € S then clearly Osc(f;S) = || fllsup- For any b € (0,1), ||G(;0)]|sup = 1/2,
from the definition of G. It follows from the definitions of H;j, (7.72) and K,
(7.55) that for each i = 0,1,...,j=1,...,M(i), and r = 1,2,...,2m(7)

HHijTHSUP = hij/27 OSC(Hij'r‘vKijr) =0. (774)
We have for each i = 0,1,..., by (7.61), and (7.62) for ¢ + 1 in place of 4,
[His1llswp = [Hinllsup = hi/2 < 1/2772 (7.75)

Also Osc(Hi41;Kiy15) = 0 for all ¢ > 0 and all s, or in other words
Osc(H;; K; ) = 0 for all 4 > 1 and all u. Since each Kz+1 s = K;j C K;; for
some j and r, it follows that for 1 <w <iand all s=1,..., M(3),

Osc(Hy: K;,) = 0. (7.76)

From (7.75) it follows that the series
- Y Hia). (7.77)
i>1

or equivalently the sequence {F}}x>1, converges absolutely and uniformly on
R to a function F, which is 0 outside [0, 1].
Foreachi=1,2,... and j =1,...,M(i), by (7.76) and (7.74), we have

Osc(F; Kij) < Osc(Hi; Kij) < hij/2+ Y | Hilsup-
k>i k>i+1

For each k > i + 1, by (7.75), (7.59), and (7.62), it follows that ||H|sup =
hk,1’1/2 and HHk+1||sup < ||HkHsup/2- AISO, hi+171 < hij/Q, and so

Y IHellsuwp < 272hi; Y278 = hyy/2.

k>i+1 k>0

Therefore for each i =1,2,... and j =1,..., M (i), we have the bound

OSC(F; Kij) S hij S hﬂ. (778)

It will be shown that F’ exists nowhere on K. Let ¢t € K. Then for each

i = 0,1,..., there are some unique j, r, and s with ¢ € K;;, = K;;1 s and
SO U; = Qijr < Cijr <t< dijr < v = bijr- We have OSC(Hk;IijT) =0

for all £ = 1,...,% by (7.76) since [u;,v;] = L;jr C K;j;. Also, Hipq(t) =
Hij7»<t) = hij/Q by (7.72), while Hi_H(ui) = Hi—i—l('vi) =0.For k >1+4+1
we have Hy(u;) = Hy(v;) = 0 since u;,v; ¢ K;11. Thus F(u;) = F(v;) and
F(t) — F(UZ) = F(t) — F(UZ) > hij/Q, while max(t — Us, Vi — t) < hija SO
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(F(t) = F(u)/(t —ug) > 1/2, (F(v;) = F(0)/(0; — 1) < ~1/2.

As i — 00, u; = aijr Tt and v; = b | ¢, so F'(t) does not exist.

In part (b), since b; = 1/2, we have by (7.72) that H/(x) = 0 or +2 every-
where except at finitely many points where H; has left and right derivatives
from among the same three values. Recall that the sets where H] # 0 are
disjoint (7.73). It follows from (7.77) that |F(x) — F(y)| < 2(y — z) for 0 <
x <y <1. Since F(z) =0 for all ¢ [0,1], we have |F(z) — F(y)| < 2|z — y|
for all real z, y.

In both parts (a) and (b) we have Holder conditions as follows.

Lemma 7.65. For each o € (0,1) F is a-Holder, i.e. there is a Co < 400
such that for all real x and y, |F(z) — F(y)| < Culz — y|“.

Proof. In part (b), we have for 0 <z <y <1 that |F(z) — F(y)| <2z —y| <
2|z — y|*. Since F =0 on (—00,0] and on [1,00), the same Holder condition
holds for all z,y € R. In part (a), by (7.72) and the definition of G, each H;j,
is piecewise linear, with slope +1/b; = £(i + 2)? by (7.51) on two intervals
each of length b;h;;/2, and otherwise constant. If |z — y| < b;jh;;/2 then

[Hijr(2) = Hijr ()| < Je—yl/bi = |e—yl|®|lz—y""/bi < |z —y| R /bF.

By (7.62) this is < |z — y|*h}; /b < vi|lz — y|* where by (7.61) and (7.51)
we can take y; = (i + 2)%®/2i(1=%),
Or if |x — y| > b;h;;/2 then by (7.62), (7.72), and (7.74),

[ Hijr(@) = Hige ()| < hig/2 = hig “h$/2 < hiy e —y|*/bF < yile =yl

again and so in both cases. Then by (7.72), |H;y1(z) — Hix1(y)| < vz —y|®
for 0 < z <y < 1. It follows that |F(z) — F(y)| < Cyolz —y|® for Cy :=
Sy =20+ 2)2 /20079 < o0, O

Let F, v, K;j, hij, and M (i) be as defined in the proof of Proposition 7.63
so far. We still need to prove that N is Fréchet differentiable, with derivative
0, at the identity function. This will be done by the following:

Lemma 7.66. Let 1 <p < s < oo. Let g, — 0 in L5(R,v). For any function
f: R=Randz eR, let A, f(z) = f(x+gn(z))— f(z). Then |AF||, =
o([lgnlls) as n — oo.

Proof. Tt will be shown that it suffices to consider sequences g,, such that for
all n,
hnyia < llgnlls < hna. (7.79)

To prove this, note that if the conclusion fails, there are an ¢ > 0 and a
subsequence g, () such that || Ay, @) Fllp > €l|gn s for all k. Taking a further
subsequence, we can assume that for each n, there is at most one k such
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that hyny1.1 < [[gnk)lls < hn,1. This subsequence can be filled out by way of

constants so that there is exactly one k for each n, and (7.79) holds.
We claim that for a sequence B,, of Borel subsets of [0, 1],

| 1arr s =ollgalz)  asn o, (7.80)
B’VL

provided that for some ¢ > 0,
v(Bn) = o(|lgnll?) as m — 0o. (7.81)

To prove the claim, let B,, be such a sequence. By Lemma 7.65, F' is a-Holder
for any 0 < a < 1. Thus by Lemma 7.29 with k£ = 2,

/ A FlPdy < CP / gnlP*dy < Bl gal[ 70 (BP0, (7.82)
B’VL

n

To show that the latter product is o(]|gn||?) for some « € (0, 1), it will suffice
if

v(Br) = of||gal21- >/ 57P),
For this it will suffice in turn if (7.81) holds for some § > 0 since if so, we can
take a € (0,1) close enough to 1 so that p(1 — a)s/(s — pa) < . So the claim
is proved. Moreover, for part (b), (7.80) holds provided

v(B,) — 0 as n — oo. (7.83)

This follows from (7.82) with « = 1 since F is a Lipschitz function in this
case.

For a sequence of numbers v, — 0let A, = {x €[0,1]: |gn(z)| > Vu}
Then v(A,,) < ||gall2/7:, which will be o(||gn||%) for a given § > 0 if ||gn||s =

o(vs/ 7). This holds for v, := (n||gn|ls)*=/%, which goes to 0 as n — oo
by (7.79) and (7.61). Taking 0 := s/5 and B,, = A,, by (7.81), it follows that
(7.80) holds.

Let for eachn=1,2,..., C, = [0,1]\ A4,, and gt = gnlc, . Then
gD lsup < (nllgnlls)*®. (7.84)

Now it will suffice to prove (7.80) with C,, in place of B,,, namely

/ |ALF|Pdv = o(||gnll?) as n — oo. (7.85)

n

To continue the proof of Lemma 7.66, here is a technical lemma.

Lemma 7.67. Forn >3, leti=1i(n)=norn+1, andlet 1 <v =0, <
q = qn < M(i) be integers. Suppose that

hiw = ollgalls) as n— oo, (7.86)
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and {hp}n>3 is a sequence such that 0 < h, < hp_11,

A(Kiq) = /2, (7.87)
and
g lsup < B (7.88)

Then (7.80) holds for the sequence B, = Cp, N U‘;:v K,

Proof. Let n > 3. For v < j < g, let I;; be a subinterval of K;; with end-
points distant by Hgy(ll)Hsup from those of K;;. The assumption h,, < hp_11
implies by (7.61) that h, < 1/4. By (7.87), (7.62), and (7.88), I,; exists and
is nondegenerate. Then J;; := K;; \ I;; is a union of two intervals, with
A(Jig) = 2llg5" |sup-

Ifv<j<gqgandzeC,nNI then z + g,(x )—x—i—g,(l)( ) € K;j, and so

|AnF ()] = |F(z + g (x)) — F(2)] < Ose(F; Kyj) < hi

by (7.78). Thus by (7.62), [An F(2)| < i for eachz € Uy, := CnNU,, < <, Lij
and hence (7.80) holds for the sequence B,, = U,, by (7.86). o
So, let Fy, := U,<j<, Jij.- Then in part (a),

<4Z||g lsup = 4Hgn)||sup2/\ i)/ A(Kij) < 8195 llsup/hn

j =v

by (7.87). In part (), since each of the two intervals forming J;; has a common
endpoint with K;;, by Lemma 7.64 and (7.87) we have

q
= D) < 82\\g<l>||bup v(Kiy) < 8llgt sup/ T

Thus in both parts (a) and (b), by (7.84) and (7.88), we have
v(Fn) < 8yt min{hy, (n]lgalls) ) < enllgnlls,

where €, = <‘Sn2/5Hgn||i/5 if h2 < (nllgnlls)*® and €, := 8nl/5hy/? it
(nllgnlls)*® < h2. By (7.79) and (7.61), we have |g,|s < 27! By the
assumption h,, < h,—11 and (7.61), h,, < 27", Thus v(F,) = O(HgnH;/s) as
n — 00, and so (7.80) holds for B,, = F,, by (7.81) with § = 1/5. Thus Lemma
7.67 is proved. O

We define K, prny+1 = Knt1,1 and hn,M(n)+1 ‘= hp41,1- The latter is
consistent with (7.60) for j = M (n) by (7.59).
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Lemma 7.68. Forn = 2,3,... and j = j, = 1,...,M(n), suppose that
hoj+1 < lgnlls < hn,j and U, = K, or Ky j11. Then (7.80) holds for the
sequence By, = U, NC,.

Proof. For part (b), the conclusion holds by (7.83) since v(U,,) — 0 as n — oo.
For part (a), if \(Uy,) > 2||g£L1) ||sup let the interval W,, C U, have endpoints

distant by ||g,(11)HSup from those of U,, and V,, := U, \ W,. Otherwise let
= () and V,, = U,. In either case, to show that (7.80) holds for the
sequence B,, = V,,, it suffices to verify (7.81) for 6 = 1/5 and B,, = V,,. We
have
v(Va) < 20(V) < 4l llsup < 4(nllgnlls)*/?

|2 — 0 as

by (7.84). Now (nlgns)*® = 0(||gan %), or equivalently n4|/g,|>3
n — 00, by (7.79) and (7.61), proving (7.81) in this case.
If 2 € W, NC, then x + g,(x) = = + s )(x) € U,. Thus by (7.76),

ApHy(z) = 0 for each k& < n, and so

[AnF (2)] = |F(z + 930 () = F2)] < [AnHny1(2)| + D | Hellsup (7.89)

k>n+1
for each € W,, N C,,. By (7.75), (7.61), and (7.79),
Sy = Z ”HrHsup < hpt1a < HQnHS (7-90)
r=n-+2
Thus since v(U,) — 0 as n — oo by (7.64),
Shdv < v(Un)hiy 11 = olllgnll?)- (7.91)
WTI,
It remains to bound A, H, 1 on W, N C,. First let U,, = K, j41. If

x € Wy, N C,, then again x + gp(z) = = + gy(ll)(x) € U, and

|ApHy 1 ()| = [Hpgr (o + 9(1)< )) = Hpya(z)] < hn,j+1/2
if j < M(n) by (7.74), or if j = M(n), then A, Hy,+1(x) = 0. In either case,

|ALF ()| < hpjs1 by (7.89), (7.90), and (7.59). Since hy, j11 < ||gnlls, it then
follows by (7.64) that

o VAR < U < /2 = ol

Now let U,, = K, ;. Then note that by (7.72), |[Hp+1(x)—Hp+1(y)|
for all z,y. It follows by Holder’s inequality (Lemma 7.29 with k

/ |An Hp [Py S/ |gnlPdw /b, <l gnl By (W) P 07
Wn

n
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This is o(]|g||?) because v(W,,)5~P)/s = o((n+2)~%) and (n+2) =P = o(b?)
by (7.64) and (7.51), with bounds not depending on j. By (7.89), we have on
W, N Cy, that |A, F|P < 2P[|A, Hyy1|P + SE]. Lemma 7.68 follows by (7.91).

O

Next, to prove (7.85) and so Lemma 7.66, for each n we have three possible
cases.

In Case 1, for some p=1,...,M(n) =2, hppro <|lgnlls < hn pt1-

(7.92)
In Case 2, hpt11 < HgnHé < hn,M(n)- (7.93)
In Case 3, hn2 <llgnlls < hna- (7.94)

The three cases include all possibilities for each n by (7.79) and (7.62).
It suffices to consider n > 3. The sequence {g,}n>3 can be decomposed into
three subsequences {gn,; }j>1, i = 1,2, 3, such that Case i holds for n = n;
for all j. It suffices to prove Lemma 7.66 for each subsequence. Filling out the
subsequences with constants, it suffices to prove (7.85) assuming that (7.79)
and one of the three Cases holds for all n.

For the proof in Case 1, first apply Lemma 7.67 with ¢ = n+ 1, v = 1,
q = q(n, p), the largest k such that K, 1 C Ky, and hy, = hyp < hp <
Py 1,7 (n—1) by (7.62). Then (7.86) holds by (7.92), (7.59), and (7.62); (7.87)
holds since by (7.56), A(Kn+1,q) > hn,p/2 = hy,/2; and (7.88) holds by (7.84),
(7.92), and (7.60). Thus Lemma 7.67 applies and gives relation (7.80) for the
sequence B, = C, NKNJj_; Knt C Cp N Uq mp) Ky,

Relation (7.80) for the sequences B,, = C), ﬂKn p+1and B, = C,NK,, ,10
holds by Lemma 7.68 for j = p + 1.

In Case 1, it remains to treat the set F,, , = U;VI(;’JFS . For this set
apply Lemma 7.67 with ¢ = n, v = p+3, ¢ = M(n), and h,, := hn_LM(n_l) <

hn—1.1 by (7.62). Note that (7.86) holds by (7.92) and (7.60); (7.87) holds since
A r1(n) = on1a1(n-1)/2 by (7.56); and (7.88) holds by (7.84), (7.92),
(7.62), and (7.59). Thus relation (7.80) holds for B,, = C,,N\F,, ,. Since v(K) =
land C,NK C C, N[(KNUj_y Knyt) UKy py1 UKy pr2 UF, ), (7.85) holds
in Case 1.

In Case 2 (7.93), first Lemma 7.67 will be applied with i =n + 1, v = 2,
q the largest k such that K11 C Ky army—1, and by = by army—1 <
hpn—1,1. Then (7.86) holds by (7.93) and (7.60); (7.87) holds since A(Kp4+1,4) >
P ai(ny—1/2 by (7.56); and (7.88) holds by (7.84), (7.93), and (7.60). Thus
relation (7.80) holds for B, = C, NUj_g Kn+1,;-

The sets K, pr(n) and Ky, 41,1 are treated by Lemma 7.68 with j = M (n).
Each z € K is either in some K,,y1; C K, , for j > 2 and r < M(n) — 1, or
in K, pr(ny or in Kpq11. So (7.85) holds in Case 2.
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For Case 3 (7.94), let L,, := Up>3 K, p. To apply Lemma 7.67, let i = n,
v=3,q=M(n), and hy, = hp_1am@n-1) < hn-1,1 by (7.62). Then (7.86)
holds by (7.94) and (7.60); (7.87) holds, i.e. MKy ar(n)) = Pn—1,m(n-1)/2;
by (7.56); and (7.88) holds by (7.84), (7.94), and (7.59). Thus relation (7.80)
follows for B,, = C,, N\ L,,.

The sets K1 and K, o are treated by Lemma 7.68 with j = 1. Then

(7.85) holds in Case 3, and so the proof of Lemma 7.66 is complete. O
Thus the proof of Proposition 7.63 is also done. O
7.6 Notes

Notes on Section 7.1. The Shragin measurability condition was given by Shra-
gin [218]. In [220] Shragin also used a different version of this condition, which
we call the strong Shragin condition. Proposition 7.4 is a special case of Theo-
rem 2 of Shragin [219]. Proposition 7.6 is close to Lemma 1.5 in [3]. Proposition
7.17 is a special case of Theorem 2 of Shragin [220, Theorem 2]. A related re-
sult when a function 1) is just bimeasurable follows from Theorem 2 of Ponosov
[188]. Namely for such a 1, the Nemytskii operator Ny, is continuous on L° if
and only if 1 = ¢ for some Carathéodory function ¢.

Appell and Zabrejko [3, Chapter 3] treat Nemytskii operators between LP
spaces, which they call Lebesgue spaces. Most of Theorem 7.13 is a corollary of
their Theorem 3.1, which treats operators Ny, for functions v of two variables
and allows atoms. For both reasons the statement becomes more complicated.
If 1 is nonatomic the growth condition on 1 is that

[t (u, 2)| < alx) + bful*’” (7.95)

for some constant b and function a(-) € LP. Krasnosel’skil [127] proved that
(7.95) is necessary for Ny, to act on L*® into LP for 1 <p < s < o0, if ¥(-,-) is
a Carathéodory function. As Krasnosel’skii points out, (7.95) had been given
earlier, by Vainberg [232], who showed that for a Carathéodory function, it
is sufficient for Ny not only to act but to be continuous from L® into LP. In
the autonomous case 1(u,x) = F(u) the Carathéodory condition reduces to
continuity of F', which is not at all necessary for Np to act from L® into LP?,
although it is necessary for continuity by Theorem 7.19.

We do not know previous references for the (easy) extension to the case
that N is defined only on a nonempty open subset of L° as in Theorem
7.13(b) and the extension to universal measurability in (a) and part (¢) of
Theorem 7.13, other than remarks in [54, Part III] about measurability.

Notes on Section 7.2. Theorem 7.24 is an extension of [55, Theorem 3.3],
where G was unnecessarily assumed to be bounded. The present proof is
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shorter and is self-contained. A predecessor of this fact was [50, Theorem 2.2],
which also included Proposition 7.28.

Notes on Section 7.3. The fact that a Carathéodory function ¢ must be
affine whenever the Nemytskii operator IV, taking L? into LP, 1 < p < oo,
is Fréchet differentiable at some function (Proposition 7.39) was proved by
Vainberg [233, pp. 91-92] in the case p = 2. The idea of his proof was similar
to Lemma 7.33(b) as shown more explicitly when p = 2 by Durdil [58, Theorem
11]. Apparently Corollary 7.36 was known to Appell and Zabrejko [4, Theorem
3.12]. Theorem 7.40 is due to Wang Sheng-Wang [237].

Notes on Section 7.4. Proposition 7.59 shows that if the autonomous Ne-
mytskii operator Np acts from L® into LP and is k times Fréchet differentiable
at a point G, with k > s/p, then F is a polynomial of degree < s/p. This may
be considered as a refinement of the known fact that an analytic Nemytskii
operator acting from L® into LP must be a polynomial (e.g. Theorem 2.20 and
Theorem 3.16 in [3]). The authors of [3, p. 116] say that “[t]his fact is rather
disappointing, in view of the usefulness of Lebesgue spaces in applications,
and may be the reason for the fact that analyticity properties of superposi-
tion operators in other than Lebesgue spaces have not been studied ...”. In
contrast, Nemytskii operators N, or Nr acting on certain Banach algebras of
functions (Theorems 6.29, and 6.32), specifically acting on W, spaces (Corol-
laries 6.78, 6.79, and 6.80), are analytic for F analytic, or for (u,z) — ¥ (u, ),
analytic in u with suitable bounds with respect to x.

Notes on Section 7.5. The counterexample, Proposition 7.63, and its proof
are given here for the first time. It shows that Theorem 2.1 of [54, Part I] is
not correct. The proof of the latter relied on the sentence after (2.56) in [3],
which apparently is also incorrect.

Appell and Zabrejko [3] consider Nemytskii operators also on Orlicz spaces,
symmetric spaces (u-ideal spaces whose norm may be defined by means of
nondecreasing rearrangement of measurable functions), spaces of continuous
functions, functions of bounded variation, Holder spaces, spaces of smooth
functions, and Sobolev spaces.

Runst and Sickel [199, Chapter 5] consider Nemytskii operators on spaces
of “Besov—Triebel-Lizorkin type.” Such spaces of generalized functions (tem-
pered distributions) on R* are defined by way of Fourier transforms, partitions
of unity, LP properties with respect to Lebesgue measure, and ¢? properties
of sequences. They include several known classes of spaces such as Sobolev
spaces but not W, spaces. Runst and Sickel consider mainly autonomous op-
erators f +— Gof or (f1,..., fn) — (x — G(f1(x),..., fn(x))) and to a lesser
extent the case where G can depend separately on x. In a long section [199,
§5.3] G is assumed to be C*°; in [199, §5.4], G(y) = |y|*, which is nonsmooth
at 0 for p not an even integer.
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Two-Function Composition

8.1 Overview; General Remarks

Recall that composition of two functions F and G is defined by
(FoG)(s) := F(G(s)), (8.1)

where s € S, G: S — U, and F: U — Y. In this chapter Y will be a Banach
space and U will be an open subset of a Banach space X. The set S will be
an interval in Section 8.5. Sometimes, as in Section 8.3, a measure p is given
on a o-algebra of subsets of S. Often X =Y =K =R or C.

By two-function composition operator we mean the operator

TC: (F,G) — TC(F,G) := FoG,

where Fo@ is defined by (8.1). In Chapters 6 and 7, the composition FoG
is treated for fixed I’ and is called in this case the autonomous Nemytskii
operator Np, and so TC(F,G) = NpG.

For S, U, X, and Y as before, let G, F, and H be Banach spaces of
functions, or for G and H of p-equivalence classes, acting from S into X, from
U into Y, and from S into Y, respectively. For a set W C F x G such that
g has values in U for each (f,g) € W, we say that TC acts from W into
H if TC(f,g) € H for each (f,g) € W. Here TC(f, g) is defined when f is
an actual function, not an equivalence class for a fixed o-finite measure v on
U.If g = g1 ae. (u) (p-almost everywhere) for two p-measurable functions
g,g1: S — U and f is Borel measurable from U into Y, then clearly also
fog = fogy a.e. (). But for two functions f and f1, we will have fog = fiog
a.e. (u) if and only if f = f1 a.e. (uog™!), a measure on U which depends on
g. Suppose that G contains all constant functions g(s) = x, s € S, for each
x € U, or the equivalence classes of such functions. If f and f; are two Borel
measurable functions defined on U and fog = fiog (a.e. (1) if G is a space
of p-equivalence classes) for all g € G, then f(z) = fi(z) for all x € U, i.e.
f=1/f1-Soin

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 393
in Mathematics, DOI 10.1007/978-1-4419-6950-7_8,
© Springer Science+Business Media, LLC 2011
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FxG>(f,g)—TC(f,g) = fogeH (8.2)

we will take f in a space F of functions, not of equivalence classes.

Remark 8.1. We may assume that T'C acts from Fx V into H for a nonempty
open set V' C G. Indeed, let W be a nonempty open set in F x G such that T'C'
acts from W into H. Take any nonempty open sets O C F and V' C G such
that OxV C W. Fix F € O. Then (F + f)oG € H for all f in a neighborhood
of 0in F and all G € V. Taking f = 0 and subtracting, we get that foG € H.
But then we can multiply f by an arbitrary constant, so that in fact T'C'
acts from F x V into H. Let Vi be the union of all open V' C G such that
O xV C W for some nonempty open O C F. Then T'C acts from F x Vyy into
H and F x Viy D W. So if TC' acts on an open set W C F x G, as will be
needed to define continuity and differentiability at a point (F, G), we may as
well assume W =T x V for an open V' C G. On the other hand, restricting ¢
to a neighborhood of 0 can actually make a difference in whether fo(G + g)
is defined at all, or is in H, for example if G is a space of functions with
supremum norm. However, if G is an L? space and F' is such that FFoG € H
for all G in a nonempty open set V' C G, then F oG € H for all G € G under
some conditions (cf. Proposition 7.21(a)).

We will consider some cases in which T'C' acts between some function
spaces and is continuous or differentiable at certain (F,G). Continuity or
differentiability of T'C at (F,G) is clearly equivalent to that of

(f,9) = (F + f)o(G +g) (8.3)

at f=¢g=0.TC will be considered when G and G + g take values in U.

For fixed G (g = 0), the operator Cog: F +— FoG is linear. So if it is
a bounded linear operator from a Banach space F of functions on U to a
Banach space H of functions on .S, then it is everywhere Fréchet differentiable
with derivative DCoe = Cog and all higher order derivatives identically O.
Thus the operators Co ¢ are treated straightforwardly with regard to the kinds
of differentiability considered in this book. Such operators have their own
interest as linear operators. Singh and Manhas [221] consider operators Coc
followed by multiplication by a suitable function, especially when the domain
of functions F is an LP space, and list over 400 references. Shapiro [217]
considers the case where S is an open set in the complex plane C and both F
and G are holomorphic, giving nearly 150 references. Rosenthal [194] reviewed
both books.

8.2 Differentiability of Two-Function Composition in
General

Let F, G, and H be Banach spaces and let V' C G be an open set such that
the two-function composition operator T'C' acts from F x V into H. Fréchet
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differentiability of T'C at a point can be viewed as joint Fréchet differentiability
as follows. There is a natural 1-to-1 correspondence between A € L(F x G;H)
and (B, C) € L(F;H) x L(G; H), given by A(f,g) = B(f)+C(g) forall f € F
and g € G. Thus the operator T'C' is Fréchet differentiable at (F,G) € F x V
from F x V into H if and only if there exist bounded linear partial derivative
operators D1TC(F,G)(-) € L(IF;H) and D;TC(F,G)(:) € L(G;H) such that

[Remzc (F, G)(f, 9)llm = o[ fllr + llglle)

as f — 0in F and ¢ — 0 in G, where for each (f,g) € F x G, the remainder
in the differentiation defined by (5.1) is

RemTC(Fa G)(f,g) : RemTC((Fa G)a (fa g)) (84)
= TC(F + f,G +g> — TC(F, G) — D1TC(F, G)(f)

—DyTC(F,G)(g).

If so, then D1 TC(F, G)(-) must be Cog : f+— foG, and DoTC(F,G)(-) must
be the Fréchet derivative DNp(G) of the autonomous Nemytskii operator
Np, as will be seen in the next theorem. Recall that if Ng is differentiable at
G, the remainder in the differentiation as defined by (6.3) is Remy, (G, g) =
Fo(G+g)—FoG—((DNp)(G))(g). The theorem also gives a representation
of Remypc (F, G) in which one term is Remy, (G, g).

For a nonempty open set V C G, a family of autonomous Nemytskii op-
erators {Ny: f € F} acting from V into H is equicontinuous at G € V if for
each € > 0 there is a § > 0 such that |[Ny(G+¢g) — Ny(G)|lu <cforallge G
such that G+ ¢g € V and ||g||¢ < J, and all f € F. Here is a characterization
of differentiability of the two-function composition operator T'C' at a point.

Theorem 8.2. Let X and Y be Banach spaces. Let G = (G,| - |lg) and
H = (H,| - |lm) be non-zero Banach spaces of X- and Y -valued functions
respectively or u-equivalence classes of them on a nonempty set S. Let U be a
nonempty open subset of X. Let F = (F,|| - ||r) be a Banach space of functions
from U into Y. Let F € F and G € G. Let V be a neighborhood of G in G
such that all functions in 'V take values in U. Suppose TC acts from F x V
into H. Then TC is Fréchet differentiable at (F,G) from F xV into H if and
only if the following three conditions all hold:

(a) the autonomous Nemytskii operator N acts from V into H and is Fréchet
differentiable at G;

(b) for each f € F, the autonomous Nemytskii operator Ny is continuous at
G from V into H, and the set {N;: f € F, | fllr < 1} is equicontinuous
at G;

(¢) Coq =TC(+,G) is a bounded linear operator from F into H.

If so, then the partial derivatives are D\TC(F,G) = Co and D.TC(F,G) =
DNp(G). For (f,g) € F x G,
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Remre(F,G)(f,9) = Remn, (G, g) + fo(G + g) — foG. (8.5)
If, in addition, for some o > 0,

[Remy,. (G, )& = O(llgllg™) (8.6)

as g — 0 in G and for some > 1 and v > 1,

1fo(G +g) = foGll = O(Ifllg + llgli2) (8.7)

as f —0inF and g — 0 in G, then

|Remrc(F, G)(f,9) 1z = O (I£1§ + lgllg™ 1), (8:8)
as f—=0imF and g— 0 inG.

Proof. To prove “only if,” assume that T'C' is Fréchet differentiable at (F, G).
Then there exist B € L(F,H) and C € L(G,H) such that as f — 0 in F and
g — 0in G,

[(F'+ f)o(G +g) = FoGG = B(f) = C(g)llu = o[l fllr + lglle). (8.9
Specializing to f = 0, we get that
[Fo(G +g) — FoGG — C(g)llm = o(llgllc) (8.10)

as ||g|]/c — 0. Thus N is Fréchet differentiable at G with derivative C', proving
(a). Next, letting ¢ = 0 in (8.9), we get that B = Coq, so (¢) must hold.
Combining (8.9) and (8.10) gives as || f|lr + |lgllc — 0,

1fo(G + g) = foGllm = o[l flle + llglle)- (8.11)

Given any € > 0, take § > 0 such that if || f||r + ||9]|c < é and G+ g € V then

[fo(G + g) = foGllu < e([l fllx + llglle)-

Take any f € F. If 0 < ||g|lc < 6/(1+]/f|lr) and G +g € V (such g exist), let
f = |lgllcf. Then

1Fo(G +g) = foGlle < (1 + [If¥)llglle.

Thus || fo(G-+g) foGll < (14 ]2)- f igllc = O then || fo(G-+-g)— foG =
0 by the acting condition. Thus Ny is indeed continuous at G' and the set of
all Ny with || f]jr <1 is equicontinuous at G, since for all such f, ||g|lc < §/2
and G + g € V imply || fo(G + g) — foG||u < 2¢, proving (b) and thus “only
it.”

To prove “if,” suppose (a), (b), and (c) hold. By (a), a C € L(G,H)
satisfying (8.10) exists. By (¢), B := Cos¢ is a bounded linear operator. To
prove (8.9) for these B and C we now just need to prove (8.11). If || f||lr = 0
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then || fo(G + g) — foG|lm = 0 by the acting condition. If || f|jz > 0 let f :=
f/11fllg- Then (b) implies that for every € > 0 there is a ¢ > 0, not depending
on [ by equicontinuity, such that if ||g|l¢ < 6 and G 4 g € V then for any
t>0, |tfo(G + g) — tfoG||u < et. For t = || f||r this gives

[fo(G +9) = foGlu < ellflle < e(lfllr+llglle),

which implies (8.11). So T'C' is Fréchet differentiable at (F,G), proving “if.”
The partial derivatives Dy and Do are as stated. Then (8.5) follows directly
from definition (8.4), and (8.8) follows from (8.5), (8.6), and (8.7). The proof
of the theorem is complete. m]

Corollary 8.3. In Theorem 8.2, (b) can be replaced by
) 1 fo(G +g) — foGllm = o[l fllr + llgllc) as [ flle + llglle — O.

Proof. To see that (b) implies (b'), the statement holds when f = 0. For f # 0
let f := f/||f|lr. Then

1£o(G + 9) = foGllu = || fllsll fo(G + g) = foGllw = o(llf|Ir + ll9llc)

as | flle + lglls — 0, since [|fo(G + g) — foGlla — 0 as lgllc — 0 uniformly
in f by (b), and noting that G + g € V for ||g||¢ small enough, proving (b).
Conversely, suppose that (a), (b'), and (¢) all hold. Then we will show that
TC is Fréchet differentiable at (F, G) from F x V into H with the stated partial
derivatives D1T'C and D>T'C. The given D1TC and D>;T'C are bounded linear
operators between the appropriate Banach spaces by (¢) and (a) respectively.
Thus it remains to show that the expression on the right in (8.5) is o(|| f||r +
llglle) as [[fllr + llgllec — 0, which is true by (a) and (b'). The corollary is
proved. O

8.3 Measure Space Domains

In this section we will consider the two-function composition operator (8.2)
where G and H are spaces of p-equivalence classes of functions, that is, spaces
included in L°(y; K) such as LP(u;K), where u is a finite measure on a set
2=5and K=C or R.

Let (£2,S, i) be a finite measure space. As defined in Section 1.4, L°(u; K)
= L9%2,8,1;K) is the space of all p-equivalence classes of K-valued u-
measurable functions on {2, with the topology of convergence in p-measure,
metrized by a metric dy. As usual, equivalence classes will be represented by
individual functions in them, and equations or inequalities will be understood
to hold p-almost everywhere.
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Definition 8.4. Let G = (G, || - ||) be a normed space and G C L%(u; K).
We will say that G is a p-pre-ideal space if for all g € G and f € L°(u; K)
with [f| < |g| we have f € G and || f]| < |lg||- A p-pre-ideal space G which
is complete (a Banach space) will be called a p-ideal space. A u-(pre)-ideal
space G will be called full if L>°(u;K) C G and whenever for a sequence
{gn}n>1 C L with sup,, ||gn|lc < 00 and do(gn,0) — 0 we have ||g,|| — 0.

For example, the spaces LP(u;K) are p-ideal spaces for 1 < p < oo and
full for 1 <p < o0.

Proposition 8.5. If (£2,S, ) is a finite measure space and G = (G,| - ||)
is a p-pre-ideal space, then whenever gn,g € G and ||gn — g|| — 0 we have

dO(gnag) — 0.

Proof. We can assume g = 0. If do(gy,0)/0 then taking a subsequence, we
can assume that for some € > 0, u(A(n)) > € for all n, where A(n) = {w:
|gn(w)| > €}. Let b,y := €lag. Then |hy,| < |gn| and hy, is p-measurable,
s0 hy, € G and 14, € G with [|h,[| < [[gnl| — 0. Thus [[1 40| — 0. Taking
a further subsequence, we can assume that [|[14(,|| < 1/2" for all n. For any
k <n let B(k,n) = U;'L:k A(]) Then lB(k,n) < Z;‘L:k 1A(j)7 SO 13(]%”) eG
and |1l < 207, Let B(k) == U2, A(7). Then u(B(E)) > u(A(K)) > ¢
for all k. We have B(k) | B as k — oo where u(B) > €. For each k =
1,2,..., there is an n(k) large enough so that u(B(k) \ C(k)) < ¢/3F for
C(k) = B(k,n(k)). Let A := Ny, C(k). Then A= B\ U, (B(k) \ C(k)),
so i(A) > € —€/2 = €/2. We have 14 € G since 14 < 1o1) = 1pana)) € G
and 14 € L°, and for each k, |14 < [[1c)ll < 2'7%. Thus 14 = 0 in G but
not in L°(y; K), a contradiction since G C LY. This proves the proposition.

O

The next fact follows directly from the definition of “full”:

Proposition 8.6. If (2,8, ) is a finite measure space and H = (H, || - ||) is
a full p-ideal space, then the injection I : L>(u) — H is bounded, with norm
I == [Hlzem < oo.

For example, if H = LP(2,S, u), with 1 < p < oo, then H is a full u-ideal
space with ||T|| = pu(2)"/7.

As one possible class of Banach spaces to serve as F in (8.2) we consider
the Banach spaces of bounded functions defined as follows. Let £77(K) be the
space of all uniformly bounded, universally measurable functions f from K into
itself, with the supremum norm || - ||sup. (Since K is a separable metric space,
recall that universal measurability means that for every Borel set B C K,
f~1(B) is measurable for the completion of every finite measure ; on the
Borel sets of K.) Then (77 (K), || - |lsup) is @ Banach space over K. Recall that
Cy(K) = Cp(K,K) denotes the space of all bounded continuous functions
from K into itself. Then Cy(K) is a Banach subspace of £;7 (K).
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Here are some sufficient conditions for acting, boundedness, and continuity
of the two-function composition operator T'C.

Theorem 8.7. Let (2,8, 1) be a finite measure space, G a Banach subspace
of L(p), and H a full p-ideal space. Then

(a) TC acts from L35 (K) x G into L™ ().

(b) If B C {37 (K) is bounded, then TC acts from B x G into a bounded subset
of L*(n).

(¢) If F € ¢5p(K) and G € G are such that the autonomous Nemytskii operator
Np is continuous at G from G into H, then TC is jointly continuous at
(F,G) from £5p(K) x G into H.

(d) If F € Cy(K) and G is a p-ideal space, then for any G € G, TC' is jointly
continuous at (F,G) from 57 (K) x G into H.

Proof. The proof of (a) is as in that of Theorem 7.13(a). Then that of (b)
is immediate. For (c), TC acts from (77 (K) x G into H = (H, || - ||) since
L*>(pu) C H. Let f,, — 0in £7(K) and G, — G in G. Then

[(F+ fn)oGn = FoG| < [(F+ fu)oGn—FoGyul+|FoG,—FodG].

The first term equals || f,, o Gy, which is at most ||I|||| fu|lsup — O by Propo-
sition 8.6 and since ||f,oGnlloc < ||fnllsup- The second term goes to 0 by
continuity of Np at G. So (c) is proved.

For (d), if F € Cy(K) and G,, — G in G, then do(G,,,G) — 0 by Proposi-
tion 8.5. Thus do(F o Gy, F o G) — 0. The functions F o G,, € H are uniformly
bounded. Thus by the definition of full u-ideal space applied to F'oG,, —F oG,
|F oGy — FoG| — 0. So Np is continuous at (the arbitrary) G € G from G
into H, proving (d) and the theorem. O

Remark 8.8. Suppose G contains some g with p(g=1({t})) > 0 for some
t # 0, as is true whenever G is a non-zero p-ideal space. Then by considering
scalar multiples of g, we see that continuity of F in part (d) of the last theorem
is necessary for that of Np.

Let (£2,S, 1) be a finite measure space and 1 < p < oo. We will investigate
conditions on Banach spaces F, G such that TC acts from F x G into H :=
LP(p) = LP(£2,S, 1), and further conditions under which T'C' is bounded,
continuous at a point, and differentiable at a point. Here G will be a space of
real-valued S-measurable functions on {2 or of u-equivalence classes of such
functions, and F will be a space of functions from R into R, as noted early in
Section 8.1.

Suppose that T'C acts from F x G into LP (). If F' € F, then the Nemytskii
operator Ny must act from G into LP(u). If F € F and g,h € G with g = h
a.e. (u) then Fog = Foh a.e. (u). So we may as well take G as a space of
p-equivalence classes of measurable functions.
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To apply Theorem 7.13, we will take G = L*(£2,S, p), where 1 < s < o0
and (£2,S, u) is complete, nonatomic, and perfect. Then by Theorem 7.13(c),
Np acts from L®(p) into LP(u), 1 < p < oo, if and only if F satisfies the growth
condition F' € G/, and is universally measurable. Under those conditions, N
is a bounded nonlinear operator.

For Fréchet differentiability of TC at (F,G) € F x L*(u) we need to check
the conditions of Theorem 8.2 for X = Y = U = R. Only condition (b)
involves both f and g. To deal with it we can apply Theorem 7.24, if we take
F = W,(R). By Proposition 7.28, no other choice of F containing a particular
function with a simple jump can give a smaller bound for the order of the
norm of the remainder term || fo(G + g) — foG||,.

Recall that Dy = Dy (2,8, ) is the set of all G € L9(£2, 8, u) for which
oG~ ! has a bounded density with respect to Lebesgue measure A on R; see
also Appendix A. Theorem 7.24 showed that the condition G € D, is both
necessary and sufficient for a sharp Holder condition on an operator N, in
the present case on Nps for a remainder bound. Also recall that Hiyo =
Hi+a(R;R) is defined in Definition 6.5.

Theorem 8.9. Let (12,8, 1) be a complete and finite measure space, let 1 <
p<s<ooand0 < a <1 besuchthat (1+a)p <s. Let G € L*(£2,S, 1) N Dy
and F € W,(R) N Hiya. Then the two-function composition operator TC' is
Fréchet differentiable at (F,G) from W,(R) x L*(£2,S, ) into LP(£2,S, u).
Also, for any b with p(1+s)/s <b < (1+ a)p(1+s)/s and a :=b/(b—1),
the remainder in the differentiation has the bound (8.8) with 8 = a and v =
s/ [p(1+ 5)].

Proof. We apply Theorem 82 for X =Y =U =R, F=W,(R), V=G =
L*(£2,8, ), and H = LP(£2,S, ). For each f € W,(R), F+ f € W,(R)
is bounded and so satisfies the growth condition G, /,. Also, F' + f is Borel
by Corollary 2.2, hence universally measurable. Thus by Theorem 7.13(a),
TC acts from W, (R) x L*(£2,S, ) into LP(§2, S, ). Condition (a) and (8.6)
hold by Proposition 7.60 with n = 1. Condition (b) holds by Theorem 7.24.
Condition (¢) holds since Co¢ is bounded and linear W, — L — LP, and
(8.7) holds by Corollary 7.25. a

Remark 8.10. In Theorem 8.9,if b > (1+a)p(1+s)/s, then min{1+a, v} =
1+ « in (8.8), while 8 would become smaller. Thus there is no advantage in
choosing such b.

Remark 8.11. Let (F, || - ||) be a Banach space of bounded Borel measurable
functions from R into R with || - || > || - ||sup, such as F = W, (R). Then for any
function G: {2 — R, measurable for the completion of u, the map f +— foGG
is a bounded linear operator from F into L*°(u) and so into LP(u). Thus
condition (¢) of Theorem 8.2 will hold.



8.4 Spaces with Norms Stronger than Supremum Norms 401

The following result complements Theorem 8.9 in case the functions F' and
G satisfy the hypotheses of Proposition 7.52 and

_s(+p) . s-—p
o= T St (8.12)

Theorem 8.12. Let (£2,S, 1) be a complete, nonatomic, finite measure space,
—00<a<b<oo, 1<p<s<oo, and let o be defined by (8.12). Let F
be a function from R into R whose restriction to [a,b] is in Hita([a,b];R),
F(z) = F(a) for all x < a, and F(x) = F(b) for all x > b, and let G
be a measurable function in Dx(§2,S, p) with values in [a,b]. Then the two-
function composition operator TC' acts from W, x L*(£2, S, u) into LP(£2,S, u)
and is Fréchet differentiable at (F,G). The remainder in the differentiation
has the bound (8.8) with v = sb/[p(1 + s)] and 5 = b/(b— 1) for any b with
p(1+s)/s<b<1+p.

Proof. The proof is the same as for Theorem 8.9 except that now in Theorem
8.2, condition (a) and (8.6) hold by Proposition 7.52. a

8.4 Spaces with Norms Stronger than Supremum Norms

In this section we will consider the two-function composition operator (8.2)
where G and H are normed spaces with norms stronger than supremum norms.

Let By = (Bq,||-]|1) and By = (Bo, ||+ ||2) be two Banach spaces over a field
K = R or C of K-valued functions defined on a nonempty set S. Let Bo /B,
be the set of all functions h: S — K such that hg € By for each g € B; and
g — hg is a bounded linear operator from B; into By. For each h € By /By, let

1hll21 == sup {[|hgll2: g € By, llglh < 1}.

Then By /B; equipped with the norm || - [|2/1 is a normed vector space over K.
If By contains the constant functions z1(-), z € K, then By/B; C Bs and the
embedding of By /B; into By is a bounded operator.

Remark 8.13. The boundedness of g +— hg in the definition of the set
B2 /B, is not automatic as the following shows. Let By = By be an infinite-
dimensional real Banach space with a Hamel basis {e; };c;. Thus By is the set
of all sums Ziel x;e; such that x; € R and x; = 0 for all but finitely many
1 € I. Let S := 1. Then B, is represented as a Banach space of R-valued func-
tions z: i +— x; on S (namely, the set of all functions from I to R, zero except
at most on finite sets). For any h: I — R, hx := Y., h(i)z; € By = By,
but x — hz is not a bounded operator if A is unbounded or since, in general,
r — x; is not a bounded linear functional.
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Let U be a nonempty open set in K. Recall that for a vector space of
K-valued functions B, BIU! is the set of all f € B such that the closure of
the range ran (f) is included in U. Let (Y(U),|| - ||) be a normed space of
K-valued functions defined on U. Later, we will take Y (U) to be the space
Hitp/q(—M, M) with 0 < M < oo. The following is a characterization of dif-
ferentiability of the two-function composition operator (8.2) at a point (F,G),

where F € F =Y (U), G € B! ¢ B, = G, and H = B,.

Theorem 8.14. Let By = (Bq, || - ||1) and Ba = (B, || - ||2) be Banach spaces
over K of K-valued functions on a nonempty set S with pointwise operations
such that B1 C Ba, ||-]l2 < ||-|lx onB1, || llsup < |- |l2 on Bz, and By contains
the constant functions x1(-), © € K. For a nonempty open set U C K, let
G € B[IU] and F € Y(U). Suppose that TC acts from Y (U) x B[IU] into Bs.
Then TC' is Fréchet differentiable at (F,G) if and only if the following three
conditions hold:

(a) F is differentiable at G(x) for each x € S, F'oG € Bo/By, and as g — 0
m Bl,
[Fo(G 4 g) — FoG — (F'oG)gll2 = o(llgl1); (8.13)

(b) for each f € Y(U), the autonomous Nemytskii operator Ny is continu-

ous at G from B[IU] into By, and the set {N;: f € Y(U), ||fll < 1} is
equicontinuous at G,
(¢) Coc =TC(-,G) is a bounded linear operator from Y (U) into Ba.

Proof. Since || - |lsup < || - |1 on By, BEU] is an open set in B;. We apply
Theorem 82 for X =Y =K, F = Y(U), G = By, V = Bl”), and H = B,.
Since these choices in (b) and (¢) of Theorem 8.2 yield (b) and (¢) of Theorem
8.14, one needs only to check the equivalence of the conditions (a).

Suppose that (a) of Theorem 8.2 holds in this case. To show that the
current (a) holds, we use Proposition 6.9 with X =Y =K, G =B,V = ]B%[lU],
H = Bs, ¥(u,x) = F(u), and k = 1. Clearly, « — z1(-) is a bounded operator
from K into B;. Since ||-||sup < |- ||2 on Be, for each s € S, the evaluation h +—
h(s) is a bounded operator from B into K. Since the autonomous Nemytskii
operator N acts from V = IB%[lU} into By and is Fréchet differentiable at G, by
the second part of Proposition 6.9, F is differentiable at G(x) for each = € S
and the derivative operator DNp(G) is the linear multiplication operator
M[F’oG], and so F'oG € By/B;. Thus (8.13) holds since the left side is the
norm of the remainder Remy, (G, g). Since the current condition (a) clearly
implies condition (a) of Theorem 8.2, the proof is complete. O

Corollary 8.15. In Theorem 8.14, (b) can be replaced by
O) [1f o (G +9) = foGlla=o(lfl+llgllh) as [ £] + gl — 0.
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Proof. In Theorem 8.14, (a) is equivalent to condition (a) of Theorem 8.2,
while (b) and (c) are the same as conditions (b) and (¢) of Theorem 8.2. Thus
the conclusion holds by Corollary 8.3. a

Next consider two-function composition TC': F x G — H with G = H =
(@S, I llsup) and F = (Ha,c0, || - [[7,) for some a € (0,1], as defined
before (6.2). Under some conditions we will show its Fréchet differentiability
at (F,G), where G: S — [c,d] C (a,b) and F': [a,b] — R.

Proposition 8.16. Let S be a nonempty set, let J be a nonempty open in-
terval (bounded or unbounded), and let 0 < o, f < 1. Let F € H145(J;R), let
G € (>°(S), and let V be a neighborhood of G in €>°(S) such that all functions
in'V take values in J. Then T'C acts from Ha,oo(J;R) X V into €>°(S), it is
Fréchet differentiable at (F,G) with the remainders

[Rems (G, )., = Olgll5) (3.14)
s [[gllup — .
1£0(G +9) = oG]l < If 121900 (8.15)
and
[Remre (F.G)(f, 9| = O (IS + gl g e)  (8.16)

as [ fll#o + [lgllsup — 0.

Proof. Clearly T'C acts from Ha,oo(J;R) x V into £°°(S). We will apply The-
orem 82 for X =Y =R, U = J,F = Ho oo ;R), and G = H = £>°(9).
By hypothesis, there is a § > 0 such that ||Gllsup < 1/0 and G(s) +u € J
for each s € S and u € R with |u| < §. Recalling the definition of Us before
Proposition 6.3, the range ran (G) is included in Uy /,,, =: B, for some integer
m with 1/m < ¢. Thus Fréchet differentiability of Np at G and (8.14) follow
from Proposition 6.7 with « there replaced by . Thus (a) of Theorem 8.2
holds, and (c¢) clearly holds. Relation (8.15) is immediate from the definition
of || [[(#.) < Il - l[#,- Since (b) of Theorem 8.2 follows from (8.15), T'C' is
Fréchet differentiable at (F, &) by the first part of Theorem 8.2. By inequal-
ity (3.20) of W. H. Young applied to the right side of (8.15), (8.7) holds for
B =v=1+ a. Thus (8.16) follows from (8.8), proving the proposition. O

Remark 8.17. Suppose we are given F' € Hi4g([c,d];R) with ¢ < d and
want to apply Proposition 8.16 only when G + ¢ also takes values in [c, d].
This can occur for example when G and G + g are probability distribution
functions, with ¢ = 0,d = 1. Then, we can set a := c—1, b := d+ 1, extend F”’
to be constant on [a, ¢] and on [d,b], and extend each f € H,([c,d];R) to an
element of H, ([a, b]; R) without increasing || f||(#) or ||f|sup, €.g. [53, Prop.
11.2.3] for the metric d(z,y) = |z —y|*, =,y € R.
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8.5 Two-Function Composition on W, Spaces

In this section we consider the two-function composition operator (8.2), where
F is a normed space of functions, G = W, and H = W, with 1 <p < ¢ < co.

By Corollary 6.36, FoG € W, for all G € W, if and only if F' satisfies a
Holder condition of order p/q locally. This gives the following acting conditions
for the T'C' operator.

Proposition 8.18. Let 1 < p < ¢ < 00, a :=p/q, and J := [a,b] with a < b.

Then the two-function composition operator TC acts from Hlo?c x Wp(J) into
Wy (J).

Generally we consider operators acting on Banach spaces or at least
normed spaces, so we should note that in the preceding proposition, H}fc
is not a normed space.

We will show that the joint Fréchet differentiability of the two-function
composition operator with W,., r > ¢, instead of W, holds whenever F' and
f have derivatives in the Holder space H,, with o = p/q. Recall that classes
of such functions, denoted by Hii1q C H%(fa, are defined in Definition 6.5.

Theorem 8.14 characterizes Fréchet differentiability of the two-function
composition operator at a point. The following corollary will be applied to
show that condition (a) of Theorem 8.14 holds. It follows from Theorem 6.77
takingn =1, X =Y =R, U = (—M, M) with 0 < M < oo, and ¢(u, s) =
F(u) not depending on s.

Corollary 8.19. Let 1 <p < g <r < oo, a:=p/q, J :=[a,b] with a < b,
and W := (=M, M) with 0 < M < oco. Let G € Wy /(J) and F € HI°C, (W).
Then the autonomous Nemytskii operator N acts from WZ[,W](J) into Wy(J)

and is Fréchet differentiable at G from W,LW](J) into Wy.(J). Moreover, there
exist constants C = C(F,G,M,p,q,r) < 400 and § = 6(G, M) > 0 such that
for the remainder in the differentiation of Ng,

[Remn,. (G, g)llm) = |Fo(G 4 g) — FoG — (F'oG)g|| 1

o (p/r (8.17)
< Clgfpp @

for each g € Wy, (J) such that ||g||;,) < 6.

Now we are ready to state bounds for the remainder Remp¢ in the joint
differentiability of the two-function composition operator, given by (8.4) and
(8.5). Recalling the definitions (6.2), for a nonempty open set U C R and
a € (0,1], let Hita,00(U) be the set of all bounded C! functions f such that
17 € Hoyoo(U). With the norm |10 i= £l + 110540 Ha e (U)
is a Banach space.

Theorem 8.20. Let1 <p<qg<r <oo,a:=p/q, J:=la,b] witha <b, and
W= (=M, M) with 0 < M < co. Let G € WI'(J) and F € Hipa 00 (W).
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Then the two-function composition operator T'C' is Fréchet differentiable at
(F,G) from Hita,co(W) X WZ[,W](J) into Wy.(J). Moreover, there exist con-
stants C = C(F,G,M,p,q,r) < +00 and § = §(G, M) > 0 such that

IRemrc (F,G)(f, 9l = [|(F + [)o(G + g) — FoG — foG — (F'oG)g]|
B/ 8.18
< Cllgll (1 1h-4ar00 + gl ™) (8.18)

for each f € Hita,oo(W) and for each g € W,y(J) such that ||g||jp) < 6.

Remark 8.21. The bound (8.18), as well as the bound (8.17), holds when
q = r. In this case, however, the stated Fréchet differentiability may not hold.

Proof of Theorem 8.20. By Corollary 8.19, T'C' acts from Hitq,00(W) X
WI(J) into W,(J). We apply Theorem 8.14 with § = J, B; = W,(J),
Bo =W, (J), U =W, and Y(U) = Hi+a,0o(W). Since p < ¢ < r, we have
Wy (J) CWy(J) C W, (J) and || - [[ip) < |- [lig < || - I[p]- By Proposition 6.34
witha=1,U=W,and Y = X =R, for f € H;i (W) we have

[foGllry < [1FoGllq) < [[fllw, ) 1Gllq) < IF W) |Gl -

Also, since || foG||sup < || fllw,sup, We have

ITC Oy < I Fllwr max{1, |Gl ) }-

Thus (c¢) of Theorem 8.14 holds. We have ||G||sup < M. So, for g € W,(J)

such that [|g]lp < 61(G, M) := M — ||Gllsup, G + g € WY (J). Then for
f € Hita,00(W), by Theorem 6.40 with X =Y = R, it follows that

170G +g) — FoG|,; < 17 lIwe gl max{1, G}

! (8.19)
< 1 li4a,00 19l ) max{1, [|GI1() }-

Thus the autonomous Nemytskii operator Ny is continuous at G from W,LW] (J)
into W,(J), and the set of all functions N; with f € Hita,co(W) and
I fll14a,00 < 1 is equicontinuous at G, so (b) of Theorem 8.14 holds. Since (a)
of Theorem 8.14 follows from Corollary 8.19, the desired Fréchet differentia-
bility holds. Taking a minimum if necessary, we can assume that § = 6(G, M)
in the second part of Corollary 8.19 is less than or equal to 6;(G, M). By
(8.5), the bound (8.18) for the remainder follows from (8.19) and (8.17). The

proof of Theorem 8.20 is complete. O

8.6 Notes

Notes on Section 8.2. In the literature outside of statistics, where we found
that the two-function composition operator (f,g) — (F + f)o(G + g) has
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been considered, f has been assumed differentiable at least once: Brokate
and Colonius [26], Gray [85], Hartung and Turi [88]; regarding C* spaces for
k > 1 and Sobolev spaces see Ebin and Marsden [61, p. 108], who give earlier
references, and on C* spaces, also Garay [73], whom we thank for pointing
out his paper and some other references. On the C'*° case, which apparently
has been much studied in connection with infinite-dimensional Lie groups,
cf. Milnor [171]. On the composition operator for holomorphic functions, cf.
Stevenson [225], [226]; or for linear operators, Dieudonné [42, (8.3.1) p. 148].
Thus it was a striking innovation by Reeds [192] to take f non-differentiable
and indeed discontinuous, in the space DJ0, 1] of right-continuous functions
with left limits on [0, 1]. Reeds and, following his lead, Fernholz [65] proved
(compact) differentiability of the two-function composition operator.

Notes on Section 8.3. Appell and Zabrejko treat Nemytskii operators on
ideal Banach spaces, which we call p-ideal, in [3, Chapter 2]. What we call
pu-pre-ideal spaces and p-ideal spaces have been called respectively Kdthe func-
tion spaces and Banach function spaces by many authors, e.g. in the books
[215, p. 127] and [170, p. 115]. The notion of Banach function space apparently
first appeared in the 1955 thesis of W. A. J. Luxemburg [148] and was devel-
oped in a series of 19 notes, the first 13 with A. C. Zaanen, beginning with
[149]. See also [256, p. 252]. The names “pre-ideal” and “ideal” spaces were
apparently coined by Zabrejko. We have adopted the terms (but added “u-")
because there are many Banach spaces of functions such as spaces of contin-
uous, Holder, or differentiable functions or W, spaces which are not p-ideal
spaces; on the other hand, p-ideal spaces are spaces of equivalence classes of
functions depending on u. Proposition 8.5 is well known and appears e.g. as
[215, Prop. 13.2] and [170, Prop. 2.6.3].
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Product Integration

As we saw in Chapter 1, the matrix-valued product integral first arose as a
way of representing the solutions of initial value problems for linear ordinary
differential equations

df(0)/dt = C(t) - f(2)

and for linear integral equations

where —oo < a <t < oo, f has values in R¥, and C is a k x k matrix-valued
function. This representation has a long history, going back to the 1880s. It
originated in work of Volterra [235]. He defined the product integral with
respect to C' over an interval [a,t] with a < ¢ to be the limit

f(#) :=1lim [T+ C(sn)(tn — tn—1)] -+ [ + C(s1)(t1 — to)] f(a), (9.1)

as the mesh |7| of tagged partitions 7 = ({t;}7_, {s:}7=1) of [a,] tends to
zero, where [ is the k x k identity matrix. Almost at the same time, Peano
[183] suggested a representation of the solution as a series of iterated integrals
of the form

oo

f@) = f(a)+ Z/ C(sk) -+ C(s2)C(s1)f(a)dsy - - - dsadsy

ke Y 0<s1<s2<--<sp<t

for each t > a, which is often considered as a series representation of the
product integral (9.1). On the history of the product integral generally, see
also the notes at the end of this chapter.

In this book, we consider the product integral with respect to interval
functions rather than point functions. In Theorem 9.51 we will give a Taylor
series expansion for the nonlinear operator induced by the product integral

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 407
in Mathematics, DOI 10.1007/978-1-4419-6950-7_9,
© Springer Science+Business Media, LLC 2011
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acting between suitable Banach spaces of interval functions of bounded p-
variation for p < 2. Then, Corollary 9.52 will show that this Taylor expansion
has a form analogous to Peano’s series.

In this chapter, we consider functions with values in a Banach algebra B
with norm || - ||, and assume that B is unital, that is, it contains an identity I.
The multiplication from B x B into B will be written (x,y) + zy rather than
x-y. Likewise, in integrals the dots between integrands and integrators will be
omitted. In Section 9.12 we consider a Banach space Y and the Banach algebra
B = By of bounded linear operators from Y into itself (which is unital). There
we treat some Y -valued functions, and in some integrals, dots appear.

9.1 Multiplicative Interval Functions and $-Variation

Let J be a nonempty interval in R, let Y be a Banach space, and let Z(.J;Y)
be the class of all interval functions defined on the set J(.J) of subintervals of .J
with values in Y as defined in Section 2.1. There, we considered the properties
of additivity and upper continuity, and proved several facts. The @-variation
of such functions was introduced and examined in Sections 3.2 and 3.3. If the
Banach space Y is a Banach algebra B, one can define what will be called a
multiplicative interval function. The product integral defined next will be the
main example of such a function. Recall the definitions in Section 1.4. Also
recall that a nondegenerate interval is one containing more than one point.
For an interval function p on J with values in a Banach algebra B, for a
nonempty interval A C J, and for an interval partition A = {A4;}7 ; of A, let

Pl A, A) o= T (14 p(40) = (T4 p(An)) -+ (T p(An). - (92)

Since B may not be commutative, the product sign is used below with the pre-
scribed order. In (1.12) we saw this order in solving linear ordinary differential
equations. Some authors use the reverse order.

Definition 9.1. Let p € Z([a,b];B) with —co < a < b < +00. We say that
the product integral J{(1+ dp) with respect to p is defined on [a, b] if for each
nonempty A € Ja, b] the limit

JUI+ dp) == lim P(u; A, A) (9.3)
A A

exists under refinements of partitions A of A. We define J[,(1+ du) := 1.

Thus the product integral J{(I+ du): A+ J{,(I+dp), A € Ja,b], if it
exists, is a B-valued interval function on [a, b].
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Remark 9.2. The product integral is of most interest when g is additive.
But additivity is by no means necessary for existence of the product integral,
as can be seen as follows. Let a < b and let p be an interval function on [a, b]
having a product integral. For example, let © be additive, specifically, u = 0.
Let 0 < ¢ < b— a. Let v be an interval function on [a,b] equal to p on all
intervals of length less than ¢ and defined arbitrarily on other subintervals
of [a,b]. Then v has a product integral equal to that of u, since in taking
refinements of partitions we will eventually have only intervals of length less
than c. Clearly, v will not be additive nor bounded in general.

Definition 9.3. An interval function p on [a,b] with values in a Banach al-
gebra B will be called multiplicative if p(§)) = T and for any A, B € J[a, b] such
that AU B € J[a,b] and A < B if both intervals are nonempty, we have

p(AUB) = p(B)p(A). (0.4)

If instead of (9.4), we have p(A U B) = p(A)p(B) then p will be called -
multiplicative.

Remark 9.4. The order of multiplication in (9.4) is as in the solution of
(forward) initial value problems; see (1.12).

The product integral (9.3), if it exists, is a multiplicative interval function,
as we will show in Proposition 9.27. Simple examples of multiplicative interval
functions can be given using invertible point functions as follows. Recall that
[a,b]* = {a,a+,b—,b} UU,_,p{t— t,t+} as defined in (6.9). Let h be a
regulated function on [a,b] with values in B. Then h extends naturally to a
function % on [a, b]* (see Proposition 6.20). If each z in {h(t): t € [a,b]T} C B
has an inverse z—!, then we say that h is an invertible function, and define
the reciprocal function h'™ on [a,b]* by '™ (u) := (h(u))~! for each u €
[a, b]T. By Theorem 4.16(b), the reciprocal function hi™" is regulated whenever
defined. That is, for a < s <t < b, we have

lim A (u) = A" (s4) and  lim A™ (u) = A (t—). (9.5)

uls ult

Moreover, by Theorem 4.16(a), if ||x— || < 1 then x has an inverse z 1. Thus
if ||h(t) — 1|| < 1 for each t € [a,b]* then h is an invertible function.

If h is an invertible function on [a,b], let oy := a4 be the interval
function on [a, b] defined on open intervals or singletons C [a, b] by

() ((s,1) = h(t—)h(s+)™ fora<s<t<b,
o ({t}) = h(tH)h(t—)" fora <t <b,
an fap({a}) = h(at)h(a)™ and  ay, o4 ({b}) := h(b)h(b—)™

if & < b, and apqq({a}) = @ jaa®) = Tif a = b. Then a; extends
uniquely to a multiplicative interval function on [a, b].

h
h
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Here we consider upper continuity and @-variation of an arbitrary multi-
plicative interval function. Recall Definition 2.3 of upper continuous interval
functions and Definition 3.16 of the p-variation of an interval function.

Next is an example of a multiplicative interval function which is neither
upper continuous at ) nor has bounded p-variation for any 0 < p < occ.

Example 9.5. As in Example 2.4, let (B, || - ||) be either the Banach space
£2°]0, 1] with the supremum norm or the Banach space L>°([0,1], ) with the
essential supremum norm, where \ is Lebesgue measure. In both cases B is a
Banach algebra under pointwise multiplication. Also, B is commutative and
unital with the identity I being the function equal to 1 everywhere on [0, 1].
For an interval A C [0,1], let p(A) := I+ 14. Thus p is an interval function
from J[0, 1] into B. If intervals A, B C [0,1], A < B, and AU B is again an
interval, then

p(B)p(A) = (T4 15)(I+14) = [+ 15+ 14 = p(AU B).

Since also p(@) = 1, the interval function p is multiplicative. Let Ay | ) and
A # D if B = £°°[0,1], or A(Ag) > 0 if B = L>=([0,1],A). Then |[p(Ax)|| =
2 /1= u@)], so p is not upper continuous at @. Let A = {A;}"; be an
interval partition of [0, 1], with A(A;) > 0 in the case B = L*°([0, 1], A), and
0 < p < oco. Then

sp(psA) = 14 ]” = n.
i=1

Since n is arbitrary, v,(p; [0,1]) = +occ.

As for additive interval functions, the following three propositions char-
acterize multiplicative upper continuous interval functions. Given an interval
function p on [a, b] define the functions R, , and L, ; on [a, b] respectively by

L (0) ift =a, o (It,0]) if t € [a,b),
Ra) = { My it e oy, 0 T = {6

The function R, , on [a,b] agrees with the function R, , on [a,b] defined by
(2.3). We say that an interval function p on J is bounded if sup{||u(A)||: A €
J(J)} < oo. The following statement is similar to parts of Proposition 2.6.

Proposition 9.6. Let p be a B-valued bounded and multiplicative interval
function on J = [a,b]. Then the following three statements are equivalent:

(a) p is upper continuous;
(b) p is upper continuous at (;
(¢) p(A,) — T whenever open intervals Ay, | 0 and

card{t € J: ||p({t}) = I|| > ¢} < o0 for all e > 0. (9.6)

Any of (a), (b), or (c) implies the following two statements:
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(d) Rp,q is requlated, R, o(t—)=p([a,t)) fort € (a,b], and R, o(t+)=p([a, t])
fort € [a,b);

(e) L, is requlated, L, (t—) = p([t,b]) fort € (a,b], and L, ,(t+) = p((t,d])
fort € [a,b).

Moreover, statement (b) holds if either of the following two statements holds:

(d") statement (d) holds and R, , is an invertible function;
(e') statement (e) holds and L, is an invertible function.

Proof. (a) < (b): clearly, (a) implies (b). For (b) = (a), let intervals A4,, | A.
Then A,, = B,,UAUC,, for intervals B,, < A < C,,, with B,, | 0 and C,, | 0.
So p(Ay) = p(Cr)p(A)p(Bn) — p(A) by continuity of the product in B.

(b) = (c). The first part of statement (c) is clear. For the second part,
suppose that there exist an e > 0 and an infinite sequence {¢;: j > 1} of
distinct points of J such that

lp({t;}) = 1|| > e forall j > 1. (9.7)

Then there exist ¢ € J and a subsequence {t;: j > 1} such that either ¢, | ¢
or t;- Tt as 7 — oo. In the first case, by multiplicativity of p, we have

p((t,15]) — T = p({t}) [p((t,15)) — T + p({t}}) — L.

Due to the boundedness assumption, sup; [|p({t;})|| < oco. Thus the left side
and the first term on the right side tend to zero because (t,¢7] | 0 and (¢,t}) |
0. Hence p({t}}) — T as j — oo. This contradicts (9.7). Therefore (9.6) holds
in the first case. A proof in the second case is symmetric.

For (¢) = (b), let intervals A,, | (). Then for some ¢t and ng, either for all
n > ng, Ap, = (t,s,] for some s, € (¢,b), or for all n > ng, A, = [sn,t) for
some s, € (a,t). Using continuity of the multiplication in B, in each of the
two cases, p(4,) — T follows by (c).

For (b ) (d), since p is bounded and multiplicative, we have for a < ¢ <'b,

Rpa(s) = plla, 1) = [T—p((s, )] p([a, s]) — 0

as s Tt,and fora <t <0,

Rp.a(s) = p([a.t]) = [p((t. 5]) — ] p([a, t]) — 0

as s | t. Thus R,, is regulated and (d) holds. The implication (b) = (e)
follows by a symmetric argument.
For (d') = (b), let intervals A4,, | 0. Then for some ¢ and ng, either for
all n > ng A, is left-open at t € [a,b), or for all n > ny A, is right-open at
€ (a,b). If A, = (¢, 8,] for a <t < s, < b, then by multiplicativity of p, we
have

) = plla s ()™ ) = { onlon b el L) =

2
Sl
~—
5
<
—~
~
_|_
~—
—
S
3
1
—~
T~ T+
»w ®»
55
—

- Rp,a(tJF)(Rp,a)inv(tJr) =1 as n — oo.
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If A, = [sn,t) for a < s, <t <b, then again by multiplicativity of p and by
(9.5) with h = R, 4, we have

P(An>

_ p([a>t))(Rp,a)inv<5n_) ifAn:[Snat>> - o invi, N _
‘{pqa,t))(Rp,a)m%snﬂ ifAn<sn,t>,} Bpa(t=)(Rpa)™ (=) = 1

as n — oo, proving (b). The implication (¢’) = (b) follows by a symmetric
argument. The proof of Proposition 9.6 is now complete. O

We will say that an interval function p on J is nondegenerate if for any
Ay, As, ... € 3(J) such that A, | 0, p(A4,) is invertible for all sufficiently
large n. (This is unrelated to the notion of nondegenerate interval.) Every
element x € B such that ||z — I|| < 1 is invertible (Theorem 4.16(a)). Thus a
multiplicative interval function upper continuous at () is nondegenerate. The
following together with Proposition 9.6 completes the analogy to Proposition
2.6.

Proposition 9.7. Let p be a multiplicative interval function on [a,b]. Then
(@) = (¢) = (b), and (b) = (a) if, in addition, p is nondegenerate, where

(a) p is upper continuous at 0;
(b) p(An) — p(A) whenever intervals A, T A;
(¢) p(An) — p(A) whenever intervals A, — A # ().

Proof. For (a) = (c¢), let intervals A, — A # 0. If A = (u,v) then {u} <
A, < {v} for n large enough. For such n, there are intervals C,, and D,, with
{u} < C,, < A, < D, < {v} and C,, U A, UD, = A. Also for such n, we
have either C,, = §) or C,, = (u,-], and either D,, = () or D,, = [-,v). Clearly
C, — 0.1t N :={n: C, # (0} is infinite, there is a function j — n(j) onto N
such that Cy,;y | 0. Thus p(Cy,) — I. Similarly p(D,,) — 1. Each x,, € B such
that ||z, — I|| < 1 has an inverse z,;* and ;! — T as x,, — T (Theorem 4.16).
Therefore for all large enough n, p(A,) = p(D,) " 1p(A) p(Cn)~1 — p(A) as
n — oo. Similar arguments work for the other cases A = (u,v], [u,v) and
[u, v].

Clearly, (c¢) implies (b). For (b) = (a), let intervals A, | 0. Then for
some t and ng, either for all n > ng, A, = (,s,] for some s, € (t,b), or
for all n > ng, A, = [sn,t) for some s, € (a,t). Suppose that A, = (¢, s,]
for all n > ng > 1. Since p is nondegenerate we can assume that p(A,,)
is invertible. Then A,, = Ay +r U By for some intervals By = [Sng+k; Snol,
k > 1, with By, T Ay, Since the set U of all invertible elements x in B is open
and z — 27! is a continuous function on U, p(By)~! — p(A,,) " as k — oo
(Theorem 4.16(b)). Since p is multiplicative, p(An,+x) = p(Br) 1p(A4,,) — T
as k — o0o. A similar argument works in the case A,, = [-,¢) for some ¢ € (a, b].
The proof of Proposition 9.7 is complete. O
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Let p be a B-valued interval function on J. If for each A € J(J), p(A) has
an inverse (p(A))~!, then we say that p is an invertible interval function, and
define the reciprocal interval function p™ on J by p™(A) := (p(A))~! for
each A € 3(J).

Proposition 9.8. Let p be a bounded multiplicative interval function on [a, b].
Then the following two statements are equivalent:

(a) p is upper continuous at O and invertible;
(b) statements (d) and (e) of Proposition 9.6 hold, and the functions R, , and
L, are both invertible.

Moreover, if (a) or (b) holds then the reciprocal interval function p™ of p is
s-multiplicative,
o™ ([, 1) 98)
Rl (Bya)™ (04) = (L) ™ (s ) Lpa(t+) ifa < s St <,
=< (Rpa)™(t+) . = (Lp7b)f“"(a)Lp7b(t+) ifa=s<t<b,
R, a(s—)(Rpa)™ () = (Lyp)™(s—) ifa<s<t=b;
P ((s,1]) (9.9)
_ [ Boa(s)(Rpa) ™ (t+) = (Lpp) ™ (s+) Lopp(t+) if a < s <t <b,
R, a(s+)(Rpa)™ () = (Lpp)™ (s+) ifa<s<t=Uby
P ([, 1) (9.10)
[ Rpals=)(Bpa)™(t=) = (Lys)™ (=) Lpo(t—) if a < s <t < b,
(Rp,a)™ (=) = (Lpp)™(a)Lpp(t=) ifa=s<t<b;
and

P ((5,1) = Rpa(s+)(Rp,a)™ (t=) = (Lpp)™ (s+) Lpp(t—) (9.11)
ifa<s<t<hb.

Proof. (a) = (b): since p is upper continuous at (), statements (d) and (e) of
Proposition 9.6 hold. To show that R, , is an invertible function, let x be in
the closure of the set {R, ,(t): a <t < b}. Due to compactness of [a,b] and
by statement (d) of Proposition 9.6, there exists t € [a, b] such that for some
sequence {t;}r>1 C [a,b], t = limy ¢}, and either x = R, ,(t) = p([a,t]), or
z = R,q(t+) = p([a,t]) with a <t < b, or & = R, (t—) = p([a,t)) with
a <t < b. Thus x has an inverse 2! = p"¥([a,]), and since z is arbitrary,
R, . is an invertible function. A symmetric argument yields that L, is also
an invertible function, completing the proof of (b).

(b) = (a): the interval function p is upper continuous at () by the last part
of Proposition 9.6. Let R™ be the reciprocal function of R, ., and let Linv
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be the reciprocal function of L, ;. To show that p((s,t]) has an inverse for
a<s<t<b,let

r = Rpa(sH)(R™)P(t) and 2 := L™ (s4+)p((, b)),

where f\") = f(t4) if t € [a,b) or = f(b) if t = b. Due to multiplicativity of p
and by statements (d) and (e) of Proposition 9.6, we have

w1 = L™ (s+)p((t, W) plla, ) (R™) P (¢)
= L™ (s0)p((s. D)p([a, sER™) P (1) = =,
(s t])zr = pl(s, tDo(la, sHR™)L(0) = (Ro) L OE™P (1) = 1,

and
21p((s,1]) = L™ (s+)p((t, b)) p((s,1]) = L™ (s4) Lpp(s+) = L.

Thus the inverse (p((s,t]))™! exists and equals x, = z;. Similarly it follows
that inverses (p(A))~! exist for A = [s,t), A = (s,t), and A = [s,t], and so the
reciprocal interval function p'V is defined on [a, b] with values given by (9.8),
(9.9), (9.10), and (9.11). Thus (a) holds. Moreover, if intervals A, B satisfy
A < B and AU B is an interval then p™' (AU B) = p™'(A) p™ (B), and so

inv

p™Y is kx-multiplicative. O

Proposition 9.9. If a B-valued interval function p is multiplicative and up-
per continuous on [a,b] then p is bounded.

Proof. Suppose not. Recall that the oscillation Osc for interval functions, de-
fined in (2.7), equals the supremum norm. By compactness of [a, b] and multi-
plicativity of p, there are t € [a,b] and a sequence of closed intervals { Ay }r>1
such that Ay | {t} and Osc(p; Ag) = 400 for each k > 1. Let {By}r>1 be
a sequence of intervals such that ||p(Bg)|| — +oo and By C Ay for each
k > 1. If infinitely many Bj contain ¢ or have ¢ as an endpoint, then taking
a subsequence, we can assume that By | {t} or By | 0, contradicting upper
continuity. So we can assume that ¢ < ¢ < dj and By = [cg,di] # 0
for each k& > 1. Again by upper continuity, we have p((t,cx]) — T and
p((t,dg]) — T as k — oo. By Theorem 4.16, p((t,cx]) are invertible for all
sufficiently large k and p((¢,cx])~! — T as k — oo, and so by multiplicativity,
p(Br) = p((t,di])p((t,ck])™t — T as k — oo, a contradiction, proving the
proposition. O

Multiplicative interval functions do not form a linear space: if p is multi-
plicative then for a constant ¢ # 1, ¢p is not since cp(f)) = ¢I # T. This is
one reason why the nonlinear operator induced by the product integral and
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defined on additive interval functions is considered in most of the rest of this
chapter as acting from a subspace of the Banach space of interval functions
of bounded p-variation into itself, for p < 2.

Recall (Section 3.1) that V is the class of all functions @: [0, 00) — [0, 00)
which are strictly increasing, continuous, unbounded, and 0 at 0, and CV is the
class of those & € V which are convex. Let @ € CV and let J be a nonempty
interval. The @-variation for interval functions is defined in Section 3.2 by
(3.35), and the set of all interval functions on J with values in a Banach algebra
B and having bounded @-variation is denoted by Zp(J;B). Then Zp(J;B) is
the set of all interval functions p € Z(J;B) such that cy € Zg(J;B) for some
¢ > 0. By Proposition 3.22, u — ||ul|s) = sup{inf{c > 0: ve(u/c; A) <
1}: Ae3(J)} for p € Zp(J;B) is a seminorm, which we call the ®-variation
seminorm. The next fact follows from Proposition 3.20 since u(f) = T for u
multiplicative.

Corollary 9.10. For & € CV and p € Zp([a, b]; B) multiplicative, 1l (@) = 0
if and only if p= 1.

9.2 Product Integrals for Real-Valued Interval Functions

Let p be an additive real-valued interval function on [a,b]. For a nonempty
interval A C [a,b], and for an interval partition A = {A4;}"; of A, recall
the product P(u; A, A) defined by (9.2). Also recall that the product integral
JU,(1+dp) with respect to p over a nonempty interval A is defined and equals
C € R if for any € > 0, there exists an interval partition B of A such that
|P(p; A, A) — C| < ¢ for any interval partition A of A which is a refinement
of B. If A is the empty set the product integral is defined by J{,(1+du) = 1.
We say that the product integral J{(1+ du) exists on [a, b] if it is defined over
each interval A C [a,b]. We further say that the product integral J{(1 + dpu)
exists and is non-zero on [a, ] if for each interval A € J[a,b], JT,(1 + dp) is
defined and non-zero.

The main result of this section is the next theorem, which gives nec-
essary and sufficient conditions for the product integral with respect to
an additive and upper continuous interval function to exist and be non-
zero. Recall (Definition 3.28) that an additive and upper continuous inter-
val function p has 2*-variation on [a,b], or u € AZj[a,b] = AZ5([a,b];R), if
o2(u; [a, b)) = v3(p; [a,b]) < +o00 (as defined in (3.40) and (3.41)).

Theorem 9.11. Let p be a real-valued additive and upper continuous interval
function on [a,b]. The product integral J{(1 + dp) exists and is non-zero on

[a,b] if and only if p € AZ5[a,b] and p({t}) # —1 for all t € [a,b].

Before proving the theorem we note that the characterization of additive
such that J{(1+dp) exists and is non-zero may fail if y is not upper continuous
at (), as the following shows.



416 9 Product Integration

Example 9.12. Let p be the additive interval function on [0, 2] defined in
Example 3.51, which has bounded p-variation for all p € (0,00) but is not
upper continuous at ). If A is an interval included in [0,1] or in [d, 2] for any
d > 1, then J[,(14dp) = 1. If A is not such an interval then A includes (1, c)
for some 1 < ¢ <2, and so J{,(1+du) = 147. The product integral J{(1+du)
is a multiplicative interval function on [0,2] which has bounded p-variation
for any p, but is not upper continuous at @. Also, u({t}) = 0 # —1 for each
t € 10,2], but H[OQ](l +dp) =0 for r = —1.

The proof of Theorem 9.11 starts with a series of auxiliary statements
which together will prove the necessity part. Then we will prove the sufficiency
part of the theorem.

By Taylor’s theorem with remainder, for v € (—1, 1),

log(1 +u) =u— @u% (9.12)
where &2
1

for some v between 0 and w. Thus for |u| < e < 1, (9.12) holds with

1 1
Trer =" =T

(9.13)

Let 1 be an additive and upper continuous interval function on [a,b], and
let A C [a,b] be a nondegenerate interval, in other words, we recall, A con-
tains more than one point. By Corollary 2.12, there exists a Young interval
partition B = {(2;-1,2;)}7L, of A such that Osc(y; (zj-1,2;)) < 1/2 for all
j=1,...,m. Let B = {z}]L, N A and let A= {A4;}]", be an interval par-
tition of A which is a refinement of the Young interval partition 5, and let
I =1(A, B) be the set of all indices i € {1,...,n} such that BNA; = ). Then
using the notation (9.2), we have

P(p; A, A) = exp { ZM(Ai> - % Zeiﬂ<Ai>2} 1T 0+ pde)

iel teB (9.14)
= exp {u(A) ~ 5 3 042} TT (0 + (1) exp {— (i)},
i€I(A,B) teB

where by (9.13),4/9 < 0, := 0(u(A;)) <4 forie I(A,B).

Lemma 9.13. Let p be an additive and upper continuous interval function
on [a,b]. If )T[a p(1 +dp) ezists and is non-zero then vy(u) < oo.

Proof. We can assume that a < b. There exist ¢ > 0 and a Young interval
partition B = {(zj-1,2;)}7, of [a,b] such that Osc(y; (zj-1,2;)) < 1/2 for
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j=1,....,m, and |P(u;[a,b],A)| > € for each interval partition A of [a,b]
which is a refinement of B. Then (9.14) holds with A = [a, b]. Thus we have

¢ < |P(u; [a,b], A)|
<o {plat) ~ 2 S w4} IT I+ ue)]esp { — n({)

i€I(A,B) teB

for any refinement A of B. If va(u) = o0, then by (3.39), for some j,
v2(p; (2j-1,%;)) = +oo. Then by choosing A, 37,4 5) u(A;)? can be made
arbitrarily large, and so |P(y; [a, b],.A)]| is arbitrarily small. This contradiction
proves va(p) < 0o. O

The following example shows that the assumption in Lemma 9.13 that the
product integral is non-zero is essential.

Example 9.14. Let u be the interval function on [0, 1] defined as follows: for
E=23,..., u({1/(2k — 1)}) := 1/Vk, u({1/(2k)}) := —1/\/k, and for any

interval A C [0, 1],
Z ({1/k})1a(1/F).

For an interval A C [0,1],if 0 & A then u(A) is a finite sum. Also, if (0,¢) C A
for some 0 < e < 1, then pu(A) is a conditionally convergent sum, and for
each n > 2, u((0,1/(2n —1)]) = 0 and p((0,1/(2n)]) = —1/4/n. Clearly, u is
additive and upper continuous. It has bounded p-variation on [0, 1] if and only
if p > 2. The product integral with respect to u exists, and J[,(1 +du) =0
whenever (0,€) C A for some 0 < € < 1 because [];5, (1 — §~1 =0 for all k.

In this example J{(1 + du) is degenerate (not nondegenerate, in the sense
defined before Proposition 9.7), and it is not upper continuous although  is.

Let £ be a real-valued function defined on a nonempty set 7. The product
[17 & will be said to converge unconditionally to a number C' if C' # 0 and for
each € > 0 there is a finite set B C T such that

‘Hg(t) fc’ <e (9.15)

teD
for each finite subset D of T" including B. We have the following;:

Lemma 9.15. Let € be a function from a nonempty set T into R. Then the
following two statements are equivalent:

(a) For every § > 0 there is a finite set B C T such that for every finite
EcC T\B; |1 - HteEf(t” < 4.

(b) The sum Y (1 —&) converges absolutely, that is, £(t) = 1 except for at
most countably many t € T and ), [£(t) — 1| < co.
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Moreover, the product [[ & converges unconditionally if and only if both (a)
holds and &(s) # 0 for all s € T.

Proof. If |£(t) — 1| > 1/2 for infinitely many ¢ € T then both (a) and (b)
fail, so we can assume that |£(t) — 1| < 1/2 except for ¢ in a finite set F'. Let
x; = &(t;) — 1 for some t; € T\ F. If |z| < 1/2 then e 21l < 14 2 < el
Thus if 0 < § < 1/2 and ), |z;| < 0 then

1-25<e® <JJ(1+2)<e® <1426

Letting 0 | 0, it follows that (b) implies (a). Conversely, if >, |x;| = +oo then,
taking a subsequence, we have |z;| < 1/2 for all ¢ and either:

(i) x; > 0 for all 4 and ZZ z; = +00, in which case co = exp{}_;; #i/2} =
H@j(l + ;) for any j,

or

(1) x; < 0 for all ¢ and Zl z; = —o0, in which case 0 = exp{}_;5  zi} =
[I;>;(1+ ;) for any j.

In either case, (a) fails, so (a) implies (b) and the two are equivalent.

Now suppose [ [, & converges unconditionally to some C' # 0. Then &(s) #
0 for all s € T, since otherwise (9.15) is violated for ¢ = |C|/2 and D = BU{s}.
It suffices to prove (a) for 0 < 6 < 1. Let € := |C|d/5. Take a finite set B C T
such that (9.15) holds for the given e. To show that (a) holds for the same B
and 0 as defined, suppose it fails for some finite ' C T'. Let [], := [[,c4 &(%)
for any finite A C T. Apply (9.15) to D = B and to D = B U E. We get
|Tlz —C| < eand |[[5,r —C| < €. Thus

2> | T -1 =111 1= 92 =%
B

BUE B E

a contradiction. So (a) holds.

Conversely, suppose (a) holds and () # 0 for all t € T'. From the proof of
equivalence of (a) and (b) it follows that >, 1\  log£(t) converges absolutely
to a limit L. It then follows that [ [,., &(t) converges unconditionally to C' =

el TLer &) #0. |

For any real-valued interval function x on [a,b] and nonempty subset T' C
[a,b], let

V(i T) = [[ 0+ me = [+ ud})e D (9.16)

T teT

provided the product converges unconditionally, and ~(u; @) := 1.
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Lemma 9.16. Let p be an upper continuous, additive interval function on
[a,b] such that o2(p;a,b]) < oo and p({t}) # —1 for all t € [a,b]. Then
Y(p; T) as deﬁned by (9.16) exists for all sets T C [a,b] and is bounded, with
inf{|y(u; T)|: T C [a,b]} > 0. For any disjoint sets D, E C [a,],

Y D)y(p; E) = v(p; DU E). (9.17)

Thus, restricted to J[a, b, v(u; ) is a multiplicative and bounded interval func-
tion.

Proof. By Taylor’s theorem with remainder, for |u| < 1/2,

O(u

f(u):=1+ue “=1- T)U2, where <O(u) < 3—\/6. (9.18)

[\
<=
A\

Since p is upper continuous, by Proposition 2.6(c), there is an at most count-
able set C' C [a, b] such that pu({t}) # 0 just for t € C and a finite set F C C
such that |pu({t})] < 1/2 for all t € [a,b] \ F. Thus {(u({t})) = 1 for all
t €la,b]\ C and

ST - €l < (Bve/a)oa() < . (9.19)

t€la,b]\F

Therefore the product (9.16) converges unconditionally for any nonempty set
T C [a,b] by Lemma 9.15, and (9.17) holds by the definition of product. By
(9.18), (9.19), and Lemma 9.15, for any set D C [a,b] \ F, 0 < v(u; D) < 1.
Thus by (9.17), for each set T' C [a, b], we have |y(u; T)| < maxpcp |v(1; E)| <
oo and

7 T)| = (s la, 0]\ F) min |y(; B)| > 0.

The results for intervals follow, proving the lemma. O

For the next statement recall that so(u;.A) = i, u(A;)? for any interval
partition A = {A4;}_; of [a,b].

Lemma 9.17. Let p be an additive and upper continuous interval function
on [a,b]. If )T[a b](l + du) exists and is non-zero then the limit

lim s2(p; A) (9.20)

exists under refinements of partitions A of [a, b].

Proof. We can assume that a < b. By Corollary 2.12, it follows that given
€ € (0,1/2], there exists a Young interval partition B = {(z;-1,2;)}72; of
[a, b] such that Osc(p; (zj-1,2;)) < efor j =1,...,m. Since ﬂ[a b](1+du) # 0,

u({t}) # —1lfora <t <b. By Lemma 9.13, va(11) < 00, and so by Lemma 9.16,
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the interval function v(u) given by (9.16) is well defined. Let B := {z;}]L,,
and taking a refinement of B and thus of B, we can assume that the set B is
large enough so that, by the method of proof of Lemma 9.15,

G = |log|y(u; [a,b])| — log |v(1s; B)|| < €.

Since T[[mb](l + dp) exists and is non-zero, we can also assume that

H:= ‘log‘ [ﬂb](l—i—du)‘ —log | P(1; [a,b],A)” <e

for any interval partition A of [a, b] which is a refinement of B. Letting

JUQ+dp)
[a,0]

C = p([a, 0]) + log |y(u; [a, b])] — log

)

which does not depend on B, A, or ¢, it then follows by (9.14) with A = [a, b]
that

1
5 > (A —Cl <G+ H <2
i€I(A,B)

for any interval partition A = {4;}7; of [a,b] which is a refinement of B.
Since |u(A;)| < € for each i € I(A, B), we have by (9.13),

2(1 —€)*(C —2¢) < Z w(A)? < 2(1+€)2(C + 2¢).
i€I1(A,B)

Therefore for any two interval partitions A" = {Al} and A" = {A7} of [a, b
which are refinements of B, we have

|so(ps; A) = s2(; A”)| = ‘ >owA) - > M(Aé’)Q‘ <8e(1+€+0).
i€l(A,B) i€I(A”,B)
Since € > 0 is arbitrary, the proof is complete. O

By Lemma 3.27 with p = 2, the limit (9.20) exists if and only if
o3 (1 [a, b)) = v (13 [, b)) < +o0. Since o3 (13 [a,b]) = 02y [a, ]) by Proposi-
tion 3.26, it follows then that u € AZ35[a,b]. Now we are ready to finish the
proof of Theorem 9.11.

Proof of Theorem 9.11. We can assume that a < b. Since p is upper
continuous and additive, it is bounded by Corollary 2.12. First suppose that
JU(1 + dp) exists and is non-zero on [a,b], in particular on each singleton {¢},
t € [a,b]. Thus p({t}) # —1 for each t € [a,b] by the definition of product
integral. The interval function p has 2*-variation, by Lemmas 3.27 and 9.17
and Proposition 3.26. Thus the “only if” part holds.
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Now suppose that u € AZj[a,b] is such that p({t}) # —1 for all ¢ € [a,b].
Let A C [a,b] be a nondegenerate interval and let € € (0,1/4]. By Lemma
3.25, o9(; A) < 00, and so by Lemma 9.16, v(u;T) given by (9.16) is well
defined for any subset T' C A, (9.17) holds for any disjoint subsets D, F of T,
and

0 < Cy :=inf{|y(u; B)|: BC A} < Cq:=sup{|y(u; B)|: B C A} < 0.

Therefore by definition of unconditionally convergent product, there exists a
finite set By C A such that

1= (i A\ B)| < |y(p; A) — v(u; B)|/Ch < e (9.21)

for any finite B such that By C B C A. Since u € AZ3[a, b, by Lemma 3.29
with p = 2, there exists a Young interval partition B = {(z;-1,2;)}jL; of A
such that B := AN {2}, D By and

m

S vapi (2j-1,27) < c. (9.22)

j=1

Let A = {A;}; be an interval partition of A which is a refinement of 55, and
let I = I(A, B) be the set of all indices 7 € {1,...,n} such that A; N B = 0.
By (9.22), for each i € I, |u(A;)| < /e <1/2. Thus by (9.14), we have

P(p; A, A) — "My (p; A)

= Ay (pu; B) {exp { — Z 9iM(Ai)2} =y AN B)} )

i€l(A,B)

1
2

where 0; = 0(u(A;)) for i € I(A,B). Since |1 — e™*| < |z]el*! for any = € R,
by (9.13) and (9.22), it follows that

<C Y AP <CD v (z-1,2)) < Ce
i€ I(A,B) i=1

S x

where C' := 2 exp{2v2(p; A)}. This together with (9.21) gives the bound

|P(u; A, A) — Ay (5 A)| < ellwllsur 1y (C+1)e (9.23)

for any refinement A of the Young interval partition B of A. Since € > 0 is
arbitrary, the product integral J{ ,(14-dpu) is defined and equal to Ay (p; A)
if A C [a,b] is a nondegenerate interval. The same conclusion clearly holds
if A is a singleton. So for each A € J[a,b], JT,(1 + du) # 0 if and only if
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~v(p; A) # 0, which is true whenever the product is defined, proving the “if”
part. The proof of Theorem 9.11 is complete. O

The preceding proof of Theorem 9.11 also gives the value of the prod-
uct integral over an interval. In particular, recalling the notation (9.2) and
Definition 9.1, the bound (9.23) implies the following;:

Corollary 9.18. Let p be as in Theorem 9.11. If the product integral with
respect to p exists and is non-zero on [a,b], then for any interval A C [a,b],

N+ dp) = W T+ e,
A A

where the product converges unconditionally for nonempty A, and equals 1 for
A=0.

Let p be as in Theorem 9.11 and let p({t}) # —1 for all ¢ € [a, b]. By that
theorem, for p & AZj5[a,b], if the product integral with respect to u exists it
must be zero. Example 9.14 gives a p € AZy[a,b] = AZ,([a,b];R) for all
p > 2 such that ﬂ[a‘b](l + dp) = 0. The following shows that for p = 2 this
cannot happen. Propositions 3.63 and 3.58 and Corollary 3.59 give examples
of interval functions satisfying the hypothesis.

Proposition 9.19. Let u be in AZ5(J) but not in AZ5(J) for J = [a,b] with
a < b, and assume that p({t}) # —1 for all t € J. Then J{,(1 + dp) does not
erist.

Proof. By the assumptions, Proposition 3.26, and Definition 3.28, oo (u; J) =
ox(p; J) < vi(p; J). Let ¢ = (v5 — o2)(u;J) and let € > 0. By Corollary
2.12, there exists a Young interval partition {(z;—1,2;)}72; of J such that
Osc(; (zj-1,2;)) < 1/2for j = 1,...,m. By Lemma 9.16, the product ~(y; J)
is not 0. Moreover, letting B := {z;}],, we can assume that

(1= )|y )| < |y B)| < (14 €)|y(ws; J)|

and 0 < o (p; J) =Y, g w({t})? < €. Let B be a refinement of {(z;-1, 2;)}7, .
By (3.42), B has a refinement A; such that sa(p;.41) < o2(u;J) + €. By
(9.14), since 0; < 4 for i € (A1, B) and 3¢ 4, 5 M(Ai)* = s2(p3 A1) —

e 1({t})?, it follows that

|P(p; J, Ar)| > et [v(p; J)|(1 — €) exp{—4e}.
On the other hand, by (3.41), there is another refinement Ay of B such that
so(p; A2) > v3(u; J) — e = ¢+ oa(p; J) — €. Again by (9.14), since 0; > 4/9
for i € I(Ag, B), it follows that

|P(s T, As)| < #D |y (115 )| (1 + €) exp{—(2/9) (c — )}.
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Thus, letting € | 0, JT,(1 + dp) does not exist. O

But the results of this section for real-valued interval functions do not
extend even to 3-dimensional Banach algebras, as the following proposition
and example will show.

Proposition 9.20. Let B be a Banach algebra, let J be a nondegenerate in-
terval, and let p € Z(J;B) be additive and such that

W(B)u(A) =0  if A,B€I(J) and AN B =0. (9.24)

Then for any interval C' C J, the product integral ﬂc(]Ier,u) exists and equals
I+ u(C).

Proof. Since p is additive, it is easily seen that for any partition A of C'| the
product P(u; C,.A) equals T+ p(C), and the conclusion follows. m]

If v is an additive interval function satisfying the conditions of Proposition
9.20, then y has certain properties if and only if J{(I+ dp) does, for example,
bounded p-variation for any p € (0, c0).

Example 9.21. Let B be the Banach algebra of 2 x 2 upper triangular real
matrices with usual addition and multiplication, and the matrix (operator)
norm ||T|| := sup{||Tz||: = € R?, ||z|| < 1}. Let J be a nondegenerate interval,
and let v be an additive real-valued interval function on J. For A € J(J), let

n(A) == (8”%4))-

Then f is an additive interval function on J with values in B and pu(A)u(B) =
0 for any A and B, so (9.24) holds. Thus the product integral J{(I+ dy) exists
and equals T+ p # 0.

The last example shows that Theorem 9.11 for the one-dimensional Banach
algebra R does not extend to a 3-dimensional Banach algebra B. Let h(z) :=
(1/1og(2/x)) cos(m/x) for x € (0,1] and h(0) := 0. Then v = pu; is upper
continuous by Theorem 2.7 and does not have bounded p-variation for any
p € (0,+00) since 3 [v((1/(j + 1), 1/5])|P = +oo.

In other examples, in contrast to Theorem 9.11, p is not upper continuous.
In Example 2.5, p is a real-valued additive interval function for which the
functions L, , and R, , are regulated but p is not upper continuous. Here
is an easily described example where B is infinite-dimensional. The condition
(9.24) is satisfied also by the additive interval function u(A) = 14, A €
J[0, 1], which is neither upper continuous nor has bounded p-variation for any
0 < p < oo when considered with values either in £°°[0,1] or in L*°([0, 1], \)
(as in Example 2.4). By Proposition 9.20 the multiplicative interval function
A T+ 14, A € 7]0,1], of Example 9.5 is the product integral with respect
to p.
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9.3 Nonexistence for p > 2

Recall that AZ,([a,b]; B) is the set of all additive, upper continuous interval
functions on [a,b] with values in the Banach algebra B having bounded p-
variation (Definition 3.16). Most of this chapter, beginning with Section 9.4,
will give positive results about product integrals for interval functions in A7,
with p < 2. The next fact, and Theorem 9.11, give some reasons why p < 2 is
needed. It will be shown that for p > 2 the product integral may not exist. Let
M (R) be the Banach algebra of 2 x 2 real matrices with the matrix (operator)
norm.

Proposition 9.22. There ezists an interval function p € AZ,([0,1];B) for
all p € (2,00) such that the product integral J[(I+ du) does not exist if

(a) B = M(R);

(b) B is the 1-dimensional complex Banach algebra C, the field of complex
numbers;

(¢) B=R.

Proof. For (a) let ¢ > 0 be any sequence of real numbers with Y, ¢ = +o0
but 3, ¢ < oo for all p > 2, such as ¢y = 1/Vk. Define a 2 x 2 matrix-valued
interval function g on [0, 1] as follows. For a nonempty interval J C [0,1],
let u(J) = >po, uk(J) where pp(J) = ¢ T[1,(1/(2k — 1)) — 1,(1/(2k))]
and T = (% §), and p(@) := 0. For a given interval J, clearly u(J) #
0 for at most two values of k, so the sum defining p converges. Here
p is an additive, upper continuous interval function. For k = 1,2,...,
let Bak—1 := [1/(2k),1/(2k — 1)] and Bay := (1/(2k + 1),1/(2k)). Then
vp(p; Bak—1) = 2¢, and vy (p; Bor) = 0 for each k. By Proposition 3.56 for
{B;j ?Zf, vp(p;[1/(2n),1]) < 22372 | ¢ for each integer n > 1. Since p is
upper continuous it follows that v,(u;[0,1]) < sup, vp(p;[1/(2n),1]) < oo.
Thus p € AZ,([0,1]; M2(R)) for all p > 2. Any interval partition of [0, 1], for
each sufficiently large k > 1, has a refinement A which contains intervals A;,
i=1,...,2k+1, such that 1/j € Aojgyo_j for j=1,...,2k and 1/5 € A, for
all j > 2k. Then

2k+1 k k
P01, 4) = T[ (T+p4) = [[@- &7 = [[(1+ 1

because on all other intervals in A, p is 0. These products evidently diverge
as k — oo.

For the complex case (b) we can just replace the matrix 7' by the number
i=+-1.

In case (¢) let f(z) := /zcos(m/x) for 0 < x < 1 and f(0) := 0.
Then f is continuous. Let p([a,bd]) := f(b) — f(a) for 0 < a < b < 1. Then
p € AZ,0,1] for any p > 2 by (3.7) with &(u) := u? and g(t) := v/t and
by Proposition 3.30. But p ¢ AZ5[0,1], since 3, pu((ajt1,a5])* = +oo for

=
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aj = 1/j,j=1,2,.... Given any interval partition B := {B;}*_; of [0,1],
if By = {0} then renumber the intervals so that By := {0} and in any case
By, = [0,b] for some b > 0.

However the partition Ba,..., By of [b,1] is refined, the product over the
resulting intervals will approach a bounded non-zero limit, namely e/(1)=/(®),
by Corollary 9.18.

Consider two kinds of partitions of By, each giving a kind of refinement of
B. In one kind, subdivide B into intervals with endpoints 0, b, and 1/r for
r=2m—1,2m,...,2n+1 for some positive integers m < n with 1/(2m—1) <
b. The product of 1+ u over the resulting partition of By will have a bounded
factor 1+ f(1/(2n+ 1)) and a factor

as n — 00. Thus the infimum of the given products is 0.

In another kind of partition, subdivide By by first choosing a smallest
endpoint ¢ > 0 and then dividing [c, b] arbitrarily finely. Then by Corollary
9.18 again the products over partitions of [c, b] approach e/ (" =/(¢) and 1+ f(c)
remains bounded.

Thus the products over the resulting subintervals of By will approach a
bounded non-zero limit. Since the limits for the two kinds of refinements are
different, the product integral does not exist. O

9.4 Inequalities for Finite Products

As the examples from the end of Section 9.2 show, product integrals in a
general Banach algebra require a correspondingly general treatment, which
we begin to prepare now.

Let x1,...,x, be arbitrary elements in B, and let

n

H(]I—l—xj) = (]I—l—xn)n-(]l—i—xl):]l—i—z Z T Ty
Jj=1 k=11<j1<-<jr<n

For k =1,...,n, letting

=> 2 Hya(j—1), m=k...n, (9.25)

where Ho(m) := I for m =0,1,...,n, it then follows that

ﬁ (I+z;) = ]IJrzn:Hk(n). (9.26)
k=1

j=1
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For 0 < p < oo and x = (x1,...,2,), x; € B, recall the notation

1 <m<mn, (9.27)

0:9(0) <0(1) <. < O(m) :n}.
Clearly, vp(x) = ve(z) with @(r) = 7P, r > 0, defined by (3.136) and (6.30).
Next is the main result of this section:

Theorem 9.23. Let 1 < p < 2 and let x = (xq,...
1,...,n,

,&n). For each k =

[ Hi(n)]| < C’“(—;,) )Up, (9.28)

where Cp, = 1+ 4Y/P((2/p) and ((r) =3 po | k™" forr > 1.
Before proving the theorem we give an application of these bounds. Recall

(1.20) that for 1 < p < oo, ||ul|s,(p) = vp(p; J)*/P. For products P(u; J, A) as
defined by (9.2) we have the following inequalities.

Corollary 9.24. Let1 <p <2, leta <b, andlet pn € I,([a,b];B) be additive.
Let C), be the constant from (9.28) and let

K :=K(u,p) =1+ icﬁ (vp(u;liiclc,b])k)l/P' (9.29)
- !

Then for each nonempty interval J C [a,b] and for any interval partition A

of J, we have

[P 7 A) < K, (9-30)
([ P(us J, A) = 1| < CpK ]| 1, ) (9.31)
1P(ss 7, A) = 1= (D) € C2K a3 (9:32)

Proof. Let A = {A;}7; be an interval partition of J. Then letting x :=
(u(A1), ..., u(Ay)), we have vy (z) < vy(p; J) < vp(w; [a,b]), and the corollary
follows from Theorem 9.23 and (9.26), where for (9.32), Hy(n) = p(J). O

Recall that for a regulated function f on [a, b] we defined the function fia)
on [a,b] with values £ (t) = f(t—) if t € (a,b] or = f(a) if t = a. To prove
Theorem 9.23 we will use step functions defined recursively by

fr(t) == (RRS) /t dh(fr-0),  tefo,1], (9-33)

0
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where h is a right-continuous step function depending on the n-tuple z, fo =
I, and £ = 1,...,n. Then the proof of Theorem 9.23 will be based on the
inequalities in the next two lemmas.

Lemma 9.25. Let p be a nondecreasing function on [a,b] with a < b, let
{t:}7_o be a point partition of [a,b] with n > 2, and let k be a positive integer.
Then there exists an index i € {1,...,n — 1} such that

k-+1 _ k41 a
(00 = 9 (i-)] pltss1) = p(e)] < s (2 1D),

Proof. Letting A;x := x(t;)—x(¢ti—1) for a function y, for eachi =1,...,n—1,
we have

p(ti)

AipkAi+1p = k’/ uk71 du AiJr]p
p(ti-1)

p(ti)
< k/ wb D2 du p(t,) BV [p(tign) = plt)]  (9.34)
p(ti-1)

(ts) (tit1)
< k/p wF=1/2 qy /P . w172 gy,
p(ti—1) p(ti)

Then we get

2
min {AipkAH_lp} = <1 min \/Aip’fAi_Hp)

1<i<n—1 <i<n—1

1 & 2
<{ ;\/M} :

n—1

By (9.34) and using the inequality 2\/uv < u+wv for u,v > 0, we can continue
the above inequality with

p(tn-1) p(b)
§{ ! @</ u(kfl)/Qdqu/
=12 M

p(t1)

VE p(b) B VE (k+1)/2(p) _ (k+1)/2
R A B e e

uF=1)/2 du) }2

IN

1) - )
~ (n—1)2 ( E+1 )’

where in the last step, the inequality (d — ¢)? < d* —¢? for 0 < ¢ < d was
used. The proof is complete. O

The next inequality will be used to bound the p-variation of the functions
fx defined by (9.33).
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Lemma 9.26. Let 1 < p < 2, let a < b, and let h € W,([a,b];B) be right-
continuous on [a,b). Also, let f € W,([a,b];B) be right-continuous on (a,b)
and f(a) = 0. Assume that for a nondecreasing function p on [a,b] with
p(a) > 0 and for a positive integer k,

pr(t) — p’“(S))l/P

1£@) = £s)ll < o (B

(9.35)

and

() = h(s)]l < (p(t) = p(s)""” (9.36)
for each a < s < t < b, where C, is the constant from (9.28). Then the
indefinite integral I(f,dh)(t) := (RRS) [l dh £ e [a,b], exists and for
anya<c<d<b,

k41 k+1
w1 (P (d) — P (e)\ /P
[ am) gy < O3 (k+1)! )

Proof. Since h and f&a) have no common one-sided discontinuities, the in-
definite integral I(f,dh) exists by Definition 2.41 of the full Stieltjes integral
and by Theorem 3.92. Let h := [(k!)l/p/q’;] h. By the additivity property of

I(f, dﬁ) (Corollary 2.91), we have for a <u < v < b,

I(f,dR)(w) — I(f,dR)(u) = (RRS) / "R ),

u

Thus it is enough to prove that for any a < u < v < b,

S [1 +41/p<-(2/p)} (pk+1(v) B karl (U))l/P (937)

H(RRS) / T 7

u

Let @ <u < v <band let ¢ > 0. There exists a point partition A = {¢;}_, of
[u,v] with n > 2 such that for each s; € (t;—1,t;], i =1,...,n,if u > a, or for
each s; € (ti—1,t;],1=2,...,n,and s1 = a if u = q,

< €.

|(rRs) / TR S () — Bt £ (50

i=1

Let S(\) :==>"0" [h(t;) — h(ti—1)] f(ti—1). Since f is right-continuous on (a, b),
letting s; | t;—1 for each i such that s; > t;_1, it follows that

|crrs) [ Cah Y - s <

u

Let A" := X\ {t;} for each i € {1,...,n — 1}. Then by (9.36) and (9.35), we
have
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1SN = SO < ([htivr) = h(E) 1F(E:) — f(ti-)]
1
< {lp(tis1) = p) (" (k) = p*(tim1)]} "
By Lemma 9.25, there exists an index ¢ € {1,...,n — 1} such that

k+1 v) — k+1 U 1/p
p==am i

1500 = S < { =gy (4

Deleting further points according to Lemma 9.25, we obtain the bound

oo k+100) — pk+1 )\ 1/p
g41/p(mz_2(m11)2/p)(p (12;+'i ( )) /

+ [|[A(v) = h(w)]f (w)]| + €. (9.38)
Since f(a) =0, by (9.35), ||f(u)||” < [C¥?/k!]p"(u). Then by (9.36), we have

H (RRS) / Cdh fo

u

- - p(v) k41 () — ok+1(y,
[w) — R()] F@) |7 < [p(0) — plu)]p* () < / L, = o iﬁf —

Letting € | 0 in (9.38), it then follows that (9.37) holds, proving the lemma.
O

Now we are ready to prove the inequalities (9.28).

Proof of Theorem 9.23. Let t; := j/n, j = 0,1,...,n, and let h be the
right-continuous B-valued step function on [0, 1] defined by

0 . if t €10,11),
h(t) = Zgzlxi ifte[tj,tj+1),j:1,...7n717
Yo if t =t,.
For this h, and fo := T on [0,1], define B-valued functions fi, k = 1,...,n,

on [0,1] by (9.33). Since h and (fk,l)(_o) have no common one-sided discon-
tinuities and h is a step function, the integral (9.33) exists by Theorem 2.17.

Each fi, k =1,...,n, is a right-continuous step function equal to 0 on [0, t1),
constant on [tj,tj4+1), j = k,...,n — 1, and having jumps at ¢;, j = k,...,n,
given by

A” fr(ty) = A7 h(ty) fe-1(t—) =z fr1(t;—).
Thus form =k&,...,n,

ZA fu(t; Zﬂﬁgfk 1(tj—).

Since f1 = h, it then follows from (9.25) that f(tm) = ( ) rk=1,...,n
and m = k,...,n. Also since z; = h(t;) — h(t;—1) for i = 1,...,n, we have
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vp(x) = vp(h; [0,1]). Since [[Hi(n)|| = [£(DI < [[fxllfo,11,p), it is enough to
prove that for k =1,...,n,

vp(h: [0, 8)F — v, (hs [0, SDk)l/p (9.39)

1l i, < Crlf( X

for each 0 < s < ¢ < 1. Since fi = h and C}, > 1, (9.39) holds for k = 1 by
(3.51). Suppose (9.39) holds for some 1 < k < n. Applying Lemma 9.26 to
f = fr and p := v,(h;]0,]), we conclude that (9.39) holds with & replaced
by k + 1. Thus by induction, (9.39) holds for k = 1,...,n, proving Theorem
9.23. O

9.5 The Product Integral

Here we will prove that the product integral with respect to an additive in-
terval function p with values in a Banach algebra exists provided u is upper
continuous and has bounded p-variation for some 1 < p < 2. First we show
that the product integral, if it exists, is a multiplicative interval function. For
this, recalling Remark 9.2, i need not be additive.

Proposition 9.27. Let u be an interval function on [a,b] with values in a
Banach algebra B such that p(0) = 0. The product integral J{(I + dp), if it
exists as an interval function on [a,b], is multiplicative.

Proof. Let A, B € Ja, b] be such that AUB € Jla, b]. To prove multiplicativity
we can assume that a < b, and that the intervals A, B are nonempty and
A < B. Since J[(I + dp) exists over each of the intervals A, B and AU B,
there exist nested sequences A%, A%, and Aﬁu g of interval partitions of A,
B, and A U B, respectively, such that for C = A, C = B, and C = AU B,

)CT(H +du) = lim P(u; C,AL).

Moreover, taking refinements of partitions if necessary, we can assume that
for each k > 1, A% 5 = A% U A%. Therefore for each k > 1, we have

P(u; AU B, Al ) = P(u; B, Al) P(1; A, A%).
Taking the limit on both sides as k — o0, it follows that

JU(T+dp) = JUI+ dp) JUT + dp).
AUB B A

Since A and B with the stated properties are arbitrary, the product integral
JU(I + dy) is a multiplicative interval function on [a, b], as claimed. O
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Now we are ready to prove the main result of this section. Recall that
AZ,([a,b]; B) is the class of all B-valued additive and upper continuous interval
functions on [a, b] with bounded p-variation.

Theorem 9.28. Let p € AZ,([a,b];B) with 1 < p < 2. The product integral
A-T A(]I +dp) is an upper continuous, bounded, and multiplicative interval
function on [a,b], and for each A € J[a,b],

H§@+dMH§K, (9.40)
H§@+dM—HH§quMMMy (9.41)
[T+ dp) = 1= w)]| < G uly (9-42)

where K = K (u,p) and Cp, are as defined in (9.29) and (9.28), respectively.

Proof. To prove the convergence of some products we will use the algebraic
identity

m m m m—+1 1—1
ij—HZ/j:Z< H xj)(%-%)(H?/j) (9.43)
j=1 j=1 i=1 =i+l j=0

valid by a telescoping sum for any elements x1,...,%,, and y1,...,yn of a

Banach algebra, where we set z,,+1 := yo := I. We can assume that a < b.
Let A = (s,t) C [a,b] be open, and let € > 0. By Proposition 3.52, there exists
a Young interval partition {(z;-1,2;)}7%; of A such that

(s (5-1,5)) < € (9.44)
For j=1,...,m,let Boj_1 := (zj_1,%2;), and for j =1,...,m —1, let By, :=
{2;}. Let A = {A;}" | be arefinement of B = {By}:" ' For j = 1,...,m, let
I(j) be the set of indices ¢ such that A; C (zj-1,2;), and for j=1,...,m—1,
let the index i(j) be such that A;;) = Baj. Also for j =1,...,m, let

U - HLMJH+M&ﬂﬁj:L“Wm—L
7 I if j=m,

and 2j—2 s
Vi { Pl []IJru(Bk)] ifj=2,....m,
/ 1 if j =1.
To apply the algebraic identity (9.43), with 2m — 1 in place of m, let x9,_1 =
[licron @+ p(A0), r = 1,...,m, x2p = T+ p(Aiy), = 1,...,m — 1, and
yi =1+ p(Bj),j=1,...,2m — 1. Then z9, = yo,, r=1,...,m — 1, and we
get
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| P(p; A, A) — P(u; A, B) ||

=[S0 IT [ waa] - 1- B

i€l (y)

3

<>l TT [+ ma0)] = 1= w820 1]
j=1 icI(j)
< K°C} Z HMH(sz,l,zj),(p) < 6(2/”)71K3C§UP(M;A) =: M (e),

j=1

where the next to last inequality holds by (9.30) and (9.32) and the last by
(9.44) and (3.69), writing the exponent 2 = (2—p)+p. Since € > 0 is arbitrary
and A is any refinement of B € IP (A), JT,(I+dp) exists provided A is open.
If A=[s,t] C [a,b]is closed then take the refinement A" = {s} U AU {t} of
the partition B’ = {s} UB U {t} with A and B as for the open interval (s, ).
Then we have

P(u; [Svt]vA/) — P(u;[s, ], B/)
= (1 (D] [P (5,0, A) — P 5.0 B)] [T+ {1,

and the norm of the left side is less than or equal to K2M/(e) by (9.30).
Since the same bound holds if A is a half-open interval, the product integral
JUI + dp) is defined on Ja, b].

Approximating the product integral over an interval A by finite products
P(u; A, A), the inequalities (9.40), (9.41), and (9.42) follow respectively from
the inequalities (9.30), (9.31), and (9.32). Then the product integral interval
function is bounded by (9.40), and it is upper continuous by (9.41) and by
Propositions 3.50 and 9.6. The proof of Theorem 9.28 is complete. O

9.6 The Strict Product Integral

Given an interval function u, a condition on a multiplicative interval function
« in relation to p will be defined, which if it holds for a bounded u, implies
that « is the product integral with respect to u, as will be shown in Theorem
9.34.

Definition 9.29. Let u be a B-valued interval function on [a, b]. A B-valued
multiplicative interval function « on [a, b] will be called a multiplicative trans-
form of 1 on [a,b] if for any € > 0 there is a Young interval partition B of
[a, b] such that for each refinement {A;}" ; of B,

>l — T— p(ap)]| <. (9.45)
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If the product integral 5(A) := J[,(I+ dyu) exists for each interval A C [a, b]
and (9.45) holds for o = (3, then the product integral will be called strict and
will be denoted by 1 := 3 = J{(I+ dpu).

The product integral J{(I+ du), if it exists, is unique and a multiplicative
interval function by Proposition 9.27, and so the strict product integral [ is
well defined if it exists.

Let p be an additive interval function on [a, b] satisfying the conditions of
Proposition 9.20, that is, u(A)u(B) = 0 for disjoint intervals A, B C [a, b]. It
is straightforward that « := I+ p is a multiplicative interval function and
(9.45) holds, and so Example 9.21 gives examples of strict product integrals.

It is easy to see that if a is a multiplicative transform of p then for a
singleton {t}, t € [a,b], a({t}) = T+ u({t}). Thus if 4 has no atoms in [a, b]
then a({t}) = I for each t € [a,b]. Also, letting d;, ¢t € [a,b], be the interval
function on [a, b] such that 0,(A) = T if ¢t € A and = 0 otherwise, d; has the
strict product integral T+ J;. The following seems to be obvious, but needs a
little proof.

Lemma 9.30. If a B-valued interval function u on [a,b] has a multiplicative
transform o and A C [a, b] is a nonempty interval such that pu(B) = 0 for every
interval B C A, then a(A) = 1. In particular, if p =Y. x;0, on [a,b] for
some {x;}7 1 C B and {t;}7, C [a,b] with a <t; <ty <--- <ty <b, then

n

a= [+ z6,) = T+ dp).

i=1

Proof. Given € > 0, there is an interval partition {A;}" ; of A such that
Yo €& < € where ¢ := |a(A4;) — I|| for each i. Then [/ (1 + &) <
exp{Y i, &} < e°. By multiplicativity and (9.43),

o) - 1] = (TTe49) - 1] <

Letting € | 0, the first conclusion follows. Applying it to each interval (¢;—1,t;),
i=2,...,n, the interval (a, 1) if a < t1, (tn,0) if t,, < b, and any subintervals
of these intervals, gives the second conclusion. O

Proposition 9.31. Let u be an interval function with u(0) = 0. Any multi-
plicative transform o of u, if it exists, is upper continuous at O if and only if
1 18 upper continuous at ().

Proof. Let p be an interval function on [a,b], and let o be a multiplicative
transform of y. Given € > 0 there is an interval partition {B;}7, of [a, 0]
such that for any interval A C [a,b],
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max |la(ANB;)—1I—pu(ANB))| <e.

1<j<m
This holds because the sets A N B; and B; \ A that are nonempty give a
refinement of {B, };-":1, where the sets are either empty, nonempty intervals,
or for one value of j, B; \ A may be a union of two nonempty intervals. Let
intervals Ay | 0. Then there is j € {1,...,m} such that for all sufficiently

large k, A C By, and so
[a(Ar) =T < e+ [lu(Ar)l  and  [[u(Ax)]| < €+ [la(Ax) — TJ.

Letting & — oo, the conclusion follows. |

If a multiplicative transform « exists for a bounded interval function pu,
then « is the product integral J(I 4 du), as will be shown in Theorem 9.34.
But a multiplicative transform may not exist while the product integral does,
and so a product integral need not be strict, as follows.

Example 9.32. Let u be the additive, upper continuous interval function on
[0,1] of Example 9.14. Then u does not have a multiplicative transform, as
follows. Suppose « is a multiplicative transform of . Then for any 0 < s < 1,
by Lemma 9.30, « restricted to [s,1] is equal to the product integral with
respect to the interval function ;o /o 1({1/k})d(1/x). Hence for any ¢ > 0,
a([s,t)) — 0 as s | 0. By Proposition 9.31, « is upper continuous at (}, and so
by the implication (a) = (b) of Proposition 9.7, a((0,t)) = 0 for each ¢ > 0.
On the other hand, by upper continuity at () again, a((0,t)) — 1 ast¢ | 0, a
contradiction.

In the next fact, the converse part may not hold if u is not additive, by
Remark 9.2.

Proposition 9.33. Let pu be an interval function having a multiplicative
transform «. If p is bounded, then so is a. Conversely, if p is additive, then
if a is bounded, so is .

Proof. Let p and « be defined on [a, b]. By definition of multiplicative trans-
form, there is an interval partition B = {B;}7"; of [a,b] such that for any
interval partition {A4;}" ; of [a,b] which is a refinement of B,

1<i<n

max [la(Ai) = T— p(An]| < 3 [la(4) = T— p(4)|| <1

Let ||ft]lsup < 00, and let A € J[a,b]. By multiplicativity of o, we then have

ol < Tlatan Byl < JT@+IsAnBI) < 2+ o)
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Thus ||a|lsup < oco. Conversely, let o be additive, let |alsup < oo, and let
A € T[a,b]. We have similarly

(A < Z [n(ANB)| <> (1+ a(An By) = 1)) < m(l|allsup + 2)-
j=1 j=1
Thus || p||sup < 00, completing the proof. ]

Next we show that for a bounded interval function g, if a multiplicative
transform of p exists then it is a strict product integral of u.

Theorem 9.34. If 11 is a bounded interval function on [a,b] having a mul-
tiplicative transform «, then the product integral J{ (I 4 dp) exists for any
A € TJla,b] and equals o(A). Thus, the product integral is strict and is the
unique multiplicative transform of .

Proof. By Proposition 9.33, a is bounded. Let M := ||a|[sup < oo. Then
M > 1since a(f)) = 1. Forany 0 < 6 < 1,let € = §/(7M?). For any A € J[a, b],
there is an interval partition B of A such that for any refinement {4;}} ; of
B, (9.45) holds. Let A = {A 1, be such a refinement. Let z; := «(4;) and
yi =T+ p(A;) for i =1,...,n. Let z; := y; — x; and €; := ||y; — a;]|, so that
S e <e Let

n

S = H(xl +z;) — Hmz =Yp - Yoy1 — Tpn - Tox1 = Py A, A) — a(A).
i=1

i=1

Then S = )", wr, where T runs over the 2" —1 nonempty subsets of {1,...,n}
and wp = Uy, - - - usuy where u; = z; for i € T and u; = z; for i € T. For each
T, |Jwr|| will be bounded by a product of terms, including ¢; for each i € T.
Let a gap in T be a nonempty set G C {1,...,n} \ T of consecutive integers,
G = {i,i+1,...,7}, maximal in the sense that i = 1 or ¢ — 1 € T and
j=mnorj+1eT. For each such gap G we use the bound ||z, - - zip124]| =
la(4; U U Aj)|| < M. Thus [|wr| < MY™ ], ;e;, where 4(T) is the
number of different gaps for T. We have v(T') < |(n+1)/2], where |x] is the
largest integer < z. Thus

L(n+1)/2]

IS < Z M Uy, where Uy := Z Hei.
k=0

(T: (T)=k} i€T

Recall that each T is nonempty. Then Uy = €1€5---€, < €, Uy < €1 + €, +
e2+e3+ - <e/(1—¢€) <2 and for k > 2,

L(n+1)/2]

Ui < Z Z €, €iy " i k 1/ ) < 2€k—1
=k—

r=k—1 1<ii<ig< <ip<n r=k-1
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Thus

IS|| < € +2Me+2M > (Me)* < 3Me+2M>¢/(1 — Me) < TM?e = 6.
k=1

Letting & | 0, it follows that J{, (I + du) exists and equals a(A). ad

The following example shows that there is a bounded additive interval
function p such that p has a strict product integral, but p neither is upper
continuous nor has bounded p-variation for any 0 < p < co.

Example 9.35. Let H = L?([0, 1], \) be the Hilbert space of functions which
are square integrable with respect to Lebesgue measure A on [0, 1], and let
By := L(H, H) be the Banach algebra of bounded linear operators from H
into itself (see Example 4.10). For each interval J C [0, 1], let

W(J): froLof = u(I)(f),  feH.

Then p is an additive interval function on [0, 1] with values in By. It is easy
to see that p(A) =0 if A is a singleton or empty and [|u(A)|| = 1 otherwise,
if A is a nondegenerate interval. Thus p is bounded, not upper continuous (in
operator norm), and has bounded p-variation for no 0 < p < oo. Moreover,
pw(Ap(B) = 0if A;B € 73]0,1] and AN B = (). So by Proposition 9.20 the
product integral with respect to p exists, and for any interval A C [0, 1],

NI+ dp) = T+ p(A) = T+ ma,,
A

where mg is multiplication by g. By Theorem 9.34, it follows that the product
integral is strict.

It will be convenient to consider a reversed form of p-variation of interval
functions as follows. For any 1 < p < oo, nondegenerate interval A, interval
function « on A with values in B, and interval partition A = {A4;} , of A,

P
s, (a; A) = Z o! U A | —a U A; (9.46)
j=1 i=j i=j+1

where the union over the empty set of indices is empty. Let v, (a;A) =
Sup 4 S, (a; A) where the supremum is over all interval partitions of A. If «
is additive, then clearly v;~(a; A) = vy(a; A). Let Z,7(J;B) be the set of all
interval functions a on .J with values in B such that sup 4¢5(s) v, (o A) < o0.
Then on Z,7(J;B), it is easily seen that

alloy = a5, = sup v (a3 A)MP 9.47
ity = llall 7 Aew)p( ) (9.47)
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is a seminorm and HO‘”E;] = |« T = Hoz||‘(;) + |lalsup is & norm. Further,
for each p let Z,,(J;B) := Z,(J;B) N Z; (J; B) with the seminorm

iy = llell 4 gy := max(llallp), [lellg)) (9.48)

and the norm ||a\|m = ||aHAm = Ha||® + |laf|sup- It is easily seen that
(Z, (J;B), | - H[E) and (Z,(J;B), || - Hm) are Banach spaces, the first by sym-
metry with Z,, and the second by intersecting two Banach spaces of (interval)
functions with the maximum of their norms.

Theorem 9.36. For p € AZ,([a,b];B), 1 < p < 2, the strict product integral
1L with respect to u exists,

[allsup < K and - [illgy < CoK[illsup il ) (9.49)

where K = K(u,p) is defined by (9.29) and C,, just after (9.28).

Proof. Let € AZ([a,b];B) for some 1 < p < 2. Then the interval function
Jla,b] 3 A — J{,(I+ dp) is defined and multiplicative by Theorem 9.28. To
check the condition of Definition 9.29, we can assume that a < b. Let € > 0.
By Proposition 3.52, there exists a Young partition B = {(z;j-1,2;)}7.; of
[a,b] such that v,(u; (zj-1,2;)) < € for each j = 1,...,m. Let {A4;}}_, be an
interval partition of [a, b] which is a refinement of B, and let I be the set of all
indices i € {1,...,n} such that A;N{z;}7, = 0. Then J{, (I+dp) = T+u(A;)
for each i € {1,...,n}\ I, and so by the inequality (9.42> of Theorem 9.28,

n

2| ;[(]1 +dp) = 1= (A < KE2 Y [l o
i=1 i

i i€l
2 2-p .
< KC, max HMH(z]-,l,zj),(p) ;Up(,ua Aj)
< KCge(Z/p)flvp(,u; [a, b]).

In the last inequality, (3.69) was used. Thus ft = J{(I4du), and the first bound
in (9.49) follows from (9.40). To prove the second bound, let A € J[a,b] be
nonempty and let A = {4;}7_; be an interval partition of A. To bound ||7i| ),
let B; = Ui_,Aj fori = 1,...,n, and let By := . By multiplicativity of fz,
(9.41) and (3.69) again, we have

sp(fis A) =Y ||A(B:) = ABi-)||” < 1llZp Y [|A(A:) — 1|
1=1 =1
< Bl Cp K P vp (15 A).

For ||, define instead B; = Uj—; 4i and in place of B;_1 put Bji1 with
By, 11 := (). Then a symmetric argument gives the same bound for s, as for s,.
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Since A is an arbitrary partition of A and p is additive, v, (1; A) < vp(w; [a, b)),
so the second bound in (9.49) follows, completing the proof. O

Next we define a transform which for suitable interval functions is an
inverse of the product integral operator. Let v be an interval function on [a, b]
with values in a Banach algebra B. For a nonempty interval A C [a,b] and for
an interval partition A = {A4;}7; of 4, let

S(v;AA) - i

i=1

Definition 9.37. Let v be a B-valued interval function on [a, b]. We say that
an interval function  (pronounced “nu check”) is the additive transform of v
if () = 0 and for each nonempty A € J[a, b],

v(A) = lijln S(v; A, A),

provided the limit exists under refinements of partitions A of A.

Clearly v, if it exists, is unique and an additive interval function. Let p be
an additive interval function on [a,b] which has a strict product integral fi.
Then it is easy to see that the additive transform of [ exists and (1) = p.

In an alternative notation, let £(v) := . If p is an additive interval
function on [a,b] such that the product integral with respect to p exists,
let P(p) := JU(T+ du).

Corollary 9.38. Let i € AZ,([a,b];B), 1 < p < 2. Then LoP(u) = p and
PoL(f) — .

9.7 Commutative Banach Algebras

Throughout this section, let A be a commutative Banach algebra. We will
extend the sufficiency part of Theorem 9.11 to A-valued interval functions.
Specifically we show that if a suitable additive upper continuous interval func-
tion p has values in A and has no atoms, then the product integral with respect
to p is strict and equals the exponential of u. If © has atoms then we will see
that the product integral of u is strict and is the exponential of p multiplied
by a product of A-valued functions.

Let £ be an A-valued function defined on a nonempty set 7. The product
[17 & will be said to converge unconditionally to an element C' € A if C' # 0
and for each € > 0 there is a finite set B C T such that || [],c.,&(t) = C| <€
for each finite subset D of T including B.

Recall the exponential function exp(z), z € B, defined by (4.14) when B
is a complex Banach algebra. If A is a real Banach algebra the exponential
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function is defined by the series representation on the right side of (4.14) using
the complexification of A given by Definition 4.37 and Proposition 4.38. For
an A-valued interval function p on [a, b] let £(¢) := (I+ pu({t})) exp{—p({t})},
t € [a,b], for a nonempty subset T' C [a, b] let

Y T) =[]+ e = ] € (9.50)

T teT

provided the product converges unconditionally, and let v(u;0) := 1. Recall
the definition (3.40) of o3(p; T') for any set T' C [a, b].

Lemma 9.39. Let p be an upper continuous and additive A-valued inter-
val function on [a,b] such that oa2(p;[a,b]) < oo and u({t}) # —1 for each
t € [a,b]. Then v(u) = {y(u; A): A € Jla,b]} is a well-defined A-valued mul-
tiplicative interval function such that

() llsup < exp{doa(u; [a,b])}- (9-51)

Moreover, for each A € J[a, ],

1T — (s A)|| < 27 o2 (3 A) |7 (1) || 4 supe! 420w (9.52)

Proof. First we show that the product (9.50) is well defined for a set T' C [a, ]
such that ||u({t})]| < 1/2 for each t € T. Let B be a finite subset of T'. Since
exp (log(u)) = u for any u € A such that ||I— ul| < 1, by Lemma 4.35 and
since any finite product converges unconditionally we have

§(t) = exp{log(L + p({t}))} exp{—p({t})} = exp{n(t)}

for each t € T, where n(t) := log(T + u({t})) — u({t}). Using again Lemma
4.35, it follows that v(u; B) = exp{>_pzn} for any finite subset B of T'. By
the series representation of the logarithm function, || log(T+ u) — u|| < [Ju|?
if ||Jul] <1/2. Thus > 5 ||n]| < o2(p; B) for any subset B C T', and so the sum
> 1 converges absolutely in A. Since the exponential is continuous, it then
follows that the product (9.50) is well defined and the bound

[7(1; T)|| < exp {o2(1; T)} (9.53)

holds for any set T C [a, b] such that ||u({t})]] < 1/2 for each t € T.

Now let A = (s,t) be an open subinterval of [a, b]. By Proposition 2.6(c)
since p is upper continuous and additive, the set {z € A: [|u({z})|| > 1/2}
is finite, and so we can assume that it is a set {zj}?;l for some m > 2.
Let zo := s, z2m :=t, Aj == (zj_1,2;) for j=1,...,m, V4 := 1, and V}, :=
Hf;ll &(zj)v(u; Aj) for k = 2,...,m. Using the series representation of the
exponential function, for each j =1,...,m — 1, we have

()1 < exp{2lu({z )11} < exp{4lln({z})II*} (9-54)
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since 2||u({z;})|| > 1. Since p({t}) # —1I for ¢t € [a,b], V := Viuy(u; Am) # 0.
To show that v(u; A) =V, let € > 0. By the first part of the proof, for each
j=1,...,m, there is a finite set B; C A; such that

[7(1; D) — v(ps Aj)|| < e (9.55)
for each finite set D such that B; C D C A;. Let T be a finite set such
that To := {z;}]2;" U (UL B;j) C T C A. Then letting T; := T'N A; for

j=1,...,m, and applymg the algebraic identity (9.43) Wlth 2m —1in place
of m, we have

(s T) = V| = H 1:[ £(25) HV(M;TJ‘) - 1:[ £(25) HV(M;AJ')

< Z Iy (s T O [z )|y (s Ty) — (s A7) || V5

Jj=1
< emexp{8ca(u; A)}.

The last bound holds by (9.53), (9.54), and (9.55) since B; C T; C A, for
each j. Since € > 0 is arbitrary and T is any finite set including Tp, v(u; A) is
well defined provided A is an open subinterval of [a, b].

If A =s,t] C[a,b] with ||u({s})|| > 1/2 and ||u({t})]| > 1/2, then instead
of T and V as above take T := {s} UT U {t} and V' := £(t)V&(s). Then the
difference v(p; T") — V' equals £(t) [y(u; T') — V]€(s) and its norm is bounded
as in the last display (with now A closed rather than open). Since the same
bound holds in all other cases, the interval function «(u) is defined on [a, b].
Clearly y(u) is multiplicative and (9.51) holds due to (9.53) and (9.54).

Finally to prove (9.52), let A € J[a,b] and let T = {t1,...,t,} C A.
Applying the algebraic identity (9.43) with x; := T and y; := £(¢;), we have

m

[T — &(t5)] 7 (us Ty),

j=1

where T := {t1,...,t;_1}if j=2,...,mand T} := (). For any ¢ € [a, ], using
the series representation of the exponential function, it follows that

1T =€) < 27 |p({t})] 2Dl

Therefore we have the bound

1T — (s T)|| < 27 o (3 A) ||y (1) || 4 supel! #1420

Since T is any finite subset of A, (9.52) holds, proving the lemma. O
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The following extends the sufficiency part of Theorem 9.11 and Corollary
9.18. Recall that AZ([a,b]; A), 0 < p < o0, is the class of all A-valued additive
upper continuous interval functions on [a, b] having p*-variation as defined in
Definition 3.28.

Theorem 9.40. Let y € AZ5([a,b]; A) be such that p({t}) # —1 for each t €
[a,b]. Then the strict product integral fi exists and for any interval A C [a,b],

fi(A) = exp { u(A) }y(p; A). (9.56)

Proof. We can assume that a < b. By Definition 3.28, o2 (y; [a, b]) < oo, and
so the right side of (9.56) is defined for each A € Jla,b] by Lemma 9.39. Let
a(A) be the right side of (9.56). By Lemmas 4.35 and 9.39, o = {a(A): A€
Jla,b]} is an A-valued multiplicative interval function on [a,b]. Since p is
bounded, by Theorem 9.34, it is enough to prove that « is a multiplicative
transform of p. To check whether the condition of Definition 9.29 holds, let
e € (0,1/2]. Since u € ATZ5, by Lemma 3.29, there exists a Young interval
partition B := {(zj-1,2;)}72; of [a,b] such that 377", va(ps; (2j-1,2)) < e
Let A= {A;}, be an interval partition of [a, b] which is a refinement of B,
and let I be the set of all indices i € {1,...,n} such that A; N {z;}72, = 0.
For each i € {1,...,n} \ I, 4, = {7} for some j € {0,...,m}, and so
a(4;) =1+ pu(A; ) again using the multiplicative property of the exponential
function (Lemma 4.35). Using the series representation of the exponential
function, we have

L+ u— exp(u)]| < 27" [uf el and | exp(u)] < el

for each u € A. This and the bound (9.52) yield

ZH“# A =221+ p(4i) - a(4i)]

el
<Y T+ (A — exp{p(A)}| + D lexp{u(AnHI||T— v (p; A2
il iel
< 27 ellmllwe 31 (A0) 12 + 27 Iy () lsupe® 12 >~ o (15 Ay)
il iel
< CZUQ(M (zj-1,25)) < €C,

j=1

where C 1= 27 exp{2||p|lsup (1 + [|[7(1) [|sup) and (3.69) was used in the last
line. Thus « is a multiplicative transform of u, proving the theorem. O
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9.8 Integrals with Two Integrands

In the next section we will extend the algebraic identity (9.43) to a class
of multiplicative transforms. To prepare for that, in this section we define
and examine an integral with two integrands, as in [ f du g. Such an integral
is needed and may differ from [ fgdp when B is noncommutative. Two-
integrand integrals are used to express the Fréchet derivative and the Taylor
series representation of the product integral operator in Proposition 9.63 and
Theorem 9.51 below, respectively (the proposition is proved before the proof
of the theorem is completed).

Definitions of integrals

Let f, g be B-valued functions on [a, b] and let u be an additive interval func-
tion on [a,b]. Recall from Section 1.4 the notion of a tagged Young interval
partition. For a tagged Young interval partition 7 = ({(ti—1, i)} 1, {si}i~1)
of a nonempty interval A C [a,b], let

SYS(f d.uagvAT Zf 7, 13 51 +Zf {t}ﬂA) ( )

For an interval A C [a,b], the Kolmogorov integral with two integrands
%, fdpgis defined as 0 if A =0 or if A is nonempty, as the limit

F fdpg = lim Sys(f, du, g; A, T)
A

if it exists in the refinement sense. It is not at all surprising, and holds by
Proposition 2.25, that for an upper continuous additive interval function p
on [a,b] and an interval A € J[a,b], the Kolmogorov integral with two in-
tegrands %Afdull exists if and only if the Kolmogorov integral %Afd,u
also does, and then the two are equal since Syg(f,du, I; A,7) equals the
sum Syg(f,du; A, 7) defined by (2.22) for each tagged Young interval par-
tition 7 of A. Moreover, if the Banach algebra B is commutative, then
Sys(f,du,g; A, T) = Sys(fg,du; A, T) for each tagged Young interval par-
tition 7 of A, and so %, fdug = F , fgdu if either integral exists.

Similarly we will define the RYS integral with two integrands. Let f, g, h
be B-valued functions on [a,b]. For a tagged Young point partition 7 =
({ti}o, {si}y) of [a,b] with a < b the Young—Stieltjes sum Sys(f,dh,g;7)
based on 7 is defined by

n

Sys(f,dh, g;7) ¢:Zf(Si)[h(tr)*h(fi—lJr)]g(Si)JrZf( DAL yh(t)g(t:),

i=0
where A[ ph is defined by (2.1). The RYS integral with two integrands
(RYS) fa fdh g is defined as 0 if a = b, or as
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b
(RYS) / fdhg = lim Sys(f, dh, g; )

if a < b, provided the limit exists in the refinement sense. The RYS integral
with two integrands extends the RYS integral (with one integrand), in the
sense that if either of the integrals (RYS) fab fdh and (RYS) fab fdh T exists
then clearly so does the other, with the same value.

Given a regulated function h on [a, b], there is an additive interval function
Ph = Hp,[a,5 cOrresponding to h defined by (2.2). Let

b

Ffdhg:= F fdupjang
a [a,b]

provided the Kolmogorov integral with two integrands is defined.

Proposition 9.41. Let f, h, g be B-valued regulated functions on [a,b]. Then
%Z fdhg=(RYS) f}j fdh g if either side is defined.

Proof. We can assume that a < b. Since there is a one-to-one correspondence
between tagged Young partitions 7 and tagged Young interval partitions 7°
with Sys(f,dh, g;7) = Sys(f,dpn, g;[a,b], T), the conclusion follows from the
definitions. |

Integrals with two integrands have properties extending those of integrals
with one integrand, often straightforwardly. For one such property, the proof
of the following theorem is similar to the proof of Theorem 2.21 and is omitted.

Theorem 9.42. Let f,g: [a,b] — B and let p: J[a,b] — B be additive. For
A Ay, Ay € 3(J) such that A= A1 U Ay and Ay N Ay =0, F, fdug exists if
and only if both %Al fdug and %Ag fdug exist, and then

Ffdpg=F fdug+F fdug.
A Aq As

In particular, if the integral 3(5[& b}fdug is defined, then J[a,b] > A —
£, fdpg is a B-valued additive interval function on [a,b].

The next theorem implies that the operators

UxIxW53s(fiug)— F fdugeB
[a.b]

and

b
UxVxW5>3(fhg)—FfdhgeB

are trilinear for any point function spaces U, V, W and interval function space
I on which they are defined.
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Theorem 9.43. Let f,g: [a,b] — B, let p: JI[a,b] — B be additive, and
let ui,ue € K. The following three statements mean that the left side exists
provided the right side does, and then the equality holds:

(a) for f1, fa: [a,b] — B,

£ (wfi+usfe)dpg=u1 ¥ fidpg+us ¥ fodug;
la,b] [a,b] [a,b]

(b) for pi,pa: Jfa,b] — B,

F fd(uip +ugpe) g =w F fdurg+u F fduag;
[a,b] [a,b] [a,b]

(¢) for g1,92: la,b] — B,

F fdu(uigr +uzge) =wr F fdpgi+us £ fdug.
[a,b] [a,b] [a,0]

Moreover, the preceding three statements hold when i is replaced by h: [a,b] —
B and %[a‘b] 1s replaced by 3@2

Proof. Statement (a) follows from the equality

Sys(u1 fi +uz fa,dp, g; [a,b], T)
— UISYS(f17dM7g; [a7b]7T) + UQSYS<f2,dM7g; [a’7b]7T>7

valid for any tagged Young interval partition 7 of [a, b]. The proof of the other
statements is symmetric and is omitted. O

The same argument as in the preceding proof gives the following statement.

Theorem 9.44. Let f: [a,b] — B, let p: Jla,b] — B be additive, and let
ueB. If %[a‘b] fdu exists then so does %[a b wfdu and

fufdp=u ¥ fdp. (9.57)
la,b] [a,b]

Love—Young inequalities

Here we extend the Love-Young inequalities of Section 3.6 to Riemann-—
Stieltjes and Young-Stieltjes sums and integrals with two integrands. For a
partition k = {t;}7_, of [a,b], let

S(f,dh,g; k) =Y f(t;)[n(t;) = h(t;—1)]g(t;).
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Theorem 9.45. Let @, € CV with inverses ¢ and 1, respectively, and let
frg,h: Ja,b] — B with a < b. Then for any partition k of [a,b],

[S(f,dh, g; k) = f(a)[h(b) = h(a)]g(a)||

< {1+ ) S o (L2120 (B o (658)
k=1

Moreover, if for u > 0, ®(u) = u? and ¥(u) = u? with 1 < p,q < oo and
p~t+q7! > 1, then instead of (9.58),

[S(f, dh, g; k) = f(a)[1(b) — h(a)]g(a)|
< ™"+ a7 {IF o lgllsup + gl | llsup } Bl ),

where ((r) =3y 5 k7" forr > 1.

(9.59)

Proof. Let k = {t;}}_, be a partition of [a,b]. Define a sequence {{J;;}};_;
of (trilinear) operators O;;: (f,h,g) — B by

Qi) (o h g) = f(E)(Ah)g(ti) — f(tim1)(A;h)g(tio), (9-60)

where A F := F(t;) — F(tj—1) for j=1,...,nand F = f, g, h. Then we have

S(f.dhygi k) = f@)[b(®) = h@)]g(@) = (D i) (fsh,9)-

1<i<j<n

In the proof of (9.58), for r =1,...,n and z,y,w > 0, let

Cola, o) = {1l + gl o (20 (2). 061)

T r

For the proof of (9.59), instead of (9.61), let

Crte )= [(2) ol + (£) U] (£) 7 062

Thus (9.58) and (9.59) will be proved once we show that

H( > D”‘)U’h’g)uSior(%(f),vqs(g),vw(h)). (9.63)

1<i<j<n

The proof is similar to the proof of Lemma 3.85. We proceed recursively
through k =n,n—1,...,2, replacing the sequence {J;;}}';_; of operators by
new sequences and choosing one among them to give the desired bound. For
discrete intervals of indices A, B C {1,...,k} such as {l,l+1,...,m}, suppose
that trilinear operators fq(jf,), u € A, v € B, with values in B, are defined on
ordered triples (f, h, g) of functions from J into B.

For k=2,...,n, we define I}, ;== {1,...,k} x {1,...,k} and
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Sipi= > B, (9.64)

ucAveB
where ffﬁ) := [y, as defined by (9.60) for (u,v) € I,,, and gfff) w)el
(u,v) €I}

will be defined recursively for other k 1n the course of the proof. In each
recursion step we will have operators SC D= 51(4735% recalling that fi(;.l) =0,

where C, D, A, and B are discrete intervals {l,l+1,...,m}. In that case, for
A={l,...,m} Cc{l,...,n} and any B,
ST, (f.h
A,B(fa :9)

7f(tm)(ZAjh)g(t f(tia (ZA h) (ti-1)

jeB jeB
:<2Aif)(ZAh> )+ Flti 1<ZA n) (3 Au).
icA icA
Thus
SYL(f, b
A,B(f’ 79)
(9.65)
IS 2+ | el
icA icA jeB
Given a set ¢ = {&uu }(u,v)er,, Where 1 <k < n, let
Uk(C) = Z fuv-
1<u<v<k
Let 2™ := z = {0;;}(i jyer,. We will choose recursively for each k = n —
1,...,2 a sequence zk) = {g&’f}}(u,v)e,k of operators
g(k) = SX& k),B(v,k) (9.66)

for some discrete intervals A(u, k) C {1,...,n}, B(v,k) C {1,...,n}. Then
the following inequalities will be proved:

(X 00)who)| = loaEs o)l

e (9.67)
< Z Cr(”@(f)v U@(g)v UW(h)) + ||Uk(z(k))(f7 ha Q)H
r=k+1
and )
[U2(=)(f. 1, 9)]] <D Colva(f), va(g), var (). (9.68)
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Sets A(u,k) and B(v,k) included in {1,2,...,n} for (u,v) € I and sets
A; 1 and Bjy included in {1,2,...,n} for (i,j) € Iy and | € {1,...,k}
will be defined first for £ = n and then recursively for k =n —1,...,2. Let
A(u,n) = {u} and B(v,n) = {v} for u,v =1,...,n. To define A;; ) and
Bk from A(u, k) and B(v, k) let for (¢,7) € Iy—1,

A(i, k) if1<i<li-—1,
A = ALR)UA(I+1,k)ifi=1, (9.69)
A(i+1,k) ifl <i<k,
and
B(j,k) fl1<yj<i—1,
Bjik:=4 B(l—1,k)UB(lk)if j =1—-1, (9.70)
B(j+ 1,k) ifl<j<k.
Define £ = 84, for (i,j) € Iy_1. At this stage A(i,k) and B(i, k)
are defined just for k = n. Then z*D = {fff’l)}(i7j)elk71 is a sequence of
operators dependmg on k and . Suppose we have defined z(*) for a given
k=n,n— ,3 and thus 2D, We then have
Skl (k1) _ (k)
Upa(z0) = 3 Zf 2 Siigi
1<i<k—1 j=1t 1<i<i
(k) (k)
TSy ek} T > Sy 41, k)
I<i<k

—S{) oy + Us(z®) = P + U (z®).
Thus for [ € {1,...,k},
U (z®) = U1 (z0) = €. (9.71)

By (9.66), we have & = S0 | - Thus by (9.65),

Hg(k) f’h’g)H (9.72)
<{l ppatry [ F/PYY [ i i
ieAlk) i€A(LK) JEB(Lk)

We will choose a particular value of [ using Lemma 3.86. Let A;-F =
YA Al for F = for g and ATh := 7, gy Aih. First let u; =
max{ || AL f[[, [|A%gll} and v; := [|A7R||. Then (3.139) with m = k gives us an
index I’ € {1,...,k} such that

up vy < (;S( Z@ uj ) (%i@(z@)) (9.73)

Jj=1
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The inequality @(u;) < @(||A%f|) + (|| A g) and (9.72) give the bound

I zw) (f,h.9)|| < Cr(va(f),va(g),vu(h)), (9.74)

where CY, is defined by (9.61). Or in the case when @(u) = u? and ¥(u) =
uP for some 1 < p,q < oo with p=* + ¢~! > 1, to bound (9.72) we keep
v; unchanged but let w; := [[A}f|| |g]lsup + | 4] gH | fllsup- An application of
Lemma 3.86 again gives us an index I’ € {1,...,k} such that (9.73) holds
with the new values of {u;}. That is, in this case we have the bound

1SN (f,heg)|

< (32 (1257 gl + 12591 1510)*) (3 ZHA”hH)

Jj=1

=

By the Minkowski inequality (1.5) with ¢ instead of p, and for each j, taking
aj = [|A5f[l [|gllsup and b; = [[A%g|| || fllsup, (9-74) holds in this case with Cj
defined by (9.62). In either case set A(u,k — 1) := A,y and B(v, k — 1) :=
By i k. With these definitions, (9.69) and (9.70), the recursive definition of
these sets is completed. Thus z(%) = {f&lf,)}(uw)e 1, are also defined recursively
by (9.66) for k =n,n—1,...,2. By (9.71) with [ =’ and (9.74), we have the
bound

HUk(z)(fvhag)H < Ck(”@(f)a”@(g)avkb(h)) + Hkal(Z(k_l))(f?hag)H' (975)

Putting k = n in (9.75) gives (9.67) with k there set equal to n — 1. Applying
(9.75) inductively, it follows that (9.67) holds with k = 2. To prove (9.68) the

recursive construction starting with z(?) gives z(!) = {fﬁ)} := 2(21) guch that
Ur(z0) =€) and Uy(:®) — U, (zM) = ¢

for somel =1" € {1,2} asin (9.71). Thus applying (3.139) as in (9.73) together
with (9.65) and the inequality ||Ax| < Z~!(v=(x)), we get the bound as in
(9.74),

[U2(z®)(f:h,9)|| < Co(va(f),va(g), v (h)) + Ci(va(f), va(g), vu ().

Thus (9.68) holds, which together with (9.67) for k = 2 yields (9.63). The
proof of Theorem 9.45 is complete. O

The preceding Love—Young inequalities were proved for Riemann—Stieltjes
sums based on tagged partitions of a particular form. To bound Young-—
Stieltjes sums we need to extend these inequalities to Riemann—Stieltjes sums
based on arbitrary tagged partitions.
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Corollary 9.46. Let h € Wy([a,b];B) and f,g € W,([a,b];B) with a < b,
1<p,qg<oo, p~t+qt>1. For any tagged partition T of [a,b], we have

|Srs(f.dh, g;7)|| < Kpqll flligllgllig Il ), (9.76)

where K, g :=1+((p~t +q1). Also, if u € AZ,([a,b];B) then for any tagged
Younyg interval partition ¢ of [a,b],

[Sys(f,dp, g: [a,0], Q|| < Kpgll flligllalliallil - (9.77)

Proof. Let 7 = ({t;:}1o, {si}l~,) be a tagged partition of [a,b]. Without
changing the value of the sum Sgs(f,dh,g;7) one can assume that s; €
{ti—1,t;} for i = 1,...,n, since for each ¢ such that t,_; < s; < t; one can
refine the partition {t } ', to contain s; and let s; be the tag for both [t;_1, s;]
and [s;, t;]. Letting A;x := x(t;) — x(ti—1) for x = f, g, or h, we have

Srs(f,dh, g;7) — f(a)[h(b) — h(a)]g(a)

= Z f(:)(Aih)g(ti) — f(a)[h(b) — h(a)lg(a)

+2 {f(si)(Aih)g(5i> - f(m»)(Aih)g(ti)} =Ty + Tp.

Let J; := [t;—1,t;] for i = 1,...,n. By Holder’s inequality (1.4) and (3.51), we
get

n

ITo]| < Z {”AifHHAihHHg(ti)H + ||f<ti—1)||||Aih||||AigH}

< HgllsupZ 111 1Al i) + HfHSupZ 191172 12ll 72,2

=1

< Hgnm(zvq(ﬁ Ji)> (Z " Jn)””

1=

Wl St ) (S )

< {Ifl@llgllsup + gl [1£ lsup Al )

To bound ||T1]| we use Theorem 9.45 with ¢(u) = u?, ¥(u) = uP, u > 0,
1<p,g<ooand p~'+ ¢! > 1. Thus we have

[Srs (£, dh, g: 7| < ITall + I T2l + [1f (a) [2(b) — h(a)lg(a)]
Ep {1/l gllsup + 19l ) [/ lsup } 1 2]l oy

+ [ f lsupll2ll oy 19l sup
< Kp gl flligllgllg 121l oy
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proving (9.76).

To prove (9.77), let h = R,, , as defined by (2.3). By Corollary 2.11, i1 = pp,
defined by (2.2). Let 7 = ({t;:}7¢, {ui}?,) be a tagged Young point partition
of [a,b] and let ¢ = ((ti—1,:) 1, {wi},) be the corresponding tagged Young
interval partition. It follows that Sys(f,dh, g;7) = Sys(f, du, g; [a, ], ). Now
Young-Stieltjes sums Sys(f,dh, g;7) can be approximated arbitrarily closely
by Riemann—Stieltjes sums Sgg, just as in Proposition 2.18. So (9.77) follows,
proving the corollary. O

Next we get existence of some integrals with two integrands and bounds
for them.

Proposition 9.47. For 1 < p,q < oo such that p~' + ¢! > 1, let u €
AT, ([a,b];B) and let f,g € Wy([a,b]; B). Then the integral 3(5[@ p [ dpyg exists,
and for each B € Ja,b],

HaB@fdugH < Kpg

FliB.allgll B, allell B, ) (9.78)

where Kp =1+ C(p~  +q71).

Proof. By Theorem 9.42, the integral in (9.78) exists provided it does when
B = [a, b]. To prove this take ¢1 > g such that 1/p+1/q1 > 1. Then f,g € Wy,
by Lemma 3.61, so in proving existence of the integral we can assume f, g €
Wy . Given € > 0, let 6 = (¢/5)9. By Proposition 3.60, take a Young interval
partition £ = {(zj-1,2;)}}=; of [a,b] such that 377, vy(f; (2j-1,2)) < .
We have another such partition for g, and we can take a common refinement
of both for which the same bounds will hold by superadditivity of v, as an
interval function, (3.51). We can assume that x is this common refinement.
Let y; := (zj—1+ 2;)/2 for each j. Let fi be a step function, as given by
Proposition 3.60(c) and its proof, such that fi(z;) = f(z;) for each j and f;
has values f(z;—1+) on (z;-1,y;] and f(z;—) on (y;,2;), with ||f — fil/;g <
€. Let g1 be a step function defined from ¢ as f; is from f. Let a be the
Young interval partition {(2;-1,¥;), (y;, 2;)}=1- Then fi and g1 are constant
on each interval in «a. Let ( be any tagged refinement of a. It follows that
Sys (f1,du, g1;[a,b], () =: S(f1,dp, g1;¢) = S(f1,dp, g1; @) for each (. Write

|S(f,dp, g;¢) — S(f1,dp, g1; )|
= [|S(f,dp, g;¢) — S(f1,du, g1; Q)|
<|[|S(f,du, g;¢) = S(f1,dp, g; Ol + [1S(f1, dp, 3 €) — S(f1,dp, g1; Q)
=Ty + 15,

say. Then by (9.77),

T < Kp,q

= Allgllgllglele) < eKpallglliglel e
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| fllsup and g-variation sums for f; can be approximated as well as desired by
such sums for f. Letting € | 0, it follows by the Cauchy test that ﬁg[a,b] fdug
exists.

Now we return to the given ¢q. We omit the proof of inequality (9.78)
because it is the same as the proof of the Love—Young inequality in Theorem
3.93 except that now we use (9.77) if B is closed, and otherwise we first
approximate the Young—Stieltjes sum over B by Young—Stieltjes sums over
closed subintervals of B and use the resulting bound. O

and T2 < er,quH[q]”.u”(p)v where ”fl”[q] S HfH[q] since clearly ”lesup <

Finally we bound the p-variation of an interval function defined by an
integral:

£ fdpg = {Bn—>3§fdug: Bej[a,b]}.

Corollary 9.48. For 1 < p,q < oo such that p~* + ¢ ' > 1, let p €
AZ,([a,b];B) and let f,g € Wy([a,b];B). Then £ fdug is in AZ,([a,b];B)
and for each J € Jla,b],

| %fd’ugHLL(p) < Kpgllf

sigllallr el g m) (9.79)

where Kp =1+ C(p~ " +q71).

Proof. The interval function £ fdu g is defined and additive due to Propo-
sition 9.47 and Theorem 9.42. Also, it is upper continuous by (9.78) and
Proposition 2.6 since Jla,b] 3 A — wvp(p; A) is upper continuous at @) by
Proposition 3.50. To prove (9.79), let J € J[a,b] and let A = {A;}? | be an
interval partition of J. By (9.78) and (3.69) with &(u) = u?, it follows that

sp(F fdugs A) < K;’;,quH.Z},[q]||9H§,[q]vp(ﬂ§ J).

Since A is arbitrary, (9.79) holds, and so F fdu g is in AZ,([a, b]; B). O

9.9 Duhamel’s Formula

In this section the algebraic identity (9.43) is extended to a suitable class of
multiplicative interval functions which includes the product integrals with re-
spect to an additive upper continuous interval function of bounded p-variation
for1 <p<2.

In the next theorem and hereafter, # , f(t)y(dt) g(t) = F , f dy g for any
point functions f, g on [a,b] and interval function + on [a, b].
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Theorem 9.49. Let p,v € AZ3([a,b];B), and suppose that p and v have
strict product integrals [i, U respectively. Then for each A € J[a,b], the follow-
ing two integrals exist, and

v((t,b] N A) (p—v)(dt) i([a, t) N A) (9.80)
A6 N A) (u— v)(dt) (e, t) N A).  (9.81)

Either of the two relations (9.80) and (9.81) will be called Duhamel’s
formula. Before proving Theorem 9.49 we establish a relation between the
p-variation of an additive interval function p and a strict product integral /.
Let ¢ € CV and let 7 be a B-valued interval function on J = [a, b]. For any
c >0, let

we (T, ¢) == we(m, c; J) :zsup{i@(w) {4}, €eIP(J )}

i=1

and let
Vo () := Va(m; J) :=inf{c > 0: we(m, c;J) < 1}, (9.82)

or o0 if no such finite ¢ exists. For &(u) = u?, u > 0, 1 < p < 0o, we write
Vp := V. Then

Votr) = (sup { S llnn) — @ {43, e ()} (09

i=1

It is easy to check that on interval functions 7 for which it is finite, V,,
is a seminorm, with V,(7) = 0 if and only if 7 = 7(0), in other words, 7 is
constant.

Let 1 < p < 2 and let & be the strict product integral of pn € AZ,(J;B),
which exists and is in Z,(.J;B) by Theorems 9.36 and 9.28. For an interval
partition {A4;}" , of J, by (9.41) and (3.69), we have

DA = 1)|” < CER vy (3 ),

where K = K(u,p) and C, are as defined in (9.29) and (9.28), respectively,
and so
V(i) < Gl < oo. (9.81)

Thus, in this section and the next, various bounds in terms of V,, (1) will yield
bounds in terms of K (u,p) (which is bounded for |||, bounded) and ||pl| ().
To give a more precise characterization of Vi (fi), recall Zg and |[|(#) for not
necessarily additive interval functions v as defined in Definition 3.18.

From the following lemma, we will actually use only the bound, for 1 <

P <2, lEligy < Va(@ Izl sup-
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Lemma 9.50. Let p be a B-valued additive interval function on [a,b], hav-
ing a strict product integral i. For & € CV, u € ip([a,b};]B%) if and only
if max{||fil|sup, Vo (i)} < oo, and if either of the two statements holds then
2] (@) < Ve (i) || l|sup < 00. If 1 < p < 00 and P(x) = 2P for 0 < x < oo then
we also have |Zlgs < V() [llsap and

17l < Co(p) := (1 + Vo (i) [l sup- (9-85)

Proof. We can assume that a < b. There exists a Young interval partition
B ={(zj-1,2)}]", of [a,b] such that if {B;}}, is a refinement of B then

i )~ £ w50)

—T—pB)) <1 (9-86)

uMw

Let [|1/|(¢) < co. Then |[i]lsup < oo by Proposition 9.33. To show that Vg (1) <
oo let {A;}7, be an interval partition of [a,b]. There are at most m + 1
values of i such that A; contains some z;. For all other values of i, A; is
included in some (zj_1,2;). For j=1,....m,let I(j):={i=1,...,n: A; C
(zj—1,25)}, and let ¢ > 2max{||pl(s), || Zillsup + 1 4[| it]|sup }- Then the intervals
{A;: i € I(j),j = 1,...,m} are members of a refinement of B. Therefore
using convexity of @ twice and @(0) = 0, we get

. |72(A;) — 1
OS]
i {%¢(2||M( )—611 p(As )||)+2¢(2||M(c )H)} (9.87)

€1(5)

m ,\ 2#
ZZ A(A) — T (A + zva (L),
J=1i€l(j

Thus by (9.86), we have the bound

oA o[B8 DL )

. 2
i=1

Since the interval partition {A;}" ; is arbitrary, we(fi,c) < oo and hence,
letting ¢ — +oo for m fixed, V(i) < oo, proving the “only if” part. Con-
versely, let max{||fil|sup, Vo (i)} < co. Then ||g/|sup < 0o by Proposition 9.33.
To prove ||u(g) < oo, let {A;}7_; be an interval partition of A € J[a,b]. As
for (9.88), with f1(4;) — T and p(A;) in (9.87) interchanged, we get that

igp(\\ﬂ ) < (mﬂ)@(nullmp) L 20 | welfie/2)

5 c c 2
1=1
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holds for any ¢ > 2max{Va (1), ||7illsup + 1 + || ¢t||sup }- For ¢ large enough the
right side of the last display is less than 1 by continuity of @ at 0 and the
definition of V. Since {A;}i, is arbitrary, ||u|/(@) < oo, proving the first part
of the conclusion.

To prove the second part let again max{||fl/sup, Vao(1)} < oo, let ¢ >
Vo ()| Bllsup, and let {A;}7_, be an interval partition of A. Then by multi-
plicativity of ji, we have

qu( ﬁ(L_J A)ﬁ(L_J Aj> /C> < So I Wil

Since ¢ > Vo (i)[|f2]lsup is arbitrary, [[7ill@) < Vo (@)l|zt]lsup. If &(x) = 27 then
we can replace U’_; A; by UJ_;A; and Ul “LA; by U1 Ai (=0 for i =n)
for each i =1,...,n in the last dlsplay7 glvmg the same bound for v~ as for
vp. The last two Statements follow, completing the proof of the lemma. O

Now we are ready to prove Duhamel’s formula.

Proof of Theorem 9.49. Taking the negative of both sides of either of the
two equalities (9.80) or (9.81), the other follows. Thus it is enough to prove
(9.81). By Definition 9.29 of multiplicative transform, for any z € [a, b],

p{z}) —v({z}) = p({z}) - v({z}), (9-89)

and so (9.81) holds with A = {x}. Thus we can assume that a < b and
A € J[a,b] is nondegenerate. First suppose that A = [u,v] C [a,b]. Let 7 =
({(@iz1, )}, {yi}"1) be a tagged Young interval partition of [u,v], and
let Ag; := {a;} for i =0,1,...,n, Ag;—1 := (x;-1,2;) for i = 1,...,n. Then
by multiplicativity, we have

fillu, o)) — 9(fu, o)) = [] A4 — [ #(4r) = M.
k=0 k=0

Applying the algebraic identity (9.43) to the right side, it follows that

= Zﬁ([%v]){ﬁ((%—hxi)) — U((wi—1,24)) } ([, zi-1])

n

+ 3 llen o) (@) = 7w ol

Then by (9.89),

M = SYS(//Z(('7U])7 d(:u - V)’ /V\([u7 ))a [u U] T) + R(T>
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where R(T) := 327, D; and fori = 1,...,n
D; = [z, o) {A((wi-1, 0)) = D((@im1, %)) }U([u, i-1])
— (s oD {p((io1, 22)) = v((@im1, 20)) } 0w, y)-
To prove (9.81) for A — [u, v] it is enough to show that
liz R(T) =0, (9.90)
For any i € {1,...,n} we have
D = [z, o) {A((wim1,20)) — T— p((@iz1, ) o ([u, 25-1])
s, V)P ((ziz1,20)) = T = v((wie1, 22)) }o([u, 25-1])
+ Alas, o) {(@ior, 20)) = v((@i-1, 24)) } ([, 2i-1])
(i, VD{p((@io1, 20) — v((@ioy, 20)) }o([u, yi)

=: Ur(i) — Ua(i) + Us (i) — Ua(3).

Let € > 0. By Lemma 3.29 with p = 2 and Definition 9.29, there exists a
Young interval partition A = {(2;-1,2;)}72, of [a,b] such that

Sy = ng(u; (zj-1,25)) <€, Sy = ng (zj-1,25)) <€,

Jj=1

and for any Young interval partition A = {A;}¥, that is a refinement of \,

= Z (40 ~T-p(A))]| <& Sa(A) = Z () = T=v(Ap)]| < e

(The sums can be restricted to the open intervals in A since the terms corre-
sponding to singletons are 0.) Let 7 = ({(zi—1, %)}y, {vi}7=,) be a tagged
refinement of {(z;-1, )}, and A := {(2;—1,7;)}j_;. Then we have

n
YN ON < AllsuplPlsupSa(A) < ell@llsup 1 Pllsup-
i=1

Likewise, Y i, [|U2(0)|| < e€|illsupllPllsup- Let v := p — v. For any i €
{1,. n} since x;,_1 < y; < x;, by straightforward algebra we have

= {i((yi,v)) = Az, v]) = Allws, D) (i, 2:2) py((@iza, 20)) P ([, vi)
D([u, wia]) =v((@i-1,9:))P([u, wia]) }
([u, i)

pllas, vy ((@ins i) (@ier, ) o ([, 2ia])-

fi([ai, o)y (i, 2) {([u, yi) —
v

+ 1l
+ s, vD (i, z))y (i1, 2:)
+ 1
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Using multiplicativity of i and 7, we continue the equality

Ua(i) — Us(i)
= [i([zi,v {,u (Y i) = 1= p((yi, 23) }'Y zi-1,2:))V([u, i) (9.91)

+ [z, V)Y (@im1, 2)){P((i1, 45)) — T— v((@ie1, i) }O([u, 2i-1])
+ 1i([zs, v]) (g ) ) { (i1, 20)) — v((2io1, 240)) }o([u, y2))
+ Az, oD {p(@imr, ) = v((@ie1,20)) fo((@ie1, 90) 0 ([u, 2i-1]).

It is clear that

Ty =Y ||Al(yi i) = T— p((yi,2:))|| < e

i=1

and likewise
T2 —ZH xz 17yz —]I—V((-’l?z 17yz H

Using Holder’s inequality (1.4) with p = ¢ = 2, and then Minkowski’s inequal-
ity (1.5) with r = 2, it follows that

Ts = 3 [l ) [{ (@, 2] + (@i, @)}

< Velllule +Ivile}

and

7y = 3 s s (i, z )+ [,z |}
< Velllull) + vl }-

Now summing the norms of the right side of equality (9.91), we have

> Usi) - Us(@)]
i=1
< IZllsup 1V llsup 1Pllsup [T1 + T2] + [l Zillsup 1 Pllsup [T5 + T4

< 2¢|fillsup | llsup [ Pllsup + 2v/€ll Allsup 1P llsup { 112ll 2) + 1]l 2) }-

It follows from these bounds that (9.90) holds.

Now if A = (u,v] then all calculations are the same except that g({u}) =
v({u}) = T and p({u}) = v({u}) = 0. The proof is also similar to the above
for the other two cases A = [u,v) and A = (u,v). The proof of Theorem 9.49
is complete. O
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9.10 Smoothness of the Product Integral Operator

For 1 < p < oo, recall that Z,(J;B) is the set of all interval functions on
an interval J with values in B having bounded p-variation, and AZ,(.J;B)
is the set of all additive and upper continuous interval functions in Z,(J;B).
Integrals f dv f may be written £ v(ds)f(s).

Let 1 < p <2 If p € AZ,([a,b];B) then the strict product integral i of
p exists and is in Z,([a,b]; B) by Theorem 9.36. Thus we have defined the
nonlinear operator P:

AZy([a,0;B) 5 p = P(n) = fi = [T+ du) € T, ([a,b]; B), (9.92)

acting between the two Banach spaces. We call P the product integral operator.
Investigation of smoothness of this operator in the sense of differential calculus
on normed spaces (see Chapter 5) is the subject of the present section. We
will prove that P has a Taylor expansion around each p € AZ,([a,b];B), and
that the Taylor series has infinite radius of uniform convergence. We will also
show that the kth term of the Taylor series is defined by the interval function

F(v) ={QL(v)(A): A€ Ta,b]}, where

Qu(v)(4) (9.93)
F (s, 0) N A) v(ds) fi([a, s) N A) it k=1,
= { Fali(s, )] VA v(dsr) Fp, o yna Al(s2,51)) v(dsg) -
“ Flasena (ks se—1)) v(dsk) i([a, s) N A) if k> 2.

In the latter iterated integral, we have s; € A for j = 1,...,k, and so each
interval (s;,s;-1) C A and (sj,sj-1) VA = (sj,s;—1) for j = 2,... k. Here
the iterated integral is first done with respect to sy for each fixed sx_1, then
with respect to si_1 for each s_s, and so on. The main result to be proved
in this section is the following theorem:

Theorem 9.51. Let B be a Banach algebra, a < b, and 1 < p < 2. The prod-
uct integral operator (9.92) is a uniformly entire mapping from AZ,([a,b]; B)
into Z,([a,b];B). More specifically, for € AZ,([a,b];B), the following hold:

(a) for each integer k > 1 and v € AZ,([a,b];B), relation (9.93) defines an
interval function Qf(v) = {Qk(v)(A): A € J[a,b]} in Z,([a, b]; B);
(b) for each integer k > 1, the mapping

AT, = AT, ([a,b);B) 5 v — Qﬁ(u) €Z,([a,b];B) =7,

18 a k-homogeneous polynomaal, _
(c) the power series Y, Qﬁ(u —p) from AT, to I, around p has infinite
radius of uniform convergence and its sum is equal to P(v) — P(u).

The following is a special case of the preceding theorem: a Taylor expansion
of the product integral operator around 0.
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Corollary 9.52. Let v € AZ,([a,b];B) with 1 <p <2 and a < b. Then for
any interval A C [a,b],
I+ dv) =1+ v(A)
A
Jrz%y(dsl) £ wv(dsy)---  F£ v(dsp).

k>2 A la,s1)NA la,sk—1)NA

(9.94)

Before proving Theorem 9.51 we establish several auxiliary results. Let
w,v € AZ,([a,b]; B) for some 1 < p < 2. By the Duhamel formula (9.80), for
A € J[a, b], we have

ﬁ?ﬂm—ﬁmy:fM@ﬂmAWM$ﬁ?ﬂmgmA) (9.95)

The Love-Young inequality (9.79), if applicable to the integral on the right
side, would imply the Lipschitzian property of the nonlinear product integral
operator P : u +— . To justify its applicability the next two lemmas give
bounds for the p-variation of the two integrands in (9.95).

Lemma 9.53. For 1 <p <2 anda<b, let « € I ([a,b];B). For nonempty

A € Jla,b] and t € A, let fa(t) := a((t,b] N A). Then for any nonempty
A€ 3a,b],

1Falla ) < lledl - (9.96)
In particular if « = [ for p € AZ,([a,b];B), then
[fallap) < 17l ) < 5l L gy < Co(m) (9.97)

where the right side is defined by (9.85).

Proof. Statement (9.96) follows by the definition (9.47) of the reversed form
of the p-variation. Then (9.97) follows from Lemma 9.50. a

Lemma 9.54. Let a < b, let n € Zy([a,b];B) with 1 < ¢ < oo, let A € J[a, D]
be nonempty, and let ga(t) :=n([a,t) N A), t € A. Then ga € W,(A;B),

HQAHA,(q) < HUHA,(q) and HQAHA,sup < ”n”A,SUP- (9-98)

Proof. The second inequality in (9.98) holds because [a,t) N A is a subinterval
of A. To prove the first one we can assume that A is nondegenerate. Let
k = {t;}_, be a point partition of A and let A; := [t;—1,t)NA, i=1,...,n.
Then {A;}" , is an interval partition of [to,¢,) N A C A. So we have

{(09) (0

where a union over the empty set of indices is defined as the empty set. Thus
the first inequality in (9.98) holds, proving the lemma. O

q

q
< HUHA’(q)v

n

sq(ga; k) = Z

i=1
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Next is a technical device to be used for bounding the remainder in dif-
ferentiating the product integral operator. Its proof will use additivity of the
interval function A — F , f(s)r(ds)g(s) for fixed f,g € W,([a,b];B), which
holds by Theorem 9.42 and Proposition 9.47. But in (9.99), the integrands
depend on A, and [ itself is in general not additive (nor multiplicative, since

B0) =0#1).

Proposition 9.55. For1 <p <2 anda <b, let u,v € AZ,([a,b];B) and let
a € Z,([a,b];B). Then the interval function § = {B(A): A € Jla,b]} defined
by

B(A) = f[l((s, b N A)v(ds) a(la, s) N A), A € Jla,b], (9.99)

exists and we have the bound

181l < Kpll @l [2 + Vo]l el (9-100)

where V, is defined by (9.83) and K, = Kp, = 1+¢(2/p).
Or if instead o € Z,([a, b]; B), and we define

BA) = foz((s, b N A)v(ds) fi([a,s) N A), A € Jla,b], (9.101)

then 5 exists and

18115 < KpllAligr[2 + Va@] 11l el - (9.102)

Proof. The strict product integral i is defined by Theorem 9.36. By Lemmas
9.50, 9.53, and 9.54, the point functions ((¢,0] N A), t € A, and a([a,t) N A),
t € A, have bounded p-variation for each nonempty A € J[a,b]. Therefore
by Proposition 9.47 with ¢ = p, the integral (9.99) is defined, and for each
nonempty A € Ja, b],

H fﬁ((s, bl N A)v(ds) a(la,s) N A)H

< K[ 1(( 0] 0 Al a il ex(fas ) O Al a1 4, )
< K|l el 7] a,);

(9.103)

where the second inequality holds by (9.97) and (9.98). To bound the p-
variation of 3, let D € J[a,b] be nonempty, let A = {4;}"; be an interval
partition of D, and for each i = 1,...,n, let B; := U;<;A;. Since i is multi-
plicative and [a, s) N B; = [a,s) N D for each s € B;, i = 1,...,n, we have for
1=2,...,n,
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B(Bi) = 8(Bie) = f (s 1 B v(ds) alas5) N D)

JrBﬂE (s, 0] N A p((s,b) N Bi—1) v(ds) a(la, s) N D)
- Baé (s, 0] N B;—1) v(ds) a([a, s) N D)

3(5 ((s,0] N Ay) v(ds) a([a, s) N D)

=

+[ (A7) }Bfﬁ 7i((s,] N Bi_1) v(ds) a(fa, s) N D).

Since B(0) = 0, by the Minkowski inequality (1.5), we have
sp(B; AP

- (Hﬂ(z‘h)”p + i Hﬂ(Bz) _ ﬂ(BFl)Hp)l/p
(i w((s, 0] N A;)v(d )a([a,s)mD)Hp)
@

As in the bound (9.103) with the point function a([a,t) N A), t € A, replaced
by the function a([a,t) N D), t € A € 3(D), we have

" (9.104)

(.51 Bi) v(ds) a([a, ) 0 D) )1/”

Bi-1

| fﬁ((& bl N A) v(ds)a([a, s) N D)|| < Kplliilljlled 7]l 4,

for each A € 3(D). Applying this bound to (9.104) yields

P - 1/p
sp(8: Y7 < Kl el (30 valvs 40))
i=1

o L 1/p
+ Kl el g (D lC4:) — 107)
=1

< Kzl ylledi [1 + Va(@]llvlly by (3.69) and (9.83).
Since A is an arbitrary interval partition of D, we get the bound
vp(B; D)7 < I |1l i el [+ Vi (@] 1 )

for each nonempty D € Jla, b]. This and (9.103) yield (9.100).
A proof for (9.101) is symmetric, proving the proposition. O
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We get as a byproduct the following general fact, in which the product
integral does not appear.

Theorem 9.56. For 1 < p < 2 and a < b, let v € AZ,([a,b];B) and let
a € T,([a,b];B). Then the interval function § = {B(A): A € J[a,b]} defined
by

B(A) = F v(ds)a(AN]a,s)) (9.105)
A
exists and satisfies
181l < 2Kp[Ivll ) el o) (9.106)

where K, = Kp,, = 1+ C(2/p) Thus (v,«) — [ is a bounded bilinear
operator from AZ,([a,b]; B) x Z,([a,b];B) into Z,(|a, b] B).
Orif a € I, ([a,b]; B), then the interval function B=1{B(A): AeIab]}
defined by B
B(A) = F al(s,b] N A)r(ds), A € Ja,b], (9.107)
A

exists and satisfies

181y < 2EKp[[ [l @y llevll - (9.108)

Thus (v, o) — [ takes AZ,([a, b]; B) x Z,7([a, b]; B) into I ([a,b]; B) and is a
bounded bilinear operator.

Proof. In either case we apply Proposition 9.55 to u = 0, so that g = 1.
For (9.106) we apply (9.100) and for (9.108) we use (9.101). The conclusions
follow. |

The following gives a bound for V,(8) when § is an interval function
defined by a suitable integral.

Proposition 9.57. Leta <b,1<p <2, a €7 ([a,b];B), v € AZ,([a,b];B)
and n € I,([a,b]; B). Then [ defined by

B(A) == Fal(s, bl N A)w(ds)n([a, s) N A)

A

is an interval function with B(0) =0 and

1Bllsup < Vp(8) < Kpllalipllnllp 7]l )
where Kp, == K, , := 1+ ((2/p).

Proof. From the definition it is clear that 5() = 0. For any such interval
function 3, clearly ||B|lsup < Vp(8). We apply the Love-Young inequality
(9.78) with ¢ = p for fa :=a((-,b] N A), ga :=n([a,-) N A), and v in place of
1 there, and then apply Lemmas 9.53 and 9.54 for f4 and ga, respectively,
giving
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15(A)

For any interval partition {A;} , of [a,b], using (3.69), we have

Hvlla.m) < Eplladipnllpllvlag-

ZHB NP < K2 (lali)?linlz VI,

which also gives the same bound for V,,(3)P, completing the proof. O

Let 1 <p <2 and pu € AZp([a,b]; B). Then the strict product integral fi
of p exists and is in Z,([a, b]; ) C Z,([a, b); B) by Theorem 9.36. Let L, := .
For k>1,v1,...,vy € AZ,([a,b];B) and A € J[a, b], define recursively

LZ(I/l, . I/k)(A)
Vk(d's) Lﬁil(yla AR kal)([ch 5) N A)

S
EG

51, ﬂA) Vk(dsl) 3@ ﬁ((52351))yk71(d52) (9109)
la,s1)NA
- F il(sksk—1) va(dsy) B[a, sk) N A)
la,sk—1)NA

provided the Kolmogorov integrals exist. In the iterated integral we inte-
grate first with respect to sg, and then sg_1,...,s1. If v1,..., v = v then
Li(v,...,v) = Qk(v) defined by (9.93). As in (9.93), for all j = 1,....k
we have s; € A, thus for j = 2,...,k, (sj,sj—1) C A and (sj,sj_1) N A =
(55, 85-1)-

Lemma 9.58. Let pn € AZ,([a,b];B), 1 < p < 2. Then for each k > 1
and any vi,...,vy € AZy([a,b];B), the interval function defined by Ly :=
L, .. ovk) = {Li(v1, .. ve)(A): A €T, b]} exists,

k
12l < LAl 2+ Vo@D } I3l lally Bl (9110)

and

Vo) < {5l } @ + V@) il Il (911)

Proof. By the first part of Proposition 9.55 with a = Lg = [i, the interval
function L}, (v1) = {L},(11)(A): A € J[a,b]} is defined and (9.110) holds with
k = 1. Assuming it holds for some k > 1 and applying (9.100) with o« = Ly =
LE(v1,...,v) it follows that (9.110) holds with k + 1 in place of k, and so it
holds for each k£ > 1 by induction. Also, for each £ > 1 the interval function
Lﬁ(yl, ..., V) is defined and is in Z,([a,b];B). For (9.111), by Proposition
9.57 and (9.110), for each k£ > 1 we have



9.10 Smoothness of the Product Integral Operator 463

Vo(Ln) < Kl el el (9.112)
k
< {5 llliy b @+ Vo) Wl - vl
proving the lemma. O

For ;i as before in AZ,([a,b]; B), let Q) (v) := f for any v € AZ,, and
let QF(v) be defined by (9.93) for each k > 1. For v also in AZ,([a,b]; B) let
Yo(p,v) := u/—f—\u — 1. For each integer n > 1, let

Yol v) = p+v =Y QFw) =(u,v) =D QL) (9.113)
k=0 k=1

By (9.95), we have an integral representation of vy (i, v) = {70, v)(A4): A €
Jla,b]}. The following extends this fact to v, (i, v).

Lemma 9.59. Let p,v € AZ,([a,b];B). For each n > 1 and any A € Ja,b],

m(A4) = fﬁ((s, b NA) v(ds) vn-1([a, s) N A). (9.114)

Proof. Recall that Q},(v) = Lj}(v,...,v) for each n > 1. Let v, 1= vn(p, V)
for each n > 0, and let A € J[a,b]. By Theorem 9.43(c), (9.95), and (9.109)
with &k = 1, we have

1(A4) =0(4) - L, (v)(4) = fﬁ((s’ b] N A) v(ds)yo([a, s) N A).

Using Theorem 9.43(c) again, v, = yp—1— L} (v,...,v) for n > 1, and (9.109)
for the induction step, it follows that (9.114) holds for each n > 1 by induction.
O

The next lemma gives a technical device to bound ||pHm in terms of V,(p)
for suitable non-additive interval functions p.

Lemma 9.60. Let u € AZ,([a,b];B), Bi, B € Jla,b], B1 U By € Jla,b], and
By < Bs. For for each n > 0 and for any v, ..., v, € AZ,([a,b];B),

LZ(Vla cee Vn)(Bl U BQ)

n

= Z LZ(Vn*kJrla ey I/n)(BQ)LZik(Vl, ey ank)(Bl)- (9115)
k=0
Also, for each n >0 and any v € AL, writing v, = Yn(i, v), we have

n

Yn(B1 U Ba) = yn(Ba)ii+ v(B1) + > QF(v)(B2)Yn-k(B1). (9.116)
k=0
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Proof. The proof is by induction. To prove (9.115) note that it holds when
n = 0 by multiplicativity of fi. Assume that (9.115) holds for some n > 0.
Let Lo := Lg and Ly = Lj(v1,...,vn) for each n > 1. By additivity and
trilinearity of F (Theorems 9.42 and 9.43(c)), we then have L, 1 (B U By) =
I + Iy where by (9.109),

I == [i(Bz) gﬁ 1((s,b] N B1) vny1(ds) Ln([a, s) N B1) = [i(Bz) Ly41(B51)

and
Iy = gﬁ 7i((s,0] N Ba) vy11(ds) Ly, (By U ([a, 8) N Bz)).

The latter integrand in I, by induction hypothesis, equals
> Li(n-rs1- - vn)([a,8) N Ba) Lo k(v1, ..., vn_k)(B1)
k=0
for s € By, and since the L,,_j factor does not depend on s we get by (9.109),

I, = Z L1 (Wn—kt1s -+ oy Vns1)(B2) Lok (1, -+« Vi) (B1).
k=0

Thus (9.115) holds for n + 1 in place of n and for each n > 0 by induction.

To prove (9.116) note that it holds when n = 0 by multiplicativity of &
and 72+ v. Assume that (9.116) holds for some n > 0. Then using (9.115)
with n 4 1 in place of n and with v; = --- = 1,11 = v, we have

Yn+1(B1 U Ba)
= Y (B1U B2) — Qui1(B1 U Bz)
= [Yn(B2) — Qn+1(32)]u/+\V(B1) + Qny1(B2) [m(Bﬁ — [i(B1)]

+> " Qu(B2) [1n-k(B1) — Qui1-k(B1)]
k=0
n+1

= Y1 (B2)in +v(B1) + ) Qu(Bo)mr1-1(B1),
k=0

and so (9.116) holds for each n > 0, proving the lemma. O

The following shows that the n-linear mapping Lj; defined by (9.109) acts
from the n-fold product (AZ,)" into Z, and gives bounds for norms.

Lemma 9.61. Let p € AZ,([a,b];B), 1 < p < 2. For each k > 1 and
v,..., v € AT, ([a,b];B), let L(v1,...,v5) == Lﬁ(ul, ..., vg) be the interval
function defined recursively by (9.109). Then for each integer n > 1 and any
Viy...ylUp G.Azp,
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ILa(,- . o)l
< DAy (L, ) (9.117)
n—1
+ Z Vo (Lk(Wn—kt1, -+, vn)) Vo (Ln—k(v1, ..., Vi)
k=1

< (Kullll) D@2l (D@ + =) l7ll) [T Ill gy (9:118)
=1

where K, =1+ ¢(2/p) and D(R) :== 1+ V(&) + || &l sup-

Proof. Let Lo := Lg :=pand Ly := Lg(r1,...,v;) foreach k > 1. Let n > 1,
let D € J[a,b] be nonempty, and let A = {A;}, € IP (D). To bound the
p-variation sum s, (Ln;.A), by (9.115), we have

Ln(B1UB2)— Ly (B1) = [[i(Bz2) — I] Ln(B1)

+ ZLk(Vn—kH, oo Vn)(B2) L (v1, .., vn—k)(B1)
k=1

for By := U;;ll Aj and By := A; for i =1,...,m. As usual, the union over the
empty set of indices is defined as empty. Using the Minkowski inequality (1.5),
and the definition of V,(+) for i with 71(0) = T and for Ly with Ly (0) = 0, it
then follows that

$p(Lns AV < Vo () Lo lsup

+ Z V;)(Lk(yn—k—i-la ey Vn))HLn—k(Vh sy Vn—k)Hsupa

k=1
and so
[ Lallp) < D(E)Vp(Ln)
n—1
(9.119)
+ Z ‘/p(Lk(ankJrlv sy Vn))HLnfk(Vla ey ank)”sup-

k=1

To bound the reversed p-variation we use the equality

Ly (B1UB3)— Ly (By) = Ly (Bo)[fi(By) — 1
+ > Lin-kt1s- - vn)(Bo) Ln—k(v1, .., vn—)(B1)
k=0

with By = A; and By = [J;.; 4; for i = 1,...,m. Similarly using the
Minkowski inequality, it follows that

[ Lnllfy) < D()Vp(Ln)

n—1
+ > Lknkr1s V) lsupVo(Lnok (v, - k).
k=1
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This together with (9.119) yields (9.117). Inserting (9.110) and (9.111) into
the right side of (9.117) and using 2 + V,, (1) < D(g) gives (9.118), proving
the lemma. d

Next we give bounds for the remainder ~, (u, ) defined by (9.113). In its
proof we will use the fact that ||a|syp < [|a(0)|| + V() for every interval
function a.

Lemma 9.62. Let u,v € AZ,([a,b];B), 1 <p < 2. Then

ot g < Clu NV RIG I T Pl (9.120)

and for each n > 1,

n

a1 9l < Cli Vi) + 3 Vol @B () Vi () (9.121)
k=1
<l (Cl ) + 1Bl + (0 = DO )|l X
1 e n+1
x D) { 5 |l vl | (9.122)

where K, = 14+ ((2/p), C(u,v) = 2+ V,(B) + Vp(,u/Jr\V), and D(f) == 1+
V(1) + 1|7l sup-

Proof. For k > 0, let Qy := Qﬁ(u) and vy, 1= Y(p,v). Let n > 0, let D €
Jla, b] be nonempty, and let A = {A;}", € IP (D). To bound the p-variation
sum sp(vn;A) we use

Yn(B1 U Ba) — v (B1)

n

= [[i(B2) — Iy (B1) + Y (B2)i + v(B1) + Z Qk(B2)yn—k(B1)
k=1
with By := (J;_] A; and By := A; for i = 1,...,m, which holds by (9.116).
The sum on the right side is zero when n = 0. As always, the union over the
empty set of indices is defined as empty. Using the Minkowski inequality (1.5),
and the definition of V,,(-) for g with (@) = I and for ~,, with 7, (0) = 0, it
then follows that

5p(vns AV < Vo (@) 1allsup + Vo)l + Pllsup + Y Vi (@i llvn—llsup-
k=1

This gives the bound

n

Il < Oy )V () + D Vo (@i —kllsup-

k=1
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Next using (9.116) with By := A; and By := Uj>i Aj fori =1,...,m, it
follows that

”'YnHE;] < Cp, v)Vp(m) + Z 1QkllsupVp (Vn—k),
k=1

and so if n > 1, (9.121) follows. Also if n = 0 we have from the last two
displays
170llgr < C i, )V (0)- (9.123)

To prove (9.120) we use the integral representation (9.95) for ~¢. By Proposi-
tion 9.57 with o = i and n = u + v, it follows that

Vo(10) < FlIAN e+ 2lp 7]l y- (9.124)

Inserting this bound into the right side of (9.123) gives (9.120).
To prove (9.122) we use the integral representation (9.114) of ~. Also
using (9.100) recursively and (9.120), it follows that for each k > 1,
llw) < Epllllip 2+ Vo (@)Wl o)l ve-11l1p)
k
< <Rl + V@M ) ol
- o i k41
< Clu )TVl (2 + Vo @) { Kl §

Again using (9.114) and Proposition 9.57 with o = i and 7 = yx_1, together
with the preceding bound, it follows that the bound

V() < Eplllli sl 1711
P =R _ PO k+1
< Clu ) F o @ + V@) K Il vl ) (9-125)

holds for each k > 1. Finally, by (9.111), for each k& > 1 we have

k
V(@) < { Kl v b (2 + Vi@ 1l (9.126)

Now we will prove (9.122) as follows. First we use (9.125) and (9.126) with
k = n together with (9.124) to get that

C s v)Vo(m) + Vi (Qn) V5 (10)
_— o~ ~\N— A — n+1
< N+ ol (Clw ) + 1l ) D@ { Kl vl )

since 2 + V,(ii) < D(fi). Second if n > 1 we use (9.125) and (9.126) with
ke{l,...,n— 1} to get the bound
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n—1

> Vi(QE@)V (k)

k=1
P =N o P n+1
< (1= CO T i |7l PG> K N5 1

Adding the preceding two bounds gives (9.122), completing the proof of the
lemma. a

Next we show that L;, defined by (9.109) with & = 1 is the derivative of
the product integral operator.

Proposition 9.63. Under the conditions of Theorem 9.51, the product in-
tegral operator P is everywhere differentiable from AZ, into fp, its deriva-
tive at p € AT, is given by L) (v) = Q) (v), v € AZL,, and the remainder
v1:= 71 (1, v) defined by (9.113) has the bound

Inllgr < Cluv)Ve(n) + VoL, (1)) Vi (70)

2 (9.127)
< { Kol } I 7l (€l ) + 18l ) V11,

where K, = 14 ¢(2/p) and C(u,v) == 2+ V, (i) + V(i + ).

Proof. Let p € AZ,([a,b]; B). By Lemma 9.58 with k£ = 1 the interval function
L} (v) = {L}(v)(A): A € J[a,b]} is defined for each v € ATZ,([a,b]; B). By
Lemma 9.61 with n = 1, Lb() maps A7, into 7, and is linear by Theorem
9.43(b), which also holds for [a, b] replaced by any interval A. By Lemma 9.62
with n = 1, (9.127) holds. By (9.49) and (9.84), respectively,

| ¥ ol < K+CEpt vy and Vo(it9) < G [t vl (9.128)

where K = K(p + v,p) and C), are defined by (9.29) and just after (9.28),
respectively. By (9.29), K (u+ v, p) is bounded uniformly for v in any bounded
set in AZ,([a,b];B) and u fixed. Thus so are H,u—l—yﬂm and V,(u+v). It
follows that as |||,y — 0, [[71(u, v)llg7 = O(Iv[It,)) = o(lI¥ll))- Thus L;, is

the derivative of the operator v — u/—f—\y = P(u+v) at v = 0, proving the
proposition. O

The conclusion of the next proposition implies that the product integral
operator P defined by (9.92) is analytic.

Proposition 9.64. Let B be a Banach algebra, a < b, 1 < p < 2, and p €
AZ,([a,b];B). Then the statements, (a), (b) of Theorem 9.51 and the following
statement (¢') hold:
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(') there exists T > 0 such that the power series Zk_>1Qﬁ(u — 1) converges
to P(v) — P(u) absolutely and uniformly for ||v — pl|,) < T.

Proof. Let € AZ,([a,b]; B). By Lemmas 9.58 and 9.61, for each £ > 1 and
Vi,...,Vk, the interval function LE(v1,...,vx) = {LE(v1,...,u)(4): A €
Jla,b]} is defined by (9.109) and is in Z,. Since Qk(v) = LE(v,...,v) for
v e AZ,, (a) of Theorem 9.51 holds.

By Theorem 9.43(b), extended to not necessarily closed intervals A, for
each k > 1, Lﬁ is a k-linear mapping from the k-fold product (AZ,)* into Z,,.
For vq,...,v, € AL, let

LZ’Sym(ul, s ) = (kD)7 Z Lﬁ(Vﬂ(l), o Vn(k)),s (9.129)

where the sum is over all permutations 7 of {1,...,k}. Then Lﬁ’sym is a k-
linear symmetric mapping from the k-fold product (AZ,)" into Z,,. By (9.118)
L™ s a bounded k-linear symmetric mapping from (AZ,([a,b]; B))* into

Z,([a,b]; B) with norm
L < KA D)2 DR + (k= D7l ).

where K, = 1+ ((2/p) and D(ix) := 1 + V(1) + ||@llsup- Since for v € AT,
Q;(y) = Lb(y) and Q,’j(y) = L,’j’sym(y, V) = Lfi(y, ...,v) for k > 2, each
Ql’j is a k-homogeneous polynomial, proving (b) of Theorem 9.51.

For (¢’) recall the definition (9.113) of the remainder v, (u, v). By (9.122)
there is a finite constant C' = C(p, i) := D(ﬂ)KpHﬂHm > 1 such that for each

n > 1 and any v € AZ,,
(s V)l < (4 DO 2|+ |y (2 4+ Vo (B) + Vo (e + )2 Il

By (9.128) and the boundedness of K(u + v,p) for v bounded, as in the
previous proof, we obtain that for 0 < r < 1/C, ||y (g, V)|l — 0 as n —
oo uniformly for |[v[|,y < r, proving (¢). The proof of Proposition 9.64 is
complete. O

Now we are ready to prove the main result of this section.

Proof of Theorem 9.51. Statements (a) and (b) hold by Proposition 9.64. Tt
is enough to prove (¢) for u = 0. Indeed, assuming (c) to hold for the 0 interval
function, let pn € AZ,([a, b]; B) be arbitrary. By Theorem 5.21 with X = A7,
Y = fp, u = 0, and v = pu, for each integer k > 1 there exists a k-homogeneous
polynomial Pl’f such that the power series 3, -, Pj(y — 1) has infinite radius
of uniform convergence, and its sum is P(v) — P(u). On the other hand, by
Proposition 9.64, the power series >, Q,’j(u — ) converges uniformly and
absolutely in a neighborhood of p, and its sum is also P(v) — P(u). Due to
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uniqueness of power series (Theorem 5.9), Q,’j = P;lf for each k > 1. Thus (c)
holds provided it holds for = 0.
To prove (c) for p = 0, we will first prove that for each v € AT, the
bound
1Q6 (W), < 2G5 IVIIG,) /(R)P (9.130)

holds for each k > 2, where C), := 1 + 4/P((2/p). To prove (9.130) we use
Lemma 9.26 inductively to bound the norms of the increments of the functions
fx = Rqy.a, k > 2, defined by (2.3), where Q := QF(v). By Proposition 3.30,

up(Qu; [a, b]) = vp(fi; [a, b)) (9.131)
provided
IE%IQ"“([&’TD = Qk([a, 1)) fora<t<b (9.132)
and
lrifrtle([a,r]) = Qi([a,t]) for a <t <b. (9.133)

Let Q1 := v. Then for each k > 2 and A € J[a, b], by (9.109) with g = T,

Qr(A) = Fv(ds)Qr—1([a,s) N A). (9.134)

A

For any a <r <t < b, we have that

Qr([a,1)) = Qr(la,]) = (f)V(dS)Qk—l([a,S))-

This Kolmogorov integral over an interval B in place of (r,t) defines an addi-
tive and upper continuous interval function by Corollary 9.48. Letting r T ¢,
we obtain (9.132). Similarly it follows that (9.133) holds, and so (9.131) does.
So we will next bound the p-variation of the point function fj for each k > 2.

Let h be the B-valued point function on [a,b] defined by h(t) := v([a,t])
for @ < t < b. Since v is upper continuous, h is right-continuous on [a,b).
Let p be the nondecreasing function on [a, b] defined by p(t) = v,(v; [a, t]) if
a <t <b,and p(a) := 0. By (3.68), it follows that for each a < s <t < b,

15(t) = h(s)I| < vp(s (5, E) 7 < (p(t) — p(s)) /"

Letting f1 := Rg,,« = Ry.q, it follows similarly that for each a < s <t < b,

1£10) = i) < (o) = p(s) "
For k > 2, since Q({a}) = 0 = Qx(0), we have for each a <t < b,

nmﬂmwb%mwﬁﬂmmﬂmmfﬁmm@

[a,t]
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where the last equality holds by Proposition 2.90 due to (9.132) if k¥ > 3 and
due to Proposition 2.6(f) if k = 2. Also for each k > 1, fi is right-continuous
on (a,b) due to (9.133) if & > 2 and due to Proposition 2.6(f) if & = 1. By
Lemma 9.26 with £ = 1, we then have that for each a < s <t < b,
2 2
2(P(t) — p*(s)\ /P
1520 = 2o < [ felly .0 < CR(5E2)

Further applying the same lemma inductively, for each a < s <t < b,

k k
k(P7(E) — p7(s)\1/P
11®) = fus)ll < O (22
for k =2,3,.... From this and (9.131) it follows that for each k& > 2 and each
v e AZ,([a,b]; B), we have
(@5 (); [ B)P < Cylwl|(y) / (R)VP. (9.135)

Leta <c<d<b,let ve AZ,([a,b];B), and let v(A) := v(AN[c,d]) for each
A € Jla,b]. Clearly v € AZy([a,b]; B) and [|7||(,) < [[v[|(y)- We claim that for
each k > 2 and each t € [e,d],

Q6 (v)(Ie,t]) = Qs () ([a, t]). (9-136)
Indeed for any ¢ € [c,d], by (9.134) we have

Q3 (v)([e.t]) = Hfﬁtﬂ v(ds)v(la, s) O [a, t])

= § U(ds)¥([a, s) N a, t]) = Q5(@)([a, t]).

[ast]

Thus (9.136) holds for k = 2. Assuming it holds for some k > 2, one can show
similarly that it holds with & replaced by k + 1, and so (9.136) holds for each
k > 2 by induction. Then by (9.135), for each k > 2,

Kk 1/p ki~ 1/p Hg”?ﬁ) HVH??)
o @bw): e d) P = vy (@) [0, BV < Oy iy < Gl

Since a < ¢ < d < b are arbitrary, (9.130) follows.
Next we will show that for each £k =0,1,...,

Q51 = sup{l|Qxliy: IVl <13 < (K + 1)K, (2C,)* /kVP. (9.137)

For each k >4, by (9.117) with vy = --- =1, = v and p = 0, we have

k—2

1Qk g7 < 2Vo(@k) + 2IWll ) Vo (@r—1) + D Vi(Q)Vp(Qu—i), (9138

=2
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since D(p) = 2 in this case, and V,,(Q1) = [|v||(p). Next using (9.134) and
Proposition 9.57 to bound the right side, it follows that

1Qkligr < 2Bl oy | Qu—1ll ) + 2Kl 1V117) | Qr—2ll )
k—2

+ K5||V||%p) Z Qi1 |Qr—i—1lp)-

i=2
This together with (9.130) applied to each ||Q;l|(y gives the bound

) ) k—2 )
IQulgr < 4305~ Il { =D ; G =Dk —i—1)ni/p 2

For any integers r, s > 0 we have 1/(rls!) <271 /(r + s)!. It follows that

ot OO I,

2k—1 k
el < 4305 11ty { 5 s Cer

which implies (9.137) for & > 4. For k = 1,2, 3, (9.138) still holds where the
sum on the right drops out; for £ = 2, the factor of 2 in the middle term on
the right is unnecessary; and for £ = 1, the middle term also disappears, and
we can put (k —1)! in place of (k—2)!. For k =0, Qo = 1, so [|Qo[|p;; = 1 and
the given bound holds, so (9.137) is proved for all k =0, 1,.... Therefore

lim sup Q511" = o, (9.139)

and the radius of uniform convergence is infinite by the Cauchy-Hadamard
formula (Theorem 5.10).
The next step will be to show that for each v € AZ,,

Pv) =1+ Q). (9.140)

k>1

To prove this we will apply a lemma, to be used in full generality in the
next section. Recall that Q, = [1,p/(p — 1)) if p > 1, Q1 = {+o0}, and
Weoo([a,b];B) = R([a,b];B), the class of all regulated functions as defined
before Proposition 3.96. Let U, := {q € Q, : ¢ > p}. Then U, is nonempty
for each p with 1 <p < 2.

Lemma 9.65. Let v € AZ,([a,b];B) for 1 < p < 2, and let ¢ € U,. If g €
Wi ([a,b];B) and either g(t) = F, ,y dvg fora <t <b, or g(t) = F, ;dvg-
for a <t <b, then g =0 on [a,b)].

(ast]

Proof. We can assume that a < b. In either case, g(a) = g(a+) = 0 since

$dvgand £dv ¢'“ are additive upper continuous interval functions on [a,b]
by Proposition 3.96 and (1.16). First suppose that g(t) = %(a " dv g for a <



9.10 Smoothness of the Product Integral Operator 473

t < b. For each a < t < b, since [|g||q,¢],[q I$ @ nonincreasing function of ¢
(Lemma 3.45), then using Corollary 3.43(d) and the Love—Young inequalities
(3.151) and (3.153), we have

190,111 < N9llia,e1,10) = | F W 9l 01,100 < 2EKp,allVll a1, 0191 (.81, 1)

where K, = ((p~ ' +¢ Y ifp>Tland K, =1if p = 1.1 2K, ||V (0,11, p) <
1, as is true for some ¢ > a by Proposition 3.50, then ||g|(4,4,;q = 0,50 g =0
on [a,t]. Let u := sup{t € [a,b]: g(s) =0 for a < s < t}. Then u > a. Since
g(t) —g(s) = %[s,t) dvg for a < s <t <band F$dvg is an upper continuous
interval function, g is left-continuous, and so g = 0 on [a, u|. If u = b then we
are done. If u < b, then for u <t < b, g(t) = %(uﬁ dv g by additivity of the

integral (Theorem 9.42). Then by the same argument with « in place of a,
g = 0 on some interval [u,v] for v > u, contradicting the definition of v and
proving the lemma in the first case.

Now suppose that g(t) = %(a,t] dvg_ for a <t <b. For a <t < b, since

l9—Ilae.1a] < 19l(a,).1q)> @s in the first case, we have
19l1a.0.a) < 2Kp.all¥ll (0,11, 19l 0,11 1)

Again, we conclude that u := sup{t € [a,b]: g(s) = 0 for a < s < t} > a.
As before, by additivity and upper continuity of the Kolmogorov integral
fdv ¢'“. we have

lim F dvg- =v({u})g(u—) =0.

sTu (5,u]

Thus g(u) = g(u—) = 0, and so g = 0 on [a,u]. By the same argument as in
the first case, g = 0 on [a, b], completing the proof of the lemma. ]

Continuing the proof of Theorem 9.51, for each n > 1, let

T =1(0,0) =P() = 1= _ Q1)

(see (9.113)). By (9.139), the series

Q6(v) = lim ,

n—oo

NE

Yoo :=P(v) —1—

x>
Il

1

converges in Z,([a, b]; B), absolutely and uniformly for v in any bounded subset
in AZ,([a, b];B). By Lemma 9.59 with x = 0, we have

Tn(A4) = fu(ds) Yn-1(la,s) N A) (9.141)
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for any n > 2 and interval A C [a,b]. Letting n — oo, by the Love—Young
inequality (9.78) and by Lemma 9.54 applied to 7 = vy,—1 — Yoo, We have

Voo (A) = fl/(ds) Yoo ([a, ) N A) (9.142)

for any interval A C [a,b]. For A = [r,t) C [a,b], letting g(t) := Yoo ([, 1)), We
have g(t) = %ﬂr,t) dv g. Since Y (0) = 0 (by the definition of the Kolmogorov
integral), it follows that g(r) = 70 (#) = 0. Thus by additivity of the integral
(Theorem 9.42), g(t) = ., dv g for any a < r < ¢ < b. By Lemma 9.65, it
then follows that vy ([r,t)) = 0 for any a < r < t < b. Then by additivity
again,

Yoo 1]) = [[a@t] v(ds) Yoo ([a, ) N [1,)) = Yoo ([r, 1)) + v({t})veo ([, 1)) = O,

giving Yoo ([r,t]) = 0 for any a <r <t <b. Thus 7o = 0 on [a, b], and hence
(9.140) holds. The proof of Theorem 9.51 is complete. a

9.11 Linear Integral Equations

In the integral equations in this section we either integrate over intervals open
at their variable endpoint ¢, or take an integrand f(t—) or g(t+). To take the
integral over [a,t] in Theorem 9.66, for example, risks contradictions as in
(1.8). In this section we give solutions, unique in suitable W, spaces, of four
types of linear integral equations with respect to an additive upper continuous
interval function: (a) forward homogeneous, (b) backward homogeneous, (c)
forward inhomogeneous and (e) backward inhomogeneous. The solutions are
expressed in terms of product integrals.

The next theorem gives solutions of some forward homogeneous linear
integral equations. Recall the notation U, p > 1, given before Lemma 9.65.

Theorem 9.66. Let n € AZ,([a,b];B) for 1 <p <2 and lety € B. Then the
following two statements hold:

(a) The integral equation
fO=y+ Fduf, a<t<d, (9.143)
[a,t)

has the solution f = f1 where fi1(t) := i([a,t))y fora <t < b, f1 €
Wy ([a,b];B), and f1 is the unique solution in Wy([a, b];B) for each g € U,,.
(b) The integral equation
f&)=y+ F duf-, a<t<b, (9.144)
(a,t]
has the solution f = fo where fa(t) := f((a,t])y fora <t < b, fo €
Wy ([a,b];B), and fa is the unique solution in Wy([a, b]; B) for each g € U,,.
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Proof. By Theorems 9.28 and 9.36, the strict product integral i exists and is
an upper continuous, bounded, and multiplicative interval function on [a, ]
having bounded p-variation. By the Duhamel formula (9.80) with v = 0 mul-
tiplied from the right by y € B, for each A € J[a, b],

B(A)y =y + fdu u([a, ) N A)y. (9.145)

We have fi1 € Wy([a,b]; B) by Lemma 9.54 with A = [a, b]. In (9.145), letting
A = [a,t), it follows that fi is a solution of (9.143). To prove the stated
uniqueness, let ¢ € U, and let h € Wy([a,b]; B) be such that (9.143) holds
for h in place of f. Then let g :== h — f1 on [a,b]. Since f1 € Wy([a,b];B) by
Lemma 3.45, g € W,([a,b];B) also. By (9.143) with h in place of f, and by
(9.145) with A = [a, 1),
g(t)= F dug, a<t<b (9.146)
[a,t)
Since g(a) = h(a) —y = 0, by additivity of the integral (Theorem 2.21), for
each t € (a,b],
9(t) = p({a})gla) + F dug= F dug. (9.147)
(a,t) (a,t)

Hence g = 0 on [a, b] by Lemma 9.65, proving the uniqueness part of statement

(a).
To prove statement (b), first we show that fo has bounded p-variation on
[a, b]. By multiplicativity, we have for any a < s <t < b,

[ f2(s) — a((a, )yl < [[Ellsup [T — (s, )], (9.148)
and for any a <t <r <b,
1f2(r) = B((a, tyll < |2llsup 1yl 2(CE, 7]) — 1| (9.149)

Due to boundedness and upper continuity of i the right sides tend to 0 as
s 1 torr |t respectively. Thus (f2)_(t) = i((a,t))y for each ¢t € (a,b] and
f2(t+) = fa(t) for each ¢ € [a,b). Applying Proposition 3.30 with J = (a, b] to
f2 restricted to (a, b] and the interval function {fi(A)y: A € J(a,b]}, and then
using Corollary 3.43(b), we have that f> has bounded p-variation on [a, b]. Thus
by (9.145) with A = (a, t], it follows that fs is a solution of (9.144). To prove
the uniqueness statement for it, let ¢ € U, and let h € W,([a, b]; B) be such
that (9.144) holds for h in place of f. Let g := h — fo. Then g € W,([a, b]; B)
and instead of (9.146) and (9.147), now we have

g(t) = F dug-
(‘I:t]

for each t € [a, b]. Again applying Lemma 9.65, it follows that ¢ = 0 on [a, b],
proving the uniqueness of the solution for statement (b). The proof of Theorem
9.66 is complete. O
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Let MZ,([a,b];B), 0 < ¢ < oo, be the set of all multiplicative, bounded,
and upper continuous interval functions in Zy([a, b]; B). The following will be
used to solve inhomogeneous linear integral equations. Recall again the point
function R, , defined for an interval function v by Definition 2.3.

Corollary 9.67. Let a < b, let p € AZ,([a,b];B) for 1 <p <2, letqg>p
be such that p~* + ¢! > 1, and let D, = {[a,t),(a,t]: t € [a,b]}. For
a € MZ,([a,b];B), the following two statements are equivalent:

(a) a(A) =nu(A) for each A € D;
(b) for each A € D,,
a(A) =T+ Fdpa(la,-) N A). (9.150)
A

If in addition the function Ry o on [a,b] is invertible, then either of the above
statements is equivalent to the following statement: (¢) o = i on [a,b].

Remark 9.68. The following example shows that in general, statement (c)
of the preceding corollary does not follow from (a) or (b). Let B = R. Recall
that &, t € [a,b], is the interval function on [a,b] such that 6,(A) =1ift € A
and = 0 otherwise. Let a < u < v < b, u := —d,, and v := =6, — J,. Since
w, v € AZ1([a,b]; R), by Theorem 9.36, the strict product integrals /i and v are
in MZ;([a,b];R). Also, by Lemma 9.30, g =1 —d,, and U = (1 — &,,)(1 — d,).
Letting o := 7, we have that (a) and (b) hold but not (c).

Proof. As in the previous proof, i exists and is in MZ,([a,b];B). Let y = T
in Theorem 9.66, and let o € MZ,([a, ]; B).

(a) = (b). Relation (9.150) for A = [a,t), t € [a,b], holds by Theorem
9.66(a), and for A = (a,t], t € [a,b], (9.150) holds by Theorem 9.66(b) since

o((a, 1)) =lim o((a, s]) = lim i((a, s}) = fi((a, )

for each ¢ € (a,b] by upper continuity of i and « as in (9.148).

(b) = (a). Relation (9.150) for A = [a,t), t € [a, ], gives that the function
f = a([a,-)) is a solution of the integral equation (9.143). By Lemma 9.54
with A = [a,b], f € Wy([a,b];B). Thus a([a,t)) = fi([a,t)) for all t € [a,b]
by Theorem 9.66(a). Let g := «((a,-]). By upper continuity, as in (9.148),
g—(t) = a((a,t)) for each ¢t € (a,b]. Thus (9.150) for A = (a,t], t € [a,b],
gives that ¢ is a solution of the integral equation (9.144). Once again as in
(9.148) and (9.149), it follows that the hypotheses of Proposition 3.30 with
J = (a,b] hold for g and « restricted to (a,b]. This together with Corollary
3.43(b) yields g € Wy([a, b];B), and so a((a,t]) = L((a,t]) for all t € [a,b] by
Theorem 9.66(b), proving (a).

(a) & (c). Clearly, (c) implies (a). For the converse implication, since
a < band [a,t) | {a} as t | a, a({a}) = f({a}) by upper continuity of «
and fi. Thus by multiplicativity, Ra,.(t) = a([a,t]) = L([a,t]) = Rpq(t) for
each t € (a,b], and Ry q(a) = oz((/)) =1 = 7(0) = Ryq(a). By (a) = (d) of
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Proposition 9.6, Rj o = Ra,q is a regulated function on [a, b], and a([a,t)) =
Rao(t—) = Rpo(t—) = 1i([a,t)) holds for each ¢ € (a,b]. Let (R;.,)™ be the
reciprocal function of Rj; ,, and thus of R, ,. So by multiplicativity, we have

a([s,1]) = a(ls, tha(la, ) (Raa) ™ (5—) = Ra,a(t)(Ra.a)™ (s-)

= Rﬁ,a<t)<Rﬁ,a)inv<5_’) = fi([s, t)7la, ) (Rz.a)™ (s=) = f([s,1])

for each a < s <t < b. Similarly it follows that a([s,t]) = fi([s,t]) for each
a < s <t <b, proving (¢). The proof of Corollary 9.67 is complete. o

The next theorem gives a solution of a backward homogeneous linear inte-
gral equation. Its proof is omitted since it is similar to the proof of Theorem
9.66 except that here we use Duhamel’s formula (9.81) instead of (9.80).

Theorem 9.69. Let € AZ,([a,b];B) for 1 <p <2 and lety € B. Then the
following two statements hold:

(a) The integral equation

gty =y+ F gdp,  a<t<h, (9.151)
(]

has the solution g = g1 where g1(t) = yu((t,0]) for a <t < b, g1 €
Wy ([a,b];B), and g1 is the unique solution in Wy([a, b];B) for each q € U,.
(b) The integral equation

gt)=y+ F g+du, a<t<h, (9.152)
[£.0)

has the solution g = ga where go(t) = ypu([t,d)) for a < t < b, go €
Wy ([a,b];B), and go is the unique solution in Wy([a, b]; B) for each g € U,,.

The next statement will also be used to solve inhomogeneous linear integral
equations. Recall the point function L, ; defined for an interval function v by
Definition 2.3.

Corollary 9.70. Let a < b, let p € AZ,([a,b];B) for 1 <p <2, letqg>p
be such that p~t + ¢~ > 1, and let Dy = {(t,b],[t,b): t € [a,b]}. For a €
MZy([a,b];B), the following two statements are equivalent:

(a) a(B) = u(B) for each B € Dy;
(b) for each B € Dy,
a(B) =1+ Fa(-,b] N B)dpu. (9.153)
B

If in addition the function Ly is invertible then either of the above statements
is equivalent to the following statement: (¢) a = [i on [a,b].
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A proof of the corollary is based on arguments symmetric to those used
to prove Corollary 9.67 and therefore is omitted.
Now we turn to inhomogeneous linear integral equations.

Theorem 9.71. Let p,v € AZ,([a,b];B) for 1 <p <2, and let y € B. Then
the following two statements hold:

(a) The integral equation

f(t):y+ 5£ de+V([a7t))a a<t<b, (9'154>
[a,t)

has the solution f = f3, in Wy([a,b]; B) and unique in W,([a,b];B) for
each q € Uy, where

f3(t) = pla, )y + F A((,1)dv,  a<t<b (9.155)
[a.t)

(b) The integral equation

fO) =y+ F duf-+v((at]), a<t<h, (9.156)
(a,t]

has the solution f = fa, in Wy([a,b]; B) and unique in Wy([a,b];B) for
each q € U,, where

fat) = p(a, thy + F a((thdv,  a<t<b (9.157)

(a,1]

For the proof we will use an integral relation to be proved next by solving
a homogeneous linear integral equation with respect to a suitable 2 x 2 matrix-
valued interval function.

Lemma 9.72. Let a < b, let p,v € AZ,([a,b];B) for 1 <p <2, and let v be
the interval function on [a,b] defined by

= £ 7 Adv,  AeTab) (9.158)
A
Then for each A € D, = {(a,t],[a,t): t € [a,b]}, we have
= fdu v(la,-) N A) 4+ v(A). (9.159)

Proof. The interval function ~ is well defined by Proposition 9.55 with a = 1,
which also gives the bound

IVl < KpCo()[2+ V(@] IVl ) (9.160)

where K, := K, , = 1+((2/p), Cp (i) := [1+V,(1)]||ft||sup, and W), is defined
by (9.83). Then by Proposition 9.55 with o« = v, ¢ and v interchanged, and
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then v = 0, so that v = 1, it follows that the Kolmogorov integral in (9.159)
exists for each interval A. Let B be the set of all 2 x 2 matrices (§ ¢) with
x,y,z € B. As for matrices with scalar elements, define addition of matrices
elementwise, and let

() ()~ (372) w0 ()~ (27)

Then B is a vector space. For u,v € B, let ||(“)|| := max{|u||, ||v||}. Define
anorm on B ' by

zry L Yy u )
GOl - {l2) G ween wss =2

Then

ry
ol ol 121 < | (5 )

Equipped with the identity T := (g%), B' is a Banach algebra. Let
€ = (h o) It is easy to verify that £ is an additive upper continuous in-
terval function on [a, b] with bounded p-variation, that is, & € AZ,([a,b];B").

Also, let & = (’g ']{), another B '-valued interval function on [a,b]. The p-

‘ < 2max{||z|, |yl |=11}-

variation of ¢ is bounded because the p-variation of v is bounded by (9.160),
and the p-variation of zi is bounded by Theorem 9.36. We next show that
¢ is multiplicative and £(A) = £(A) for each A € D,. To this aim, let
nonempty A, B € J[a,b] be such that A < B and C := AU B is an in-
terval. For t € A, (t,b)NC = ((t,b] N A) U B, and so by multiplicativity,
w((t, o) N C) = w(B)u((t,b) N A). For t € B, (t,b] N C = (t,b] N B. Thus by
definition (9.158) of v, by additivity of the Kolmogorov integral (Theorem
2.21), and by (9.57) with u = fi(B), where F , fi((-,0] N A)dr = ~(A) exists,
we have

2!15 a((, mC)dqu;ﬁu( bNC)dv

|
=

B) fﬁ((., BN A)dv+ ?Béﬁ((-, b] N B) dv

I
=)

(B)v(4) +7(B).
Multiplying two matrices, it then follows that

Since () = 0, £(0) is the identity in B", and so ¢ is a multiplicative interval
function on [a, b]. For each a <t < ¢ < b, we have, letting y := T in Theorem
9.69, with ¢ in place of b there,
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I+ Agﬁ B((, e M A ) dp = [i( Ay,

for Ay = (t,c] by Theorem 9.69(a), and for A, . = [t,¢) by Theorem 9.69(b)
since [i((s,c)) = lim, s fi([r, ¢)) by multiplicativity and upper continuity. By
definition of the Kolmogorov integral, we then get

'+ A;ﬁ E(( e N Ay) de

(T Fa B(GdN A ) dp Fy BN Are) dv (9.161)
0 I
_ ﬁ(At,C) %At,c ﬁ((a C] N At,C) dv
0 1

for each a <t < ¢ < b. By implication (b) = (a) of Corollary 9.70 applied
to the B -valued interval functions ¢ and a = ¢ restricted to [a,c], we have
€(Are) = €(Ape) for each a < t < ¢ < b. In particular, £(A) = £(A) for
each A € D,. Now by implication (a) = (b) of Corollary 9.67 applied to the
B -valued interval functions ¢ and a = £, it follows that for each A € D,

(ﬁ(OA) v]<IA>> =&(4) = T+ $de€([e )N 4)

_ (]I+3€Adug([a,~) NA) %Ad,u’y([a,]-l)ﬂA) —l—u(A)) .

Thus (9.159) must hold for each A € D,, completing the proof of the lemma.
O

Proof of Theorem 9.71. If a = b it is straightforward that all conclusions
hold, with fs(a) = fas(a) = y. So we can assume that a < b. Let v be the
interval function on [a,b] defined by (9.158). Then for f3 defined by (9.155),
f3(t) = ([, t))y+v([a,t)) for t € [a,b]. We have f3 € W,([a,b]; B) by Lemma
9.54 with ¢ = p and A = [a, ] and since [,y € Z,([a, b];B) by Theorem 9.36
and (9.160). Therefore by Theorem 9.66(a) and by (9.159) with A = [a,t), we
have

f dufs = F dpi(fa,))y+ F dur(la,-))

la,t) la,t) [a,t)
= i([a, 1))y —y +([a, 1)) —v(la,t)) = fs(t) —y —v([a,1))

for each t € [a,b], that is, f3 indeed solves the integral equation (9.154). To
show uniqueness, let h € W, ([a, b]; B) be such that (9.154) holds for & in place
of f. Then letting g := h — f3, we have g(a) = h(a) —y = 0 and
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= F dug= # dug
la,t) (a,t)

for each t € [a,b] as in (9.147). By Lemma 9.65, it then follows that ¢ = 0
on [a, b]. Therefore (9.155) gives the unique solution of (9.154) in W,, proving
(a).

To prove (b), for fi defined by (9.157), using (9.158) with A = (a, t], we
have f4(t) = f((a,t]))y + v((a,t]) for a <t < b. First we show that

(f4)-(t) = pi(a, 1)y +~((a, 1))~ for t € (a,b]. (9.162)

Since the strict product integral i is an upper continuous, bounded, and mul-
tiplicative interval function, it follows by (9.148) with y = T that i((a, s]) —
i((a,t)) as s 1t for t € (a,b]. For v, by additivity of the Kolmogorov integral
(Theorem 2.21), and by bringing a fixed element v = ji((s,t)) of B outside an
integral via (9.57), as we can since the integral defining v((a, s]) exists,

3& a(( (s,0))dv+ F a((-,t)dv
(a.s] (s:t) (9.163)

= 1((s,)v((a, s]) +v((s:1))

for a < s <t < b. Since [ is upper continuous at 0, 1i((s,t)) — T as s | t.
By Lemma 9.53 with figr) = (1), () sy < Co(R) for cach
a < s < u < b, where the finite constant C, (1) is defined just after (9.160).
Therefore by the Love-Young inequality (9.78), for each a < s <t < b,

(sl = | # A 8) v < KCo@lvllinn,
(s,t)

where K, := K, = 14 ((2/p). By Proposition 3.50, ||v||(s,),;») — 0 as s T t,
and so ||'y((s,t))|| — 0 as s T ¢. Hence since ||y||sup < 00 by (9.160), we get by
(9.163) that

v((a, 1)) = y((a, s]) = [A((s.1) — Lv((a, s]) +7((s,2)) = 0 (9-164)

as s Tt for a < ¢t < b, and so (9.162) holds. Now as for (a), by Theorem
9.66(b), and by (9.159) with A = (a,t], we have

F du(fa)- = F dppi((e,)y+ F duy((a,-))
(a.t] (a.t] (a.t]

= 1((a,t)y =y +((a,t]) —v((a,t]) = fat) =y —v((a,t])

for each t € (a,b], that is, f4 solves the integral equation (9.156). To show
uniqueness, let h € W,([a, b]; B) be such that (9.156) holds with & in place of
f.Fora<t<b,let g(t) = h(t) — a((a,t])y —v((a,t]). By (9.156) with h in
place of f, Theorem 9.66(b) and (9.159) with A = (a, t], we then have
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g(t) = (aﬁ] du[h- —7(a, )y —(la, )] = (3@] dpg-

for each a < t < b. By Lemma 9.65, it follows that g = 0 on [a, b]. Therefore
(9.157) is the unique solution of (9.156) in W,. The proof of Theorem 9.71 is
complete. O

We next have an analogous result for a backward inhomogeneous integral
equation.

Theorem 9.73. Let p,v € AT ([a,b];B) for 1 <p <2, and let y € B. Then
the following two statements hold:

(a) The integral equation

g(t) =y+ F gdu+v((t,b]), a<t<hb, (9.165)
(t.b]

has the solution g = g3, in Wy([a,b];B) and unique in Wy([a,b];B) for
each q € U,, where

gs(t) == yp((t, b]) + (3%;] dvp((t,-), a<t<b. (9-166)

(b) The integral equation

gt) =y + F g+du+v(t,h), a<t<b, (9.167)
[£.b)

has the solution g = ga, in Wy([a,b];B) and unique in Wey([a,b]; B) for
each q € U,, where

w(®)=si(0) + F WAt ast<h (9.168)
t,b

To prove this theorem we use the following lemma, analogous to Lemma
9.72. The rest of the proof is similar to the proof of Theorem 9.71 and so is
omitted.

Lemma 9.74. Let a < b, let p,v € AZ,([a,b];B) for 1 <p <2, and let v be
the interval function on [a,b] defined by

v(A) := fdu i(la,-) N A), A € Jla, b]. (9.169)

Then for each A € Dy = {(t,b],[t,b): t € [a,b]},

V(4) = fv((', bl N A)dp + v(A). (9.170)
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Proof. The interval function v is well defined by Proposition 9.55, with
(i, v, @) there equal to (0,v, 1) here, so that = 1 there. The rest of the
proof of the lemma is essentially symmetric to that of Lemma 9.72 and only a
few differences will be mentioned. Let B- be the set of all 2 x 2 matrices (5 2)
with x,y,z € B. Define algebra operations in B- as for ordinary matrices,
analogously to those in B . Defining a norm as before, B- is a unital Banach

algebra. Let £ := (‘V‘ 8). Then ¢ € AZ,([a,b]; B-). Also, for v now defined by

(9.169), let & := (g %) another B--valued interval function on [a, b]. Although

one cannot simply take transposes of matrices (see Remark 9.75), one can
show in analogy to the proof of (9.161) that

-+ ,?E d€€([e,) M Acyt) = E(Ac)

for each A,y = (¢, t] with @ < ¢ < t < b. By the implication (b) = (a)
of Corollary 9.67 applied to the B“-valued interval functions { and o = 5
restricted to [¢,a], we have £(Aq;) = &(Acy) for each a < ¢ < t < b. In
particular, £(A) = fA(A) for each A € Dy,. Now using implication (a) = (b) of
Corollary 9.70, it follows that (9.170) holds for each A € Dy, completing the
proof of the lemma. O

Remark 9.75. The reader might have noted that as a set of matrices, B- as
in the last proof is the set of all transposes C* of matrices C € B in the proof
of Lemma 9.72, where ij := (Y for all 7, j. Unfortunately, however, the
relation (CD)' = D'C*, familiar for matrices with scalar elements and valid
if B is commutative, reverses the direction of multiplication and is not even
valid if B is not commutative unless one uses the reversed multiplication (-
multiplication) on one side. If B is commutative, even if B = K, two matrices
in B- (or two in B') still do not commute in general.

The interval function £- := ¢ as defined in the last proof is exactly the
transpose of ¢ ' = ¢ as in the proof of Lemma 9.72. But 4~ := + defined by
(9.169) is not the same as v := ~ defined by (9.158). So, & defined in the
proofs of Lemmas 9.72 and 9.74 are not actually transposes of each other.

Let 1 < p < 2, let a < b, and let B be a Banach algebra. By Theorem
9.71(a), for y € Band u,v € AZ,([a,b]; B) = AT, the forward inhomogenecous
linear integral equation (9.154) has a unique solution f3 € W,([a,b];B) =
Wy Define the solution mapping S[:,.) corresponding to the integral equation

(9.154) by
B x AT, x AL, > (y, pt, V) +— S[:f)(y,u,l/) = fz €Wp. (9.171)

Likewise by Theorems 9.71(b) and 9.73, there exist solution mappings S(Z B
Si o) and Sfb) corresponding to the integral equations (9.156), (9.165), and
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(9.167), respectively. We show next that the four solution mappings are ana-
lytic.

Theorem 9.76. Let B be a Banach algebra, a < b, and 1 < p < 2. Then the
four solution mappings S[Z 3y S(: 1 SF p) and Sﬁb) corresponding to the inte-
gral equations (9.154), (9.156), (9.165) and (9.167), respectively, are uniformly

entire.

Proof. There are symmetric or similar proofs for each of the four mappings, so
a detailed proof will be given only for the mapping (9.171). At the end of the
proof we will indicate what changes are needed for the other three mappings.

By Theorem 5.38 it is enough to show that S[:;) is a composition of uni-
formly entire mappings. The product integral operator P defined by (9.92) is
a uniformly entire mapping from AZ,([a, b]; B) into Z,([a,b]; B) by Theorem
9.51.

The map  +— (([a,-)) is a bounded linear operator with norm 1 from
Z,([a,b]; B) into Wy([a,b]; B). For y € B and p € AZ,([a,b]; B) let

Fi(y,n) = filla,)y. (0.172)

Then F is uniformly entire from B x AZ,([a, b]; B) into W,([a, b]; B) by com-
position of uniformly entire functions, Theorem 5.38. F} gives the first term
on the right in (9.155). Most of the proof, to be done, will deal with the second
term.

Let v € AZ,([a,b]; B). For a B-valued interval function « on [a, b], let

X(a,v)(A) := fa((-, bjN A)dv (9.173)

provided the Kolmogorov integral is defined for each interval A C [a, b]. Thus
if defined, x = x(a,v) = {x(o,v)(A): A € Ta,b]} is a B-valued interval
function on [a, b]. The function t — x (g, v)([a,t)), t € [a,b], gives the second
term on the right in (9.155), and is the composition of the interval function
X (i1, v) with the map t — [a,t) from [a, b] into T[a, b].

Remark 9.77. By the second part of Theorem 9.56, if « € Z;~ then x(a,v) €
7, and the map (o, v) — x(a,v) is a bounded bilinear operator from Z,;~ x
AZ, into Z~. By Proposition 9.55 with a = 1 there, we have that x (i1, v) € Z,,.
But whether the map x is defined on Z,, x AT, and if so, takes values in 7,
and is a bounded bilinear operator, is not obvious (to us) in general. We
will show (see (9.176) below) that there is a subspace M, C T, such that x
takes M, x AZ, into Z,. It turns out that g and its Taylor polynomials and

remainders, to be used in the proof, all are in M,,. On M, we will have a norm

Il = -

For an interval function « on [a, b] and a nondegenerate interval J C [a, b],
let Wy(a) = Wy(ey; J), where
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n

Wy () := sup (Z (00N [ Ay) = (010 Aj)||]6jSH Ah[p])l/p,

i=2 j<i j<i—1

the norm is for point functions restricted to |J;; ; A; in the ith term, and
the supremum is taken over A = {4;}7 L1 € IP (J). Then W, () is a seminorm

and || - [|57,) + Wp(-) is a norm. If a = [i, using multiplicativity we have
N R N 1/p
v%www?(zymm»—mm«wm}%Am@m1@@0
1= 71<i—
nL » 1/p
S%%ENM ) = Pa(C, mE{AQQIM@
1= I1<1—

- 1/p
< sup w(A;) — TP sup [|((-, 0] N A)]| 4,
wp (R 1AA) = T17) 7 sup 1810 Dllagy

by definition of V,(-), and by the first inequality in (9.97). Therefore for each
nondegenerate J C [a, D],

W (s J) < Vi (i J) |12

7wl < Vol [a, D)7 Gy < o0 (9.174)

by (9.84). B
For boundedness of x into Z,, we will show that for any o € 7,

vp (6 VP < Kpllall 517y + KW (s D)1Vl ) (9.175)
Indeed, let By, Bo € J(J) be such that By U By € J(J) and By < Bs. Then

X(B1U Bz) = x(B1) = x(B2) +g€ [a((t, 6] N (B1 U By)) — a((t,b] N By)] v(dt).

This also holds when By = (). Taking By := Uj<i_1 Aj, By := A;, and using
the Minkowski inequality, we have since x(0)) = 0,

5,06 AP <V (x (ZH% N(B1UBy))—a((-,b]NBy) duH )1/”

Then we apply Proposition 9.57 to the first term on the right side. To bound
the second term, for i = 2,...,n, by the Love—Young inequality (9.78) with
q=1p, [(t) == a((t,b] N (By UDBs)) — a((t,bjN By), g = I, B := By =
Uj<i_1 Aj € J[a,b], and v in place of u, we have

H* N(B1UB2)) —a((~] N B)] v

< Kplla((, 0] N (BLU Bz)) — a((-, 6] N B1)| 5, 1l p)-
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Then taking pth powers and summing over ¢ = 2,...,n, we have

P)l/p
1/p
<K(ZHa (B UB) — a1 B ) Wl

< Kpr(a, J)H”H(p)

(ZH 3@ N (B1U By)) — a((-, 0] N By)| dv

and (9.175) follows.
Let Wy (a;0) := 0. Since ||x|lsup < Vp(X), by (9.175) we have

Ixllp) < Kp2llallgr + sup Wy(as A)] ||Vl ). (9.176)
A€T[a,b]

For an interval function « let

« all=+ sup W,(a;A) < 400
ol = ol + sup Wylos )

and let M, := {a € Z,([a,b];B): HO‘”H,W < oo}. Then || - HE,W is a norm
on M, and (o, v) — x(c,v) is bounded and bilinear from M, x AZ, into Z,.
Also, by (9.174) we have [i € M,,.

Let AT, := AZ,([a,b];B) and likewise for Z, and Z,. We will show that
(u,v) — x(f,v) is uniformly entire from AZ, x AZ, into Z,. We will find a
Taylor expansion for (i, v) — x(ji, v) around (0,0). The following lemma will

provide individual terms in the expansion. Recall the notation Qf defined by
(9.93) with Q) := 1.

Lemma 9.78. Let 1 < p < 2. For each integer k > 1,

(a) the mapping X defined by x)(uv) = x(Qf(w),v) is a (k + 1)-
homogeneous polynomial from AT, x AL, into I,;

(b) for each v € AT,, v+ X (1t,v) is a k-homogeneous polynomial from
AL, into Ip;

(¢c) for all p and v in AT,, and all k > 1,

I (s ) gy < B (KT + 3)(4eCy) B2 allfy 1l )

where K, =1+ ((2/p) and C, = 1 +4Y/2¢(2/p);
(d) for each p € AT,, v — X (1, V) is a bounded linear operator (homoge-
neous polynomial of degree 1) from AL, into I,,.

Proof. First, (b) and (c) will be proved. For k > 1 and v1,...,v € AZp, let
LES™(vy, ... 1) be defined by (9.109) and (9.129) and let

sSym 1
Mf(l/l,...,l/k) = X(L’g’ Yy, k), V) = yZx(ng(uﬂ(l),...,Vﬂ(k)),u).
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The mapping M} is k-linear and symmetric. It satisfies x(QE(u),v) =
ME(u, ..., p). We will prove that M* is a mapping from the k-fold product
(AZ,)* into Z,.

Let k > 1, v1,...,vx € AL,, Ly := LE(11,...,vx), B1, Ba € J[a,b], By U
By € J[a,b], and By < Bs. By (9.115) with n = k, and since L) = 1, we have

Lk(Bl UB2 Lk Bl ZLO VQ B2 (Dl)(Bl), (9177)

where Ty := (Vg_141,...,v) and Ty = (v1,...,v5—1). Let A € Tla,b]. Let
A={A;}, €IP(A), Bi = Uj;Aj, and By = A;. Also, for each x € By let
B, . := B, N (x,b] for r = 1,2 and note that (9.177) holds for B, , in place of
B, since its hypotheses do. By the Minkowski inequality (1.5), it follows that

Wy(Li; A <ZSHP<ZHL 72)(A) LG @) b0 B, 1) "

SZVp(Lé(%)) sup [ L5~ (1) (8] N B p,y)
=1

BEJ(A)

k
< VoL @hotg1s - w)ILE (- vy

by (9.96). Therefore we have

o

Su[p ]W (Ly; A Z 0Wk—t41, - v ILE (v vl (9.178)
A€T[a,b

The bound (9.137) for |QE|| gives via Theorem 5.7 for the norm of a k-linear
operator, into Z,([a, b]; B) in this case, and then Stirling’s formula that for all
k=0,1,...,

(K + 1) Kp(2kC,)* < Kp(k® +1)(2eCy)"

k
HLOH < k1(p+1)/p - k11/p (9179)
To bound V,,(Ly) for k > 1, (9.112) gives in this case
K2 (K +1)(2eCy)
Vo(Li) < Kpll L1l vkl ) < i H lvilly-  (9.180)

Using (9.176) and (9.178), then (9.179) and (9.180), it follows that

IX(L, V)l < Kp |2l Lillgp+ sup Wy (Li; A)
A€T[a,b]

121l (p)

k—1

< Ky [2\|Lk||m+ Vo(Le) + D Vo Lo @) I L6~ @) | 171l -
=1
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Now by (9.180) applied to ! in place of k and to 72, we have
Vo(Lh(72)) < K2 +1)(2C0) [vnrialy -« ol 1077,
and from (9.179) applied to k — [ in place of k and to 71, we get

L6~ @)l < Kotk = 1) +1)(2eCo) vl - vl / (k = D17,

I

For each | we have 1/(I!(k — I)!)}/? < 2F/P/E1M/P Tt can be verified that
for k > 0, f(z) == (z* + 1)((k — z)® + 1) has f(0) = f(k) = k* + 1 and
f(z) = 3(k —2z)[2*(k — 2)? — k], so f'(0) = —3k* = —f'(k). For k > 3, f’
has three simple zeros in (0, k) of which the outer two are relative minima
and z = k/2 is a relative maximum. It is the absolute maximum on [0, k] for
k > 4, and then

k—1 3 2
;(13+1)((’f—03+1) < k((g) +1> : (9.181)

One can verify directly that the same bound holds for £ = 1 and 2. For k = 3
it holds with a further factor of 3 on the right. From this and last four displays
it follows that for k > 1

IX (L, )|y < K (2eCo) R HP([u] gy v gy -+ 1kl X
E\° ’
x |20k +1) + (K° + 1) + 3k2M/P { <§) + 1}

Routine calculations show that the quantity in square brackets is bounded
above by 3k72F for k > 4 (it is quite easy to see that it is no larger in order
of magnitude) and by 3(k7 + 3)2* for all £ > 1. Thus for all k > 1,

1
HMLC(Vl? CEEX} Vk)”[p] < E Z ||X(L](§(Vﬂ'(1)7 BERR) V‘n'(k))a V)H[p]
< BK (kT +3)(4eCy ) * R [l oyl -+ vk -

Therefore the mapping M} takes the k-fold product (AZ,)* into Z,. Thus (b)
and (c¢) follow, taking vy =+ = v, = p.

Clearly v — MF(v1, ..., 1) is linear for fixed vy,. .., vy. For pj and v; €
AZL,, j=0,1,...,k, let v:= pp and

YR (o, 10), (1, 1)+ (s ) = ME(vr, . ).

Inequality (c) implies that Y**1 is a bounded (k + 1)-linear map from (AZ,, x
AZ,)* 1 into Z,. It follows that

(1,v) = X(Qb (), v) = YFH (v, )@+l
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is a (k 4 1)-homogeneous polynomial, so (a) holds. It follows that (d) also
holds, so the lemma is proved. O

Let 1 <p<2and u,v € AZ,([a,b];B). Recall the notation -, defined by
(9.113). We have for each n =0,1,... by Theorem 9.51,

/7 = ’Yn(ovu) + Z QS(H)a
k=0

where each term is in Z,,. For fixed p1, the mapping v — x(7i, ) is linear since
the Kolmogorov integral is linear with respect to an integrator, and bounded
from AZ, into Z,, by (9.176) with o = it and (9.174).

By Lemma 9.78, x(Q¥& (1), v) is defined for each k. Then by bilinearity of
the Kolmogorov integral and induction, for each integer n > 1 we have

X(ﬁa V) :ZX(QS(N‘)’V)+RTL(:U'7V)3 (9182)
k=0
where

We need to find a suitable bound for || R, (i, v)||[)-

For p € AZ,, recall K(u,p) defined by (9.29), which is easily seen to
be bounded if ||u|/, is bounded (although it grows rapidly as ||zl be-
comes large). We have K(p,p) > 1 for all u. Also recall C), as defined
just after (9.28). By Theorem 9.36 we have [[/iflsup < K(u,p) and |[[ilzy <

CpK (1, p) |12l [supl| 2]l (py - Tt follows that

Izl < N(wp) = K(u,p)[1 + C K (u, p)|l el ], (9-184)

which clearly also remains bounded for [|1|f,) bounded. Also, N(u,p) > 1 for
1 <p< 2 and any u.

Lemma 9.79. Let pu,v € AZ,([a,b];B), 1 < p < 2. There exists ng = no(i, p)
depending only on p and p such that for each integer n > 1 and v, := v,(0, u),

X, )iy < B(n, 1, v,p) 1= 4no K [Vl ) [(n + 10)* + 1) x (9.185)

n-+mn 1 n
%{26Cy(1+ )} = [L4 N, p) + 200/

Proof. Let n > 1. By (9.176) with a = ~,,, we have

11l w)- (9-186)

IXOrms )l < Kp |2lmligp + sup Wi(ms A)
A€T[a,b]

By Theorem 9.51 we have
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Yo = 0m) = Y Q6(w), (9.187)
k=n-+1

where the sum converges in Z,,. From (9.137) we get for all k > 0,
1QS(10) g7 < Tho := Ta(p,p) := (K + DE2C, i)™ /K12, (9.188)

It is easy to check that (k+1)3 +1 < 2k for all k& > 4. Recall that |z is the
largest integer < x and that N(u,p) > 1. For each k > 4 we have

Ties1/Ti < 4C |/ (k + 1)V2,

which is < 1/2if k > ng defined by

no = no(p, p) := [max{3 + N(u,p), BChllpllp)"}H = 4, (9.189)

where the N(u,p) is included for later convenience. If n > ng(u,p) it then
follows via domination by a geometric series with ratio 1/2 and (9.188) that
for n > no(u, p),

2K, ((n+1)° + 1) (2Cy ||l )"
(n+1)1/p '

170, Wl < 2Tnia = (9.190)

Suppose on the other hand that 1 <n < ng = ng(u,p). Let

Sp = Sn(p,p) = Z Tk
k=n-+1

In this sum the number of terms is at most ny and each term, bounding each
factor separately, satisfies

Ty < Kp(ng +1) [2C,(1+ [lully)] ™ /(n+ 1)!VP, n <k <no.

Thus S, is bounded above by ng times the latter bound. Further, applying
(9.190) with n there replaced by ng, for which it holds, we get that if 0 < n <
ng then

||'Yn||[7 < Sn 4 2T041

noKp(ng + 1) [2C,(1 + [lullp)] ™ N 2K, ((no +1)% + 1) [2C, ||| ]!
(n+ 1)1/ (no + 1)!1/p

(no + D E,p((no +1)° + 1) [2C, (1 + [l )] ™ /(n + D177,

IN

since ny > 1. Combining with (9.190) gives for all n > 1,

a0 )y < 20Ky ((n + 10)* + 1)[2C, (1 + [[ull)" ™/ + 1)1V,
(9.191)
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By Lemma 9.59 with 1 = 0 there, and v there equal to p here, we have for
all A € Ja,b] and n > 1,

n(A) = p(ds)yn-1([a, s) N A).
A
It follows from Proposition 9.57 that for all n > 2,

Vo(rn) < Kpllell oy 17—1(0; 1) | o

and thus that
Vo(ym) < 2n0K7((n+no)® + D)[2C, (1 + || )]0 /it /P. - (9.192)

To bound Wy(vn;A), let A € J[a,b] and A = {A;}, € IP(A). For
By :=U;.; 4; and By := A;, by (9.116), we have

n

Yn(B1U B2) = 7 (B1) = 7 (B2)i(B1) + Y Qu(B2)yn-k(B1),  (9.193)
k=1

where Qj := Q&(u). As in the last proof, for each x € By let B, := B,.N(z,b]
for r = 1,2 and note that (9.193) holds for B, , in place of B,, since its
hypotheses do, with By , = By = A;. Thus by the Minkowski inequality (1.5)
and then by (9.96), it follows that

i 1/p
Wp(vn; A) < sup Y (Ai) [P sup |[[u((-,0]N B
o3 4) < su (Z (AIP) " sup (U0 Bl

3(4) B, [p]

Y - 1/p
+ ;SB‘P (; ||Qk(Ai)||p) Bzup nr((-,b] N B)]

< Vo ()l + D Va(@Qu)llm-sll-
k=1

Inserting this bound into (9.186), we have
(s )iy < B {Q\IanlmﬂL Vor) Bl + D Ve (@il kel | 171l -
k=1

(9.194)
We bound V,(Qr) by (9.180), which gives

Vp(Qr) < Kp(k® +1)(2eC,)" |l ullfyy /K17 (9.195)

We can bound [|75—kl[f,) by (9.191) with n — & in place of n for k < n, giving

200K ((n = k -+ 10)® + D2C,(1+ )"+

(n—k+ 1)1/r (9-196)

In—kllgy <
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For k = n, we get
Iollgy = 17 = Tlhgy < Wl +1 < Nu,p) + 1 < no(p.p)

by (9.184) and the definition (9.189) of ng. Thus (9.196) holds for k£ = n also
and so forall k=1,...,n.

As in previous proofs we have 1/(k!(n —k+ 1)1)1/7 < 2(n+D/p /(n 4 1)11/P,
Thus the sum in (9.194) is bounded above by

20K (2eCo {1+ [|ullp )" o2 T/ PRt= /PN (k3 1) ((n+ no — k) + 1).
k=1
(9.197)
As in (9.181) and since ng > 4, the sum in (9.197) is bounded above by

nl[{(n+no)/2} + 1) (9.198)

for all n > 1. Inserting (9.198) in place of the sum in (9.197) and then (9.184),
(9.197), and (9.192) into (9.194) gives for n > 1, [|x(Vn, v)||(p) < B(n, p, v, p) as
defined in (9.185). Thus (9.185) is proved. The proof of the lemma is complete.

O

It follows from Lemma 9.79 that for each p,v € AZ, and B(n,u,v,p) as
defined in (9.185), as n — oo,

B(n+1,u,v,p) N 2(p+1)/pecp{1+||ﬂ||[p]} .

0.
B(n, 0, p) (n+ D77

Thus for any p,v € AZ,, [[X(Yn,V)|lp) — 0 as n — oo. From this, (9.182),
and (9.183) it follows that

X7 v) = v+ Y x(Qf(1),v), (9.199)
k=1

where the series converges absolutely in Z, for all ¢ and v in AZ, and uni-
formly for ||/, and [|v|;;) bounded. By Lemma 9.78, it is the Taylor expan-
sion around (0,0) of the mapping (u,v) — x(g,v) from AZ, x AZ, into Z,.
By the Cauchy-Hadamard formula (Theorem 5.10), it has infinite radius of
uniform convergence, and so by Theorem 5.21 and in light of Lemma 9.78 the
function (i, v) — x (&, v) is uniformly entire from A7, x AT, into Z,.

From this and composition of uniformly entire functions (Theorem 5.38),
taking x (1, ), then the bounded linear operator x — x([a,t)) from Z, into
W,, we get that the second term in (9.155) is a uniformly entire function
of (u,v). The first term, in other words Fj(y, ) as defined in (9.172), was
seen there to be a uniformly entire function of (y, ). Since the sum of two
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uniformly entire functions of (y, i, v) is uniformly entire, the conclusion of the
theorem for the solution (9.155) of the forward equation (9.154) follows.

The other forward equation (9.156) has a solution given by (9.157). To
adapt the proof to that case we need to replace [a,-) by (a,-] in (9.172) and
[a,t) by (a,t] in the preceding paragraph.

To prove that the solution mapping

B XAIP XAIP = (ynuvy)'_)S(_ib](y7M7V> = g3 EWp

corresponding to the backward integral equation (9.165), and given by (9.166),
is uniformly entire we make the following changes. Let v € AZ,([a, b]; B). For
an interval function a on [a, b], let x (v, a)(A) := F , dv a([a,-)NA) provided
the Kolmogorov integral is defined for each subinterval A C [a,b]. Then if
defined, x= = x" (r,a) = {x" (v,a)(A): A € J[a,b]} is an interval function
on [a, b]. The function ¢t — x~ (v, 0)((t,b]), t € [a, b], gives the second term on
the right in (9.166), and is the composition of the interval function x (v, i)
with the map t — (¢,b] from [a, b] into J[a,b]. Here the map S +— B((-,b]) is
a bounded linear operator with norm 1 from Z;~([a, b];B) into W, ([a, b]; B).
Since the product integral operator is uniformly entire from AZ), into Z,~, the
function (y, ) — ygi((-, b]) is uniformly entire from B x AZ,, into W,, and this
gives the first term on the right in (9.166). To prove that the second term on
the right in (9.166) is uniformly entire it is enough to show that the function
(1, v) = X~ (v, i) is uniformly entire from AZ, x AZ,, into Z,".

For an interval function « on [a, b] and a nondegenerate interval J C [a, b],
let W, (a) = W, (a; J), where

n—1 1/p
W, (@) = sup (z; le([a,-) N L;J A;j) = afa,) N >U 1 AT A]-,[p]) ,
i= i>i J>it

the norm is for point functions restricted to Uj>z+1 A;j in the ith term, and
the supremum is taken over A = {A;}}-, € IP (J). Let W~ (v,)(0) := 0.
Then as for (9.176), we obtain the bound

I~ @ @)l < Ky [2llal + o Wy DIWley (9200

For an interval function « let

ol|= . =llallm+ sup W (agJ) < +o00
ol = lollgr+ s W, (0:.)

and let M, 1= {a € Z,([a,b]; B): Hoz||[%] w < oo}. Then || ”[:T] , 18 anorm on
M~ and (v,a) — X (v, @) is bounded and bilinear from M~ x AT, into Z,".
As in Lemma 9.78 we obtain that the mapping X(?) defined by XE;) (u,v) =
X~ (v, QF (1)) is a (k + 1)-homogeneous polynomial from AZ, x AZ,, into I,



494 9 Product Integration

and the bound in Lemma 9.78(c) holds when x (1) is replaced by X(x)- As for
(9.182), we have

n

X", D) =D x" w1 QEW) + x~ (1 m(0, 1))
k=0

for each n > 1. We show that ||x* (v, v, (0, /,L))”i;] tends to zero as n — oo
rapidly enough as in Lemma 9.79 except that now we use the bound (9.200)
instead of (9.176). Then it follows that the function (p,v) — x— (v, f) is
uniformly entire from A7, x AZ, into 7~ as desired.

For the other backward equation (9.167) with solution (9.168) we replace
(t,b] by [t,b) and (-,d] by [-,b) in the above proof. The proof of the theorem
is complete. o

9.12 Integral Equations for Banach-Space-Valued
Functions

If B, is a Banach algebra and a subset B; C B- is also a Banach algebra, with
the same algebra operations and norm, then B, will be called a Banach sub-
algebra of By. Let Y be a Banach space and let By := L(Y,Y) be the Banach
algebra of all bounded linear operators from Y into itself, as in Example 4.10.
Let B be a Banach subalgebra of By . Let u be a B-valued additive interval
function on [a, b] and let y € Y. We will show that the linear integral equation
for an unknown function ¢: [a,b] — Y,

pt)=y+ F dug, a<t<h, (9.201)

[a"t)

can be solved for ¢ given y and p € AZ,([a,b]; B), 1 < p < 2, using the results
of the preceding section.

By Theorem 9.66 with y = 1 there, the linear integral equation (9.143) has
the solution f1(t) = fi([a,t)), t € [a, ], unique in Wy([a, b]; By) for ¢ € Up. It
follows that ¢(t) = f1(t)y gives a solution of (9.201).

Corollary 9.80. Let Y be a Banach space, let B be a Banach subalgebra of
By, let p € AZp([a,b];B) for 1 < p <2, and let y € Y. Then the following
two statements hold:

(a) The integral equation

pt)=y+ F dugd, a<t<h, (9.202)
[a;t)

has the solution ¢()(t) = i([a,t))y for a < t < b, 1y € Wy([a,b]; B),
and ¢(1) is the unique solution in W, ([a, b); B) for g € U,.
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(b) The integral equation

$(t)=y+ F dud-, a<t<h, (9.203)

(a,tl

has the solution ¢(2)(t) = i((a,t])y for a <t < b, ¢y € Wp([a,b]; B),
and $(2) is the unique solution in Wy([a, b); B) for q € U,

We already have shown the existence of a solution of the integral equation
(9.202). Likewise we get a solution of (9.203). The uniqueness statements can
be proved as in the proof of Theorem 9.66(a) except that here instead of
Lemma 9.65 we use the following analogue under the present assumptions.

Lemma 9.81. Let Y be a Banach space and let B be a Banach subalgebra of
By. Let p € AZ,([a,b];B) for 1 <p <2, and let g € Up. If g € Wy([a,b];Y)
and either g(t) = f(a’t) dug fora <t <b, org(t) = fﬁ(a,t] dug- fora<t<b,
then g =0 on [a,b].

We omit the proof of this lemma because it is the same as the proof of
Lemma 9.65.

The next statement gives solutions of some forward inhomogeneous linear
integral equations. The given functions ¢3 and ¢4 are solutions by way of
Theorem 9.71, and the uniqueness statements follow from Lemma 9.81.

Corollary 9.82. Let Y be a Banach space, let B be a Banach subalgebra of
By, let v € AZp([a,b];Y), let p € AZp(|a,b];B) for 1 <p <2, andletyeY.
Then the following two statements hold:

(a) The integral equation

oty =y+ F dpd+v(a,t)), a<t<h, (9.204)
a,t
has the solution ¢3, in Wy([a,b];Y') and unique in Wy([a,b];Y) for g € Uy,
where
¢a(t) := B(la, )y + F B((,8))dy, a<t<D (9.205)
[a,t)

(b) The integral equation

o(t) =y+ F dpo_ +v((a,t]), a<t<h,
(a,t]

has the solution ¢4, in Wy([a,b];Y) and unique in Wy([a,b);Y) for q € Uy,

where
bu(t) = (e, hy + £ B Hhdy, a<t<h.

(a.t)
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Example 9.83. Suppose the hypotheses of the preceding corollary hold with
B = By and that for any two intervals A, B C [a, b], u(A)u(B) = p(B)u(A).
Let S be the range of u in By. There is a smallest algebra A including S,
namely the set of all finite linear combinations of finite products of elements
of S, and A is commutative. The closure B of A in By is a commutative Banach
subalgebra of By, and we can apply the Corollary to B. If p({¢}) # —1 for all
t € [a,b] then £ has an explicit form given by Theorem 9.40.

Linear differential equations.

Let Y be a Banach space, and again let By := L(Y,Y’) be the Banach algebra
of all bounded linear operators from Y into itself. By analogy with stochastic
differential equations (e.g. [108]), if u» € AZ,([e, b];By) and v € AZ,([a, b];Y)
with 1 < p < 2, we will say that the formal linear differential equation

dg = duo + dv (9.206)

holds on [a, b], where ¢: [a,b] — Y, if and only if the integral equation (9.204)
holds for a < t < b with y := ¢(a). For any y € Y, such an equation has a
solution ¢ = ¢3 with ¢(a) = y, unique in W, for ¢ € U,, given by (9.205),
where fi: J[a,b] — By.

Let A be Lebesgue measure, g(-) € £!([a, b], A\; By), and h € L!([a, }], A; Y).
We will say that the linear differential equation

‘(‘1_‘: —gb+h (9.207)

holds on [a, b] if ¢ is continuous from [a,b] into Y, g¢ + h € L1([a, }), \;Y),
do(t)/dt exists in Y for A-almost all ¢ € (a,b), and we have the Bochner
integrals

&(t) — ¢la) = (30)/ (9¢ + h)dA, fora <t <b. (9.208)
(a,2]

The (a) continuity of ¢ and (b) existence of d¢(t)/dt equal to g¢ + h for A-

almost all ¢ actually follow from the other assumptions, (a) from dominated

convergence for Bochner integrals, and (b) by an extension of a theorem of

Lebesgue to Banach-valued functions, given as Theorem 2.35.

Theorem 9.84. Under the hypotheses of (9.207) and (9.208), let
n(A) :=1(g)(A) := (Bo)f{g(s) dA(s), v(A):=I(h)(A):= (BO)I{ h(s) dX(s)

for each A € J[a,b]. Then pp € AT ([a,b];By) and v € AZy([a,b];Y). For any
y € Y, the solution ¢3 of (9.204) given by Corollary 9.82 is also a solution
of (9.207), in other words of (9.208), with ¢3(a) = y, and is the unique
continuous solution ¢ with ¢(a) = y.
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The mapping P3 defined by P3(y, g, h) := ¢3(-) is a uniformly entire func-
tion from the Banach space Y x L£([a, b], \; By ) x £ ([a, b, A; ) with the norm
(v, g, )| == llyll + llgllz + [IRlly into C([a,b];Y) with the sup norm.

Remark 9.85. The existence of a solution of a first-order linear differen-
tial equation with Bochner integrable coefficients (9.207) is known, see e.g.
Daleckil and Krein [35, §3.1]. It is solved via a corresponding integral equa-
tion 35, (3.1.2)], i.e. (9.208) above. In [35, (3.1.6)] the solution (of a somewhat
more general integral equation) is written in the form of a Peano series similar
to that in Corollary 9.52, but in a form adapted to solving inhomogeneous
equations. After the proof, Daleckii and Krein’s form of the solution will be
given and compared with ours.

Proof. By Proposition 2.33, 1 and v are well-defined additive interval func-
tions satisfying

(Al < /A llg(s)llds and |(A)|| < /A lIR(s)llds (9.209)

for all A € J[a, b]. It follows that u € AZ;([a,b];By) and v € AZ;([a,b];Y).
So p and v satisfy the hypotheses of Corollary 9.82 for p = 1. Thus there is a
unique function ¢3 € Wuo([a, b];Y), in other words a regulated function into
Y, satisfying (9.204). Then ¢3(a) = y. Also, ¢3 is actually continuous in light
of (9.209). To show that ¢3 satisfies (9.208), for each ¢ € [a, b], we have

(Bo)/[ . (9¢3 + h)dA = (Bo)/ g¢3dA + (Bo) hdX

[a,¢] [a,t]
where the Bochner integrals all exist since ¢3 is bounded and measurable into
Y and both g and h, thus g¢3, are Bochner integrable. We have v([a,?)) =
(Bo) f[ o) hdA by definition of v and since A({¢}) = 0. By (9.204), it will suffice
to show that for each ¢ € [a, b],

# du¢s = (Bo) / g p3dA. (9.210)
(a,t) (a1

Let ({A;}5_,, {t;}5_,) be any tagged interval partition of [a,b]. Then if ¢3
is replaced in (9.210) by the function ¢ := EJ 14,()¢3(t;), the resulting
equation holds since we get equal jth terms (Bo) f A g(s)dA(s) ¢3(t;) on both
sides by definition of u. Now, ¢s, being contmuous can be approximated
arbitrarily closely in the sup norm by a sequence of such functions ¥ = ¥,
letting the mesh of {4; };?:1 approach 0. The integrals on each side with 1,
converge to those for ¢3, on the left side by a Love-Young inequality for
p = 1 and ¢ = oo, Proposition 3.96, so (9.210) holds. Here d¢s(t)/dt exists
for A-almost all ¢ € (a,b) by Theorem 2.35.

To prove the uniqueness for given ¢(a), let ¢ be any continuous solution
of (9.207), in other words of (9.208) for the same y = ¢(a) = ¢3(a). Then for
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§ := ¢ — ¢3, we have {(t) = (Bo) [j, 5 96d), a <t < b. Given 0 < e < 1 there
exists a § > 0 such that fi; o44)l|9]ldA < €. Let s :=sup,<i<ays 1€()]]. Then
s < es, and so s = 0. Since £ is continuous it follows that £ = 0 on [a, a + 9.
Iterating this argument as in the proof of Lemma 9.65, it follows that £ =0
on [a, b], and hence ¢3 is the unique solution of (9.207).

As to analyticity, the maps [ : g— I(g) =pand I : h— I(h) =v are
bounded linear operators (with norm 2), thus uniformly entire. Via Theorem
9.76 and composition with the maps I(-), using Theorem 5.38, we get that &3
is uniformly entire. This completes the proof of the theorem. (]

To compare the solution as given by Daleckii and Krein |35, (3.1.6)] with
ours, for each t € J := [a,b], g € L1(J;By) = L1(J,\By), h € L1(J;Y) =
Ly(J,\Y),and k > 1, let

Uk(t) = Uk(g, 9)(¢) := / / L / " g(te) - g(tr) by -ty

and
Vi(t) = Vilg, )(8) = / / / gt) -~ gltr)h(u) dudsy - dty,

where we write [; instead of (Bo) [, ,- Let Up(t) := Uo(g,y)(t) = y and
Vo(t) := Vo(g, h)(t) = f: h(u)du. If F(t) = [%v(u)du where v is Bochner
integrable then F' € Wy with | F(|y) < 2|[v[l;. As in [35, (3.1.5), (3.1.7)] we
have for k> 2and a <, <t

148 iy
[ [ ool Tgten )l dudes -ty < M

where My, = ||kfls (J2 lg(w)ll du)*™* /(k — 1)1. It follows that

IVi(g, W)l < 2llglliMi < 2llglIfll Rl / (k = 1)L (9.211)

The same bound holds for the k¥ = 1 term. Similarly, |Ux(g, )y <
2llgllllyll/(k — 1)! for each k > 1. For k = 0 we have [|Uo(g,%)llyy = llyll
and |[Vo(g,R)ljyj £ 2||kll1- It then follows that for each k, Vi(-,:) is a
(k + 1)-homogeneous polynomial from £, (J;By) x £1(J;Y) into Wy (J;Y),
and Ug(-,-) is a (k + 1)-homogeneous polynomial from £1(J;By) x Y into
Wi(J;Y).

Let Ry, R2, Rz be any three numbers with 0 < R; < oo. If ||lg|l1 < Ri,
Ially < Rz and ||yll < R, then from (9.211), [[Vk(g, By < 2RERz/(k — 1)\
Likewise, |Ux(g,%)lly) < 2R{R3/(k — 1)!, and so

o0
> Uk 9l + IVilg, Wiy < 2(Rz + Rs)Ry exp(Ry) < oo.
k=1
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Thus the power series Z?:o Uk(,-) from L£y(J;By) x Y into Wy(J;Y)
around zero, and the power series Y oo Vi(,-) from £y(J;By) x £4(J;Y)
into Wy (J;Y) around zero, both converge absolutely, and uniformly on any
bounded set of (y, g, k). Let ¢ be Daleckii and Krein’s solution of (9.208) as
a function of (y,g,h) €Y x L1(J;By) x £4(J;Y), given by [35, (3.1.6)] with
their A, f, z(-), and z¢ equal to our g, h, ¢(-), and y = ¢(a), respectively, and
their g(t) equal to our y + f h(s) ds. Then for each ¢t € [a, b],

#(t) =D Ur(g,9)(®) + D Vilg, b)(2) (9.212)
k=0 k=0

The sum (9.212) gives a Taylor expansion around zero of ¢ as a function
of (y, g, k). By the uniqueness stated in Theorem 9.84, and the uniqueness of
Taylor polynomials, Theorem 5.9, the solution and the respective polynomials
equal those in our solution.

9.13 Notes

During the long history of its development, product integration became a
wide area of analysis mainly related to the theory of differential and integral
equations. At least this was the area which motivated the definition of the
product integral (9.1) given by Volterra [235, Opere, I, p. 235] in 1887. Earlier
results related to product integrals, including equivalence of different forms
of Volterra’s original product integral, product integration over contours, and
differentiability of the product integral with respect to a parameter, are pre-
sented in Schlesinger [206], [207], in Rasch [191], and in Volterra and Hostinsky
(236, pp. 86-88,223]. Most of these results deal with matrix-valued product in-
tegrals. Volterra and Hostinsky’s form of the derivative is somewhat obscured
by their notation. They also allow the “fixed” endpoints a, b to vary.

In a somewhat different direction is a work [17] of Garrett Birkhoff, in
which he extended Volterra’s product integral representation of a solution
of a matrix-valued differential equation to differential equations describing
an evolution in infinite-dimensional families of transformations. Birkhoff de-
fined a product integral of Volterra’s form for functions with values in more
general spaces and took the limit in (9.1) under refinements of tagged parti-
tions. Birkhoff emphasized a dual relation between product integration and
differentiation. Similar ideas on product integration in nonlinear manifolds
are discussed in a survey paper of Masani [159]. Earlier, Masani [158, Sect.
V] proved among other things that for a function C with values in a Banach
algebra, the limit (9.1) exists if and only if C is Riemann integrable.

Schlesinger ([206], [207]) developed product integration as in (9.1) based
on approximation by step functions of a matrix-valued function C whose en-
tries are bounded Lebesgue measurable functions. Schmidt [208] proved ex-
istence of such a product integral when C is a Bochner integrable Banach
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space operator-valued function. Another approach to proving existence of the
Volterra product integral of a Lebesgue integrable matrix-valued function was
indicated by Dollard and Friedman [45, Section 1.8]. Moreover, Dollard and
Friedman [45, Theorem 3.5.1] proved that for a Banach space X and the space
Bx of bounded linear operators from X into itself, with operator norm || - ||,
such a product integral exists for each function A: [a,b] 5 t — A(t) € Bx such
that for each f € X, A(-)f is the pointwise limit of a sequence of simple func-
tions almost everywhere and || A|| has finite upper integral on [a, b]. Jarnik and
Kurzweil [111] initiated a study of the product integral obtained by extending
the limit in (9.1) as follows. Let C be a matrix-valued function on [a,b]. An
invertible matrix @ is called the product integral of C if given ¢ > 0 there is
a gauge function 6(-) on [a, b] such that || [T, [I + C(s:)(t: — ti=1)] — Q|| < €
for all d-fine tagged partitions ({t;}7q, {8i}7=) of [a, b] (see the beginning of
Section 2.6). Further extensions of this product integral are due to Schwabik
[212], [213].

Another possible definition of product integral is reminiscent of the Rie-
mann-Stieltjes integral. Let A be a function on an interval [a, b] with values in
a Banach algebra B with identity I. Define the product integral with respect
to the function h over [a, b] to be the limit

lim [T+ h(tn) = hitn-1)] -+ [T+ h(t:) = h(to)] (9.213)

if it exists as the mesh |k| of partitions k = {t;}1, of [a,b] tends to zero.
The product integral (9.213) was treated by MacNerney [152], who discov-
ered reciprocal formulas involving so-called additive and product integrals.
Earlier analogous formulas, in which h is an interval function and the limit
exists under refinements of interval partitions, were proved by Dobrushin [43].
In particular, MacNerney [152] proved that (9.213) exists if h is continuous
and of bounded variation. Hildebrandt [96] removed the continuity require-
ment. Freedman [70] replaced the bounded variation condition for a continuous
function h by the finiteness of the p-variation for some p < 2. He first proved
existence of a unique solution of an appropriate linear integral equation and,
second, showed that this solution is the limit (9.213). The product integral de-
fined by (9.213), except that the limit is taken under refinements of partitions
Kk, was treated in [54, Part II).

Dollard and Friedman [45, p. 35] differentiate product integrals of the
Volterra form along suitable 1-dimensional curves. Thus far, one would en-
visage differentiability of T[z(l + df) in the 1-variation seminorm | f||(), as
actually proved for f absolutely continuous, when [|f||;y = || f’|l1. Dollard
and Friedman [45, p. 36] briefly state analyticity, also along curves, in a form
that suggests it also holds with respect to the seminorm f — || f’||;. Gill and
Johansen [81] proved compact differentiability with respect to the supremum
norm, although still on || - ||(;)-bounded sets. Freedman (70], by showing ex-
istence of the product integral for continuous f € W, opened the way to
extending the differentiability.
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Gill and Johansen [81], see also Gill [80], made a substantial advance in
showing infinite-dimensional differentiability with uniformity and including
discontinuous directions f. They also gave several applications of the product
integral in statistics and probability. It takes a hazard function into a sur-
vival function (for real-valued functions), and matrix-valued functions arise
for Markov chains in continuous time with non-stationary transitions.

Notes on Section 9.1. Dobrushin [43] considered matrix-valued multiplica-
tive and additive interval functions of bounded variation in relation to product
integration. He assumed the interval functions to be upper continuous at @.

Notes on Section 9.2. Necessary and sufficient conditions for a product
integral with respect to a real-valued (point) function f to exist and to be
non-zero were proved for the first time to our knowledge in [54, Theorem 4.4
in Part IT]. Theorem 9.11 is closely related but is different in regard to atoms
of 1 in that a function f could have jumps on both sides of a point.

Notes on Section 9.4. Inequalities similar to those in Corollary 9.24 were
proved by Freedman [70, Lemma 5.1] using the Love-Young inequality for a
Riemann-Stieltjes sum and under additional assumptions. Due to the (k!)!/?
in the denominator of the right side of (9.28) these assumptions turn out to
be unnecessary. The proof of Theorem 9.23, which yields the inequalities of
Corollary 9.24, is based on extending two inequalities of Lyons [151]. The
inequality of Lemma 9.25 is part of Theorem 1.1 of Lyons [151], up to the
constant 4. The inequality of Lemma 9.26 was proved by Lyons [151, Theorem
1.2] for continuous functions.

Notes on Section 9.5. The fact that the finiteness of the p-variation with
0 < p < 2 is sufficient for the existence of the product integral with respect to
a Banach-algebra-valued (point) function f was proved in [54, Theorem 4.23 in
Part II]. Earlier, Freedman [70] proved existence of a product integral defined
as a solution of a linear Riemann-Stieltjes integral equation with respect to a
continuous function f having bounded p-variation with 1 < p < 2. Theorem
9.28 is a related result for the product integral with respect to an upper
continuous additive interval function. The existence of the product integral
with respect to a matrix-valued upper continuous additive interval function
of bounded variation was proved by Dobrushin [43, Theorem 4].

Notes on Section 9.6. The property defining the multiplicative transform
was introduced in attempts to prove Duhamel’s formula under the conditions
of Theorem 9.49. Also, it sometimes appears (e.g. in the proof of Theorem
5 in [43]) in proofs of duality between multiplicative and additive transforms
as in Corollary 9.38. For point functions of bounded p-variation, 0 < p < 2,
a duality between the product integral operator and a logarithm operator is
proved in (54, Part II, Theorems 6.10, 6.12].

Notes on Section 9.8. Two-integrand extensions [ f dh g of the RS, RRS,
and CY integrals for a point function integrator h were considered in Section 3
of [54, Part II]. There LY and RY integrals with two integrands f and g were
introduced and used for the same purpose as the Kolmogorov integral with
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two integrands in this chapter. In that case f and g are not interchangeable
even if B is commutative.

Notes on Section 9.9. The Duhamel formula as given by Theorem 9.49
extends the algebraic identity (9.43) to a class of multiplicative transforms
using the Kolmogorov integral with two integrands. Other extensions to dif-
ferent types of product integrals were proved by Dollard and Friedman [45,
Theorem 1.51] and in [54, Part II, Theorem 5.5]. A simpler variant of this
formula known under the same name is the following: for any matrices A, B,
and each ¢t > 0,

exp(tA) — exp(tB) = /ot exp((t — s)A)ds(A — B) exp(sB).

Notes on Section 9.10. The fact that the product integral operator (9.92)
is a uniformly entire mapping on AZ,([a,d];B), 1 < p < 2, (Theorem 9.51)
is the main result of this chapter. Fréchet differentiability of the product
integral operator with respect to a point function at each function of bounded
p-variation 0 < p < 2 was proved in [54, Theorem 5.16 in Part II]. Theorem
5.17 in [54, Part II] gives analyticity of this operator when restricted to right-
or left-continuous functions of bounded p-variation, 0 < p < 2.

Notes on Section 9.11. Using an integral equivalent to the refinement
Young-Stieltjes integral, Hildebrandt [96, p. 359] proved that if a matrix-
valued function h with bounded variation has a finite number of discontinuities
on [a, b] then the integral equation

f(t)=]I+_/tdhf, a<t<b, (9.214)

has a unique solution if and only if the matrices I — A~h(z) have inverses for
all points of discontinuity of h. Hildebrandt considers cases where h may have
non-zero jumps (A+h)(u) and (A~h)(u) on both sides of the same point and
seeks an actual solution of (9.214). The solution is a kind of product integral
where the factor at a point « where A has jumps on one side or the other is
[T+ Ath(u)][I - A~ h(u)])™ .

MacNerney [153) used the left Cauchy and right Cauchy integrals defined
as refinement Riemann-Stieltjes, or RRS, integrals except that tagged parti-
tions ({t:}2, {si}}) are used such that s; = t;—, and s; = t;, respectively.
Honig [100] used the interior RRS integral defined as the RRS integral ex-
cept that the tagged partitions ({#;}7g, {s:}™) defining the integral satisfy
the relation ¢;_1 < s; < t;. The book of Schwabik, Tvrdy, and Vejvoda [214]
treats linear integral equations with respect to functions of bounded variation
using the Henstock-Kurzweil integral.

In the proof that the solution operators for inhomogeneous integral equa-
tions are uniformly entire functions of given y, u, and v in Theorem 9.76, we
used normed subspaces M), and M~ of interval functions with norms osten-

P
sibly stronger than the two-sided p-variation norm || - ||m. At this writing, we

do not know whether M,, and M~ are equal to each other or to Z,.
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Notes on Section 9.12. The main facts in this section on Banach-space-
valued functions are corollaries of those in the previous section for Banach-
algebra-valued functions. We also consider differential equations with Bochner
integrable coefficients and relate these to integral equations in the case p = 1.
Here a reference, treated in the text, is the book by Daleckil and Kreln [35,
§3.1]. The available methods for p = 1, to the extent that they are based on
absolute integrability, seem not to extend to 1 < p < 2.






10

Nonlinear Differential and Integral Equations

10.1 Classical Picard Iteration

Let us recall the classical method of Picard iteration. Let F be a (globally)
Lipschitz function from RF into R,

|F(z) — F(y)| < K|z —y|

for all z,y € R*¥ and some constant K < co. Suppose we want to solve a
nonlinear ordinary differential equation

df/dt = F(f(t)), a<t< oo, (10.1)

for f with values in R¥, with the initial conditions f(a) = ¢ € R¥ and f(t) — ¢
as t | a. Consider the sequence of functions f, defined by fy = ¢ and

t

for1(t) =c+ / F(fn(s))ds, a<t<oo. (10.2)
Then for n = 0,1,..., f, is a C! function on [a,0) with f,(a) = ¢. Picard
showed that the sequence {f,}n>0 converges to a solution. By the Lipschitz
condition on F, for each n =1,2,..., and a <t < oo, we have
t
(Fra = £)O1 < K [ (2= Faa)(5)lds (10.3)

Let Gi(t) := sup,<s<y [(fn — fn-1)(s)|- Then Gpy1(t) < f; KG,(s)ds for
eacht > aand n=1,2,.... We have G1(t) = (t — a)|F(c)| for each ¢t > a. Tt
follows by induction that forn =1,2,...,

Gn(t) < |F(e)| K™t —a)"/nl.

Since the Taylor series of ¥ converges absolutely for all y € R, we get that
fn(t) converges for all t > a to some f(t) := fo (), uniformly on any bounded
interval [a, b], and that the function f is a solution of the integral equation

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 505
in Mathematics, DOI 10.1007/978-1-4419-6950-7_10,
© Springer Science+Business Media, LLC 2011
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f(t)zc—i—/ F(f(s))ds, a<t<o. (10.4)

As a uniform limit of continuous functions, f is continuous and so by (10.4)
it is C! and satisfies the differential equation (10.1).

Theorem 10.1. The function f = foo := limy—oo frn s the unique solution
of the differential equation (10.1) on (a,b) for any b with a < b < 400 such
that f(a) = ¢ and limy|, f(t) = c.

Proof. First, let L[5, := L5
[a,b) into R¥ bounded on each interval [a, d] for a < d < b. It will be shown
that f = fo is the unique solution of (10.4) in L. Suppose g is another
such solution. For each t € [a,b), letting H(t) := sup,<s<; |(f — 9)(s)| < o0,
we have |(f — ¢)(t)| < [LK|(f — g)(s)|ds, and so H(t) < K(t — a)H(t). Thus
for a <t < min(b,a+ 1/K) we get H(t) = 0. If b < a+ 1/K we are done.
Otherwise we can start again at a + 1/K and iterate the argument as many
times as needed. It then follows that f(t) = g(t) for all @ < ¢t < b, proving
that feo is the unique solution of (10.4) in LS .

We have seen that f = fo is a solution of (10.1) as well as (10.4) and
that it is C*. Also, fo satisfies the initial condition f(a) = c. It is the unique
solution of (10.1) that does so: Let g be another such solution. Then being
differentiable, it is continuous, and so by (10.1) it is C. Thus for each t > a,

([a, b)) be the set of all measurable functions from

o(t) — gla) = / o' (s)ds = / Fg(s)) ds,

i.e., g satisfies (10.4). Since it is in Elogc’ it equals f., completing the proof.
O

Example 10.2. Consider the analytic but not globally Lipschitz function
F(z) = 2% x € R. Solving (10.1) by separation of variables gives f(t) =
1/((1/c) — t) with ¢ = f(0) # 0. If ¢ > 0 we get a solution f of (10.1) and
(10.4) for a =0 <t < 1/c which goes to o0 ast T 1/c.

10.2 Picard’s Method in p-Variation Norm, 1 < p < 2

A classical non-autonomous nonlinear first-order ordinary differential equation
is of the form

df(t)/dt = p(f(1),1) = (Ny [)(t), a <t < oo,

extending (10.1). In a differential form we could write

df(t) = (Ny f)(t)dt.
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Here we will extend such equations, replacing d¢ by du(t) where p is an interval
function in A7), and we seck a solution f € W,, where Ny takes W, into
W, with p~! + ¢! > 1. We will also add a term (N, f)(t)dv(t) where v is of
bounded 1-variation, giving a formal equation

df = (Nyf)-du+ (Nef)-dv,

to be made precise by the integral equation (10.5), or alternate equations
(10.6), (10.7), or (10.8).

Let X, Y, and Z be Banach spaces with a bounded bilinear map (z,y) —
x-y: X xY — Z as usual (1.14), and let J := [a,b] with —o0 < a < b < 0.
For 1 < p< 2 let p € AZ,(J;Y) and v € AZ{(J;Y), that is, let p and
v be Y-valued additive and upper continuous interval functions on J having
bounded p-variation and 1-variation, respectively. Let ¢,1: Z x J — X be
such that the Nemytskii operator N, takes W, (J;Z) into W,(J;X) with
g >pand p~t + ¢! > 1 (as before, we identify Wy (J; X) with the class of
regulated functions R(J; X)), and the Nemytskii operator Ny takes R(J; Z)
into R(J; X). Explicit sufficient conditions on ¢ are given in Theorem 6.58.
For ¢, conditions will be given in Definition 10.5 and Proposition 10.6(b). Also
let c € Z.

In this section we consider two forward nonlinear integral equations for
Kolmogorov integrals:

fO) =c+ F (Nypf)—-du+ F (Ngf)_-dv, a<t<b, (10.5)
(a,t] (a,t]

g(t) =c—+ 3@ (Nyg)-dp + 3@ (Ngg)-dv, a<t<hb, (10.6)

la,t) la,t)

and two analogous backward integral equations:

flt)=c+ [%)(wa)Jr'dM + [%)(N¢f)+'d% a<t<b, (10.7)
£b Lb

g(t) =c+ F (Nyg)-du+ F (Npg)-dv, a<t<hb. (10.8)
(t,b] (t,0]

Recall, as for linear equations in the previous chapter, that use of a closed
interval [a, t] in (10.6) or omission of the left limit in (10.5) can lead to contra-
dictions as in (1.8). Analogous considerations hold for the backward equations.

A solution f of (10.5) or g of (10.8), if it exists, will be right-continuous,
and solutions of (10.6) and (10.7) will be left-continuous, by additivity and
upper continuity at {) of the Kolmogorov integral (Theorem 2.21 and Corollary
2.23, respectively). But solutions g of (10.6) and f of (10.5) may not simply
satisfy g(t) = f(t—) for a <t < b, or f(t) = g(t+) for a <t < b, e.g. if porv
has an atom at a then in general

glat) = c+ (Nypg)(a)-p({a}) + (Nog)(a)v({a}) # ¢ = f(a).
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If 1o and v have no atoms, solutions f and g of (10.5) and (10.6) will be
continuous and equal by Lemma 2.49 and Corollary 2.26.

The main result giving the existence and uniqueness of a solution for each
of the four integral equations holds for functions ¢ and ¢ satisfying suitable
hypotheses. First recall Definition 6.42 of the class UH,, and Definition 6.47
of the class Wa 4.

Definition 10.3 (of HWG . q, WGa,q, and Gaq). Let 0 < o < 1,0 < ¢ <
oo, and let J be a nondegenerate interval. For Banach spaces Z and X, let
Y =19Y(z,8): ZxJ— X,and let B be a nonempty subset of Z. We say that
1 is in the class WG, 4(B x J; X) if there is a finite constant C' such that for
each 0 < K < o0,

Wa,q(waKQB X J7X) < C(l JrKa), (10.9)

where W, 4 is defined to be the minimal W > 0 such that (6.31) holds for
a given K. Let Gqq(¢) := Gaq(¥; B x J,X) be the minimal such C. Let
HWGa,q(B x J; X) :=UHa(B x J; X)NWGa4(B x J; X).

Remark 10.4. It follows immediately from the definitions that Wgavq(B X
J; X) C Wq q(B x J; X) for any nonempty B C Z.

For the function ¢ we will assume growth conditions of the following kind:

Definition 10.5 (of Gg, UG, UCR, and CRGg). Let 0 < § < oo and let J
be a nondegenerate interval. For Banach spaces Z and X, let ¢ = ¢(z,s): Zx
J — X, and let B be a nonempty subset of Z. We say that ¢ satisfies the
s-uniform B growth condition on B, or ¢ € UGg(B x J; X), if

10llgs = ¢l Bxsgs = Cep l6(2, )l sup/ (1 + [|2]17) < 0.

If this holds for ¢(z, s) = G(z) then we write G € Gz(B; X). We say that ¢ is
in the class UCR(B x J; X) if (a) B 3 z — ¢(z,-) € £>°(J,X) is continuous,
and (b) J 3 s+ ¢(z,s) is regulated for each z € B. Let CRG(B x J; X) :=
UCR(B x J; X)NUGs(B x J; X).

Proposition 10.6. (a) If B is bounded, UGs(B x J; X) =£>°(B x J; X) for
any (.

(0) If e UCR(Z x J;Y) then the Nemytskii operator Ny takes R(J; Z) into
R(J; X).

Proof. Part (a) is clear. For part (b), suppose that f € R(J;Z) and t,, | t
orty, Tte Jwheret; € J and t,, # t for all n. We need to show that the
sequence ¢(f(t,),tn) converges to some limit. Let 2z, = f(t,) € Z. Then z,
converge to some limit zg, and sup,c; [|¢(2n,t) — ¢(20,t)]| — 0 as n — oo.
Also ¢(zo,-) is regulated. Then
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l6(2n, tn) — P(2m, tm)||
< 9(2ns tn) = P(20, tn) |+ 1620, tr) — (20, ton) |+ |6 (20, tin) — (2 tn) 5

which approaches 0 as m,n — 00, 80 {¢(2zp, tn) }n>1 is a Cauchy sequence and
converges. O

Finally, Fréchet u-differentiability of ¥ and the local classes HW}SE, U Hlaoc

are defined in Definitions 6.8, 6.51, and 6.43, respectively. Now we are ready
to formulate the main result of this chapter.

Theorem 10.7. Let a,3 € (0,1], 1 <p <1+, and J := [a,b] with a < b.
Assuming (1.14), let v € HWG1 ,(Z x J; X) be Fréchet u-differentiable on

Z with the derivative w&l) e HWoC (Z x J;L(Z; X)), let ¢ € UGs(Z x

a,p/a
J; X) ﬂL{Hlloc(Z x J; X) be such that ¢(z,-) € R(J; X) for each z € Z, let
we AL (JY), v e AZ((J;Y), and ¢ € Z. Then each of the four integral
equations (10.5), (10.6), (10.7), and (10.8) has a unique solution in Wy(J; Z).

If (z,8) = F(z) and ¢(z,s) = G(z), the theorem just stated implies the
following:

Corollary 10.8. Let o, € (0,1], 1 < p < 1+ «, and J := [a,b] with
a < b. Assuming (1.14), let F' € H1(Z; X) be Fréchet differentiable on Z with
derivative DF € HY9%(Z; L(Z; X)), let G € G3(Z; X) NH(Z; X), let p €
AL, (J;Y), ve AL (J;Y), and c € Z. Then the conclusion of Theorem 10.7
holds with the Nemytskii operators Ny and Ng replaced by the autonomous
Nemytskii operators Np and Ng, respectively.

The proofs of the above theorem and corollary are given in Section 10.3.
Define the integral transforms T, , , and Q;, , ,, for any a <u <t <b
and f € W,([u,b]; Z), letting

Trf@) =T5, , f(t) ==c+ (%](wa)—-du + (?F}(Nqsf)—'d% (10.10)

e (1) = Qo f(t) :==c+ F (Nypf)du+ F (Ngf)-dv, (10.11)
[u,t) [u,t)

provided the Kolmogorov integrals are defined. It will be shown that these
transforms are well defined and take W, ([u, b]; Z) into itself under some con-
ditions, as follows:

Proposition 10.9. Let ¢ € Z, J = [a,b] with a < b, 1 < p < 2,
v e AL1(J;Y), and p € AL, (J;Y). Let ¢,¢: Z x J — X be such that
the Nemytskii operator Ny takes W, (J; Z) into Wy(J; X) with ¢ > p and
p~t+¢7! > 1, and assume that N takes R(J; Z) into R(J; X). Leta < u < b.

(a) Then the integral transforms Q7 and T7, are defined on Wy([u,b]; Z)
and take it into itself.
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(b) The hypothesis on 1) holds if 1) € HW),,q.4(Z x J; X)) or more generally if
W€ HWIC (Z x J;X), and that on ¢ holds if ¢ € UCR(Z x J; X).

P/4,q
(¢) The hypotheses of Theorem 10.7 imply those of this proposition; specifically

they imply conclusion (a).

Proof. To prove (a) we note that for given ¢ and u, the values of T:u f and

~oJf on [u,b] depend only on the values of f on [u,b), and apply the Love—
Young inequality Proposition 3.96 and Proposition 3.31. Part (b) follows di-
rectly from Theorem 6.58(a) and Proposition 10.6(b).

To prove part (¢), we need to check the conditions on 1 and ¢. In Theorem
10.7 it is assumed that ¢ € HWG, ,(Z x J; X), which by Definition 10.3
and Remark 10.4 implies that ¢ € UH(Z x J; X) N W ,(Z x J; X). By
Proposition 6.54(b), it follows that Ny takes W, ([u, b]; Z) into itself (and is a
bounded nonlinear operator). The range can also be taken to be W, ([u, b]; Z)
for any ¢ > p, by Lemma 3.45. Since 2/p > 1 the hypothesis on ¢ for this
proposition holds.

For ¢, the hypotheses of Theorem 10.7 imply that ¢ € UH1(Z x J; X ) and
@(z,+) € R(J; X) for each z € Z. Thus by Definition 10.5, ¢ € UCR(Z x J; X)
and part (b) for ¢ applies, proving part (¢) and the proposition.

Now, (10.5) is equivalent to f = T7, , ,f on [a,b], and similarly for (10.6).
Later the definitions (10.10) and (10.11) will be applied to v in place of b
where u < v < b.

Picard iterates

We will show that each of the four integral equations can also be solved by
performing an iteration similar to the classical Picard iteration (10.2). To
define the iterates, let fJ := g§ :=c, and for each n > 1 and t € J, let

fo @) =T ) =c+ Ff (Nyfi)—dp+ F (Nofy_q)—-dv, (10.12)
(a,t] (a,t]

9n (1) = QFa9n1(t) =c+ F (Nyg_1)-du+ F (Ngg;_1)-dv.  (10.13)
la,t) la,t)

Then {f7 }n>0 and {g; }n>0 are two sequences of functions in W, (J; Z), which
will be called Picard iterates associated to the forward integral equations (10.5)

and (10.6), respectively, or obtained by the integral transforms 77, , , and
Z wyp respectively.

With respect to the two backward integral equations (10.7) and (10.8) we
define backward integral transforms and sequences symmetrically as follows.
For f e W,(J;Z) and a <t <wv <D, let

T(j’uf( ) = Tc<1)7u7 f(t) =c+ % (N¢f)+dﬂ + % (N¢f)+dyﬂ (1014)
[t,v) [tv)

e (V) = Q2 f(t) :=c+ (%](wa)du + (%}(Nabf)'dy- (10.15)
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Remark 10.10. As in Proposition 10.9, under its hypotheses, with now u <
v < b, the integral transforms 7,7, and Q7 act from W, ([u,v]; Z) into itself.

Let f5* := g5 := ¢, and for each n > 1 and ¢ € J, let

[ (t) = Tc-jbfifl(t) =c+ [%)<wa;71)+'d/i + [%)(N¢f:71>+'d% (10.16)
t,b t,b

gn () = Q:bg:—l(t) =c+ F (Nygp_1)-du+ F (Nogp_y)-dv.  (10.17)
(t,b] (t,b]

Then {f*}n>0 and {g;% }n>0 are two sequences of functions in W, (J; Z), which
will be called Picard iterates associated to the backward integral equations
(10.7) and (10.8), respectively, or obtained by the integral transforms 7.7

> RN
and QF, ., respectively.

Theorem 10.11. Under the hypotheses of Theorem 10.7, each of the four
sequences of Picard iterates (10.12), (10.13), (10.16) and (10.17) converges
in Wy(J; Z) to the unique solution in Wy(J; Z) of the corresponding integral
equation gwen by Theorem 10.7.

If ¥(z,s) = F(2) and ¢(z,s) = G(z), the preceding theorem implies the
following:

Corollary 10.12. Under the hypotheses of Corollary 10.8, the conclusion of
Theorem 10.11 holds with the Nemytskii operators Ny, and Ny replaced by the
autonomous Nemytskii operators Nr and Ng, respectively.

We will prove Theorem 10.11 and Corollary 10.12 in Section 10.4. Before
proving Theorems 10.7 and 10.11 we next present several consequences.

FEzxzamples and corollaries

First we notice that under the assumption (1.14), the order of integrand and
integrator in the four nonlinear integral equations is unimportant. It can be
reversed using the formal rule (1.16), and the new equations can be solved
as follows. For now, let p be an X-valued additive and upper continuous
interval function on an interval [a,b] having bounded p-variation for some
1 < p < 2. Also for now, let a function F': Z — Y be a-Holder continuous
with p— 1 < a <1, and let ¢ € Z. Consider two forward nonlinear integral
equations for Kolmogorov integrals:

ft)=c+ F du(Fof)_, a<t<hb, (10.18)
(a.1]

g(t) =c+ F dp-(Foyg), a<t<b. (10.19)
[a.t)

The two analogous backward equations can be solved similarly, and are not
considered here. Related to the integral equations (10.18) and (10.19), define
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the associated Picard iterates {fy,}n>0 and {gn}n>0, respectively, by fo :=
go = ¢ and for each n > 1, let

fo(t) =c+ F dp-(Fofn_1)—, a<t<hb, (10.20)
(a,t]

gn(t) = c+ F dp-(Fogy_1), a<t<b. (10.21)
[{J’?t)

Applying Corollaries 10.8 and 10.12 to the bounded bilinear operator B: Y x
X — Z defined by B(y,z) := B(z,y) := x -y we get the following:

Corollary 10.13. Let 0 < a < 1,1 < p < 1+ «, and J := [a,b] with
a < b. Assuming (1.14), let p € AZ,(J;X), let F € Hi(Z;Y) be Fréchet
differentiable on Z with derivative DF € HLOC(Z; L(Z)Y)), and c € Z. Then
(a) each of the two integral equations (10.18) and (10.19) has a unique solution
in Wy(J; Z), and (b) each of the two sequences of Picard iterates (10.20) and
(10.21) converges in W,,(J; Z) to the solution of the respective equation from

().

Let Y be a Banach space and let X := By = L(Y,Y) be the Banach
algebra of bounded linear operators from Y into itself. Let Z7 = Y and
B(T,y) =Ty for T € X and y € Y. Suppose that F' € By is the identity
mapping from Y onto itself, denoted by I. Then (10.18) becomes the forward
homogeneous linear integral equation (9.203) with ¢ = y. In this case using
Corollary 2.23 with the reversed order of integrand and integrator, (10.20)
can be written recursively in closed form as follows: for a <t < b, and n > 2,

fut) = c+pl(a,t))e+ F p(ds) £ du(fn2)- =

(a,t] (a,s)

n

—{T+ul@ )+ F plds) F plds2) F pldsi)fe

k=2 (a,t] (a,s1) (a,8k—1)

By (9.94), f(t) is a partial sum of the Taylor expansion of the product integral
with respect to p over the interval A = (a,t]. Similarly, assuming that F' in
(10.19) is the identity, the associated Picard iterates g, (t), n > 2, t € [a, b], in
(10.21) can be rewritten in the form of partial sums of the Taylor expansion of
the product integral with respect to p over the intervals A = [a,t), t € [a, b].

Finally, we show how Corollary 10.12 can be used to solve a nonlin-
ear refinement Riemann—Stieltjes integral equation with respect to a right-
continuous point function.

Corollary 10.14. Let 0 < o < 1,1 < p < 1+ «a, and J = [a,b] with
a < b. Assuming (1.14), let F' € H1(Z; X) be Fréchet differentiable on Z with
derivative DF € HLOC(Z; L(Z)Y)), let h € W,(J;Y) be right-continuous, and
letce Z. Let fo=ce Z, and forn=1,2,...,
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t

Falt) = c+ (RRS)/ (Fofp_1)-dh, a<t<b. (10.22)
Then fn, € Wy(J; Z) for all n and the f, converge in Wy(J; Z) to some f
which is the unique solution in W, (J; Z) of

¢

ft)=c+ (RRS)/ (Fof)“.dh, a<t<b. (10.23)
Proof. Let p:= pp,; be the Y-valued interval function on J defined by (2.2).
Then since h is regulated, p is upper continuous by Theorem 2.7. Let ﬁ(t) =
p([a,t]) for a <t < b. Since h is right-continuous, by Proposition 2.6, we have
h=R,,=h—h(a) fora <t <band R, , defined by (2.3). By Proposition
3.31, vp(p; J) = vp(h; J) < oo. For an X-valued regulated function g on J, let
v = g7 be the X-valued interval function on J also defined by (2.2). Then
v is also upper continuous by Theorem 2.7, v() = 0, and g(t—) = v([a,t))
for a < t < b by Proposition 2.6. Since pu({a}) = h(a+) — h(a) = 0, the
Kolmogorov integral # , ,, g—-dp exists if and only if # ; v([a, -))-du does and
if they exist then they are equal by Theorem 2.21 with A; = {a}. Therefore
by Proposition 2.89, the Kolmogorov integral 3(5(@717] g—-dp exists if and only if

the refinement Riemann—Stieltjes integral (RRS) [ é’ g(_a)'dh does, and if they
exist then for each a <t <b,

t
£ g_-du = (RRS) / ¢'“.dh.

(a,t]

Now, each function f, defined by (10.22) is equal to the function defined by
(10.12) with Ny, = Np and Ny = 0. Thus by Corollary 10.12 with G = 0 and
v =0, the f, converge in W, (J; Z) to some function f which is the unique
solution in W, (J; Z) of (10.5), and hence of (10.23), proving the corollary. O

10.3 Existence and Uniqueness

To prepare for the proof of Theorem 10.7 we will characterize relation (10.9)
defining the class HWG, 4 given by Definition 10.3. Recall Definition 6.42 of
the class UH, of s-uniformly a-Holder functions ¢: B x J — X with its
seminorm H, () := H,(¢; B x J, X), and Definition 6.47 of the seminorm
Weaq(-, K), 0 < K < o0.

Proposition 10.15. Let 1 < p < ¢ < o0, a := p/q, and J := [a,b] with
a < b. For Banach spaces Z and X, let B be a nonempty subset of Z, and let
Y ZxJ— X bein UHq(B x J; X). The following statements (a) and (b)

are equivalent:
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(a) ¥ € HWGq4 ¢(B x J; X), or equivalently since v € UH(B x J; X), ¢ €
WG ¢(B x J; X); in other words, there is a finite constant C' such that
(10.9) holds for each 0 < K < o0

(b) there is a finite constant D such that for each g € W, (J; Z) with range
ran (g) C B and any nondegenerate interval A C J,

1Nl < DO+ lgll% -

Moreover, if (a) holds, we can take D = C'+max{||Ny(z17)]lsup+ 2] “Ha(¥),
2H,(Y)} for any z € B.

Proof. Suppose (a) holds. Then by Lemma 6.53(a) and (10.9), we have

INoglla @) < HalOllgl gy + Wea (0, lglla 1)
< C+ (C+ Ha(¥)gll% -

Let z € B. By the definition (6.31) of W, (¢, K), ¥(z,-) € W,(J; X), and so
| Ny (21.5)]|sup < 00. Since ¢ € UHo(B x J; X), it then follows that

[Ny gllasup < [Ny (215) [sup + Ha () (|91l sup + 1211%)-

Thus letting D := C 4+ max{|| Ny (217)||sup + |2|*Ha (¢), 2H () }, (b) holds.
Now suppose that (b) holds. By Lemma 6.53(c), for 0 < K < oo, we have

Wa g, K;Bx J,X) < Hy()K* + D + DK®.

Thus taking C := D + H,(v¢), (a) follows, proving the proposition. O

The next three examples give sufficient conditions for statement (a) of the
preceding proposition.

Example 10.16. Using the notation of Proposition 10.15, let h € W, (J) and
let F': Z — X be such that for some constant M, ||F(2)| < M(1+ |z]*),
z € Z (in the case Z = X = R this is the a growth condition (7.2)). For each
(z,8) € Z x J, let ¢(z,s) := F(z)h(s). To show that (a) of Proposition 10.15
holds for v, recall the notation (6.31). Let 0 < K < 0o, B C Z,let k = {s;}7,
be a partition of J, and let p = {z;}}; C B be such that waq(1) < K. Then

sq(¥: 11, 1)1 < ||Bll g max || F(z2)[| < MRl (1 + K*),

and so (10.9) holds with C' = M]|hl| ).

Example 10.17. Another example is ¢(z,s) := > = Fj(z)h;(s) with z €
Z,s e J,and 1 < m < oo, where F; € HQ(Z;X§ and h; € W,(J). Let
0 < K < o0, BCZ,letk ={s;}y, be a partition of J and let pu =
{#zi}7-1 C B be such that waq(p) < K. For a function f: J — R and each 1,
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let A;f := f(s;) — f(si—1). Using the triangle inequality, and then iterating
the Minkowski inequality (1.5), it follows that

m

s )V < (i(ZnF] Collay))) "

=1
(ZHFJ )llam?) " < Znhjn(q) max | Fj ()|

Ih o) [1£5(0 ||+K"Z||h i) 151l (7t

Jj=1

Thus (10.9) holds with C' = 3" [|h;ll(g) |17 |-
Example 10.18. For j = 1,2,..., let Fj; € Ho(Z;X) and h; € W,y(J) be
such that -

> Il Fjllr, < oo

j=1
Since 3277 [1llsup | Fjllsup < o0, it follows that for each (z,5) € Z x J,
P(z,8) == D272 Fi(2)hj(s) € X. Let 0 < K < 00, B C Z, let k = {s;}],

be a partition of J and let p = {z;}]-; C B be such that wa,(y) < K. For a
function f: J — R and each 4, let A;f := f(s;) — f(si—1). Then

a3 11,) /1 < (Z(ZIIF llang)")"

Let C:= 3272 [hill(q) 1 7. < oo. For each 1 <'m < oo, as in the preceding
example we have

(z”: (i I Gollanl)") " < o+ k).

Letting m — oo, it follows that (10.9) holds. Moreover, for any z,w € Z and
s € J, we have

1¥(z,5) = (w, s)|| < ZHF ()] lA;llsup
< ||Z —UJH“Z 1E5 1 20 1l sup-
Thus Ha(¢; Z x J; X) < 00, and s0 ¥ € HWG, (B x J;Y) for each bounded

set B C Z.

We will next give bounds which control p-variation norms for the two
integral transforms 77, and Q7 , defined respectively by (10.10) and (10.11).
Recall Definitions 10.3 for Gy q and 10.5 for CRG3.
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Lemma 10.19. Let o, 5 € (0,1], 1 <p < 1+«, ¢ :=p/c, and J := [a, b] with
a < b. Assuming (1.14), let ¢ € HWG, o(Z x J;X), ¢ € CRG3(Z x J; X),
we AL, (J;Y), and v € AZ,(J;Y). Suppose that for some a <u < v <D,

12l (o)) < P1 = {16 K (Garg () + [Ny (0)lsup + 2Ha (1))} 1,
10l (), 1) < 2 = {161 ¢llg,} 1,

where Kp g = C((1+a)/p), p1 :=+o0 if p =0, and ps := 400 if ¢ = 0. Then
for any R > 1 the following two statements hold:

(CL) HT:afH[u,v),[p] < 2R whenever f € WP([aav);Z)a HTc%af(u)H < R and
[ w0, [) < 28

(0) 1QZ af l(uvl,ip) < 2R whenever f € Wy([a,v]; Z), |QZaf(ut)| < R and
HfH(u,v],[p] <2R.

(10.24)

Proof. If 9 = 0 and ¢ = 0 then Tgaf = Qzaf = ¢, and the conclusion of the
lemma holds for any a < u < v < b. Suppose that either ¢ Z 0 or ¢ Z 0.

To prove (a), let k = {t;}_, be a point partition of [u,v) C J and let
A = (u,v). By additivity of the Kolmogorov integral (Theorem 2.21), the
Minkowski inequality (1.5), the inequality (3, a?)}/? < 3. a; valid for any
a; > 0, and the Love—Young inequality (3.153), we have

SP<T> f; )1/p
< (3

/
<KPQH(N1/)JC *HA[q(ZUp M ti— 17 ))1p

i=1

£ (Nof)—d|

(ti—1,ti]

1/p
wa dMH) +

n

+ ||(N¢f)fHA7sup Zvl(lf; (tiz1,ti]).

i=1
Thus by superadditivity of v, and v; over an interval partition (3.69),
1T 0 ) ) < Kl N flla

Since ¢ € UG(Z x J; X), we have by Definition 10.5,

vlla,a)- (10.25)

< ([ llgs (1 + 113 up)- (10.26)

Since ¢ € HWG, q(Z x J;Y), by Proposition 10.15(b) with 2 :=0€ B:=Z
and A = (u,v), we have

INufll 4 < DA +IFIE )y (10.27)

where D := Ga (W) Ny

(0)llsup + 2Ho () with Go,() given by Definition
10.3. Since H fH[u v),sup < ‘

| T, f)| + HTgaf||[u7v)7(p), it then follows that
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‘|Tc>,af||[u,v),[p] < HTcTaf(u)” + 2HTC>,af||[u,v),(p) (1028)
ST f (@) + 2K, DA+ 14, ) AN sup) 17l 1)
< N7 f )l + 4] Ky Dlllla oy + 19l 111t o) b mas {0 £y -

Thus for any R > 1, assuming that |77, f(u)|| < R and || f||{u,v),[p < 2R, we
have that |77, fl{u,v),p) < 2R by (10.24), proving (a).

To prove (b), in the proof of (a) we can replace T, f by Q of s (Nyf)=
Nyf, (Nof)= by Ngf, intervals (t;_1,t;] by intervals [t;_1,t )7 and [u,v) by
(u’v}- Now in (10-28)7 since ||Qc>,afH(u,v],suP < HQ:GJC(U‘F)H + HQc,afH (u,v],(p)»
we can also replace ||T:af( u)|| by [|Q7 . f(u+)]|. Thus for any R > 1, assuming
1 Nt 1 < 2R and 05, flut)]| < R, it follows that Q7 f [y < 25
by (10.24), proving (b). The proof of the lemma is now complete.

For the following recall that the integral transforms T;u fand Q7 f are
defined respectively by (10.10) and (10.11), for f € W,(A;Z), 1 <p <2, and
A= [u,v) or [u,v], a <u<wv<b Fora<u<t<bwe have by additivity
of Kolmogorov integrals (Theorem 2.21)

T f(t) =T f(u) + Tg, f (1) (10.29)

By additivity and upper continuity of Kolmogorov integrals (Proposition
2.22), we have for a < u <t <b,

Taf () = QL f(w) + Qf [ (ut) + Q5 .y [ (1), (10.30)

where in (10.11) each (. , equals £ .
The following gives bounds for the last terms on the right sides of (10.29)
and (10.30). Recall the space HWlﬁ_Ca,q as in Definition 6.61 for n = 1.

Lemma 10.20. Let 0 < a <1 <p<l+4+a,q:=p/a, 0 < R < o0, and
J = [a,b] with a < b. Assuming (1.14), let b € HWC (Z x J; X), let

1+a,q
¢ € UHlloc(Z x J; X) be such that ¢(z,-) € R(J;X) for each z € Z, let
we€ AL, (J;Y) and v € AZ,(J;Y). Suppose that an interval [u,v] C J is such
that

aviy —1
12l (o), ) < 01 = {1+ 16K, 4[Hi(¢) + D(1+ R*)]}

(10.31)
HyH(u,v),(l) <0y = {1 + 16H1<¢)}_1>

where Hyi(x) = Hi(x;Br x J,X) for x = % or ¢ and with B = {z €
Z: ||z|l < R}, D = Ho(W$";Br x J,X) + Wa (5", Ry Br x J,X), and
Kpq=C¢(1+«)/p). Let C := [u,v) for part (a) and [u,v] for part (b) below.
Let f,g € W, (C; Z) 1} < R. Then for any
e > 0, the following two statements hold:
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( ) HTO>uf ug” (u,v),[p] < 6/2 whenever Hf g” (u,v),[p] < 2¢;
( ) HQO,u—i—f QO,u-i—g”(u,v 1,[p] < 6/2 whenever Hf gH(u,v],[p] < 2e.

Proof. To prove (a), let A := (u,v). As in the proof of Lemma 10.19(a), we
have

HTOTuf - T0>,ug||[u,v),(p)
< KpglINyf = Nygllagllilla,m) + INef — Nogllasupllvlla,)-

By Theorem 6.68 and since || - [[4,(q) < || - [|4,(p) by Lemma 3.45, we have

INyf = Nygllag < Hi @I f — gllag + DA+ g% ) Ilf = gllasup
< [Hi () + D1+ RS — gllap

By the definition of s-uniform Lipschitz condition (Definition 6.42), we get
INgf = Nogllasup < Hi(D)If = gll asup-

Since (T, f — T5,9)(u) = 0, we then have

1750 f = 169 woo). )

<2T5 0 f = T5 09l ), ) (10.32)
< {2K, 4[H: () + D(1 + R%)] ()]

< 2¢, by (10.31), it then follows that

For € > 0, assuming || f — g|l{u,v),[p]

||T0>7uf — TOTugH[u,v),[p] S {4Kp’q [H1(1/1) + D(l + Ra)] 91 + 4H1(¢)92}€ S 6/2.

The proof of statement (a) is complete.

To prove (b), we can replace intervals (¢;-1,¢;] in the proof of Lemma
10.19(a) by intervals [t;_1,t;), [u,v) by (u,v], and Ty, by Qf . In this case
to show the analogue of (10.32), we use the fact that

”Qg,u—&-g - Q5u+f“(u,1)],bup = HQO u+g QO u+fH(u v],(p)»

which follows by Corollary 2.23. The proof of the lemma is complete. |

Finally, before proving Theorem 10.7 we recall the Banach fixed point
theorem. Let (S,d) be a metric space. A mapping T: S — S is called a
contraction if there is a constant 0 < ¢ < 1 such that d(Tz,Ty) < qd(x,y)
for all z,y € S. An element x € S is called a fized point (for T') if Tx = x.

Theorem 10.21 (Banach fixed point theorem). If (S,d) is complete, every
contraction has a unique fixed point.
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Proof. Let T"x := (ToTo---oT)x to n iterations. For any = € S, it is easy
to check that {T"xz},>; is a Cauchy sequence, with a limit y which is a fixed
point, and there is no other fixed point. O

Proof of Theorem 10.7. It seems useful to distinguish between condi-
tions we will call “global,” namely, when the set B is the entire Banach space
Z, as in Definition 10.3 or 10.5; and other conditions we call “local,” where B
is a proper subset, such as a ball in Lemma 10.20, and which may be indicated
by the superscript loc i1 definitions. We begin by considering some global hy-
potheses in Theorem 10.7. Since ¢ € HWG1 ,(Z x J; X), by Definition 10.3
with @ = 1, with p in place of g and B = Z, v» € UH1(Z x J; X). By Definition
6.42 with B= 7,5 = Jand Y = X, it then follows that Hy(¢; Z x J, X) < oc.
Since ¢ € UGs(Z x J, X), by Definition 10.5, [|¢[| zx.7,g, < oo.

Let

V= H(H1(¢§Z X J7X> + ||¢HZ><J,Q;3) < 00,
W= H([|Ny(0)[[sup + 2([@ll zx 1,64) < 00,

where H := sup, ¢ ; max{||u({t})|, [[v({t})]}-
We will use Lemmas 10.19 and 10.20, with their local hypotheses, to show

that the two integral operators T,7, and @, on suitable classes of functions
restricted to sufficiently small intervals are contractions. By Definition 10.5,
since

(10.33)

b € UHOY(Z x J;X) and ¢(z,-) € R(J; X) foreach z€ Z,  (10.34)

¢ €UCR(Z x J; X), and so ¢ € CRG3(Z x J; X). This together with the hy-
pothesis 1 € HWG1 ,(Z x J; X) shows that 1 and ¢ satisfy the hypotheses on
them in the second sentence of Lemma 10.19 with o = 1 there. By Definition
10.3, ¥ € WG ,(Z x J; X), and so ¢(0,-) € W,(J; X). Thus by Definition
6.61 with n =1,

b€ HWVE, L 1a(Z x T3 X). (10.35)

By (10.34) and (10.35), ¢ and v satisfy the hypotheses on them in the second
sentence of Lemma 10.20.

Let p1 and py be defined by (10.24) with o = 1 there. Using Proposition
3.52 twice, one can find a Young interval partition {(t;-1,t;)}2; of J = [a,]]
such that v, (u; (tj-1,t;)) < pf and vy (v; (tj—1,t5)) < p2 for each 1 < j < m,
and m < 14 v,(u;J)/p} + vi(v; J)/p2 since the intersections of my disjoint
open intervals and me such intervals yield at most m1 +ms — 1 intervals. Thus
the conclusion of Lemma 10.19 holds if £;_; < u < v < t; for some j, which
will be used in Lemmas 10.22 and 10.23.

To prove the existence of a unique solution of the integral equation
(10.5), let T, be the integral operator defined by (10.10). For a function
g EW,(J; Z) and a < u < v < b, since ||g(v)]| < [|gljuv),sup + A7 g(v)]], we
have
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Hg”[u,v],bup = Hg” [u,v),sup + HA g( )H
Thus by Corollary 3.43(a), it follows that
911,00 6) < N9l w0, () + 211 A7 g(0) |- (10.36)

Applying this to g = T, f with f € W,(J; Z), we have

1T o f o, ip) < W Tiaf o)) + 2047 T2, f(0)]].

By additivity of the Kolmogorov integral over adjoining disjoint intervals
(Theorem 2.21), and then by Corollary 2.23, we have

1A™T, f ()l
= lim

’U.’U

F eh)dut £ (Nof)- v

= [Ny f)(v=)-p({v}) + (No f)(v=)-v({v})]

< H{HL() 1 o), 0p + N5 0 lsup + 101G, (1 + 1F117,.0) sup)}
< W+ V”f”[u,v),sup

for V and W defined by (10.33). Thus
||TcTaf||[u,v],[p] < HT:afH[u,v),[p] +2W + 2VHfH[u,v),SUD' (10'37)

Let Ry := max{|lc||,1} and let Rj11 :=2W + (2+4V)R; for j =1,...,m
Let F be the set of all f € W,(J; Z) such that |[fll,_,.¢,).p < 2R; for j =
1,...,mand || f(D)]| < 2Ry+1. By Corollary 3.43(a) again, for a <u < v <,
we have

1 Tolip) < 1 o o) + AT S @)+ 1 @)

Then || fllit,_1.¢,),[p) < 4Rj+4R;41 for each f € Fand j =1,...,m. Applying
subadditivity of || - [|(,y and thus of [| - ||} over closed, adjoining intervals
(Proposition 3.35(a)) recursively,

1 < D2 1 Nty ststi) < 4R1+8)  Rj+4Rmyn =2 S < oo (10.38)

j=1 =2

for each f € F.
In the following lemma and its proof, we apply the definitions (10.10) and
(10.11) with, in place of b, various B with ¢;_1 < B <'t;.

Lemma 10.22. Let j € {1,...,m}. Suppose that there is a unique function
hoin Wy(la, tj—1]; Z) such that T, h = h, and that |||/, _, 1,1 < Rry1 for
r=1,...,5 —1if j > 2. Then there is a unique function g € Wy(la,t;]; Z)
such that T ,g = g, and we have ||glit,_,.¢,1,p) < Rjv1-
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Proof. Let R := 3S. For this value of R, let 6 and 0 be defined by (10.31). For
k = 1,2, recalling the definition (10.24) with o« = 1 of py, let o := min{6y, pr }
if m > 1 and oy, := 60 if m = 1. Again using Proposition 3.52 twice, one can
find a Young interval partition {(s;—1, s;)};; of J such that ||u||(s,_, s,), ) <
o1 and ||V (s,_, s),(1) < 02 for each 1 <4 < n. We can assume that {s;}} is
a refinement of {t;}7, and n < m + v, (u; J)/0] +v1(v; J)/02
Since the partition {s;}i', of J is a refinement of {t;}7", t;_1 = s;; , <
© < 83, = t; for some integers 0 < d;_1 < i; < n. Let ul = Syl
for | = O,...J{: = ij —ij—1, so that ug = tj_1, and let h(t) := h(ug) for
t € (ug,u1). Let Hy := Hy j be theset of all f € W, ([a,u1); Z) such that f = h
on [a, uo] and || f{|[u,uy),ip) < 2R;. The set H;y is closed in Wy ([a, u1); Z) and
nonempty since h € H;. Thus H; is a complete metric space with the metric
dl(f, )= f—gll (wom) ) By the definition (10.10) of the integral operator
17, foreach f € Hy, T, f(uo) = T ,h(uo) = h(uo), and so || T, f(uo)l| < R;
by hypothesis if j > 3 and i j = 1, since h(a) = T ,h(a) = c and by
definition of R;. We will apply Lemmas 10.19 and 10.20, both with v = wg
and v = u;. Here (10.24) and (10.31) hold by choice of {s;},. The hypotheses
in the second sentence of each lemma were verified around (10 35). By Lemma
10.19(a), with R there equal to R; here, T, takes the set H; into itself. Also
for each f € My, letting ¢; := T, f(uo), by (10.29) with v = ug, we have

Caf =TZ uf on [uo, ur).

By definition of the class Ha, for each f € Hy, we have || f|[ug,uy),[p) < 2Rj-
We have 2R; < S = R/3 by (10.38). Thus we have checked all the hypotheses
of Lemma 10.20.

By Lemma 10.20(a), for fi1, fo € Hy, taking € := (1/2)[[f1 — falljuo,u1),[p]s
we have

H c1, uo Cl u0f2|| [uo,u1),[p] — H 0, uo 0 u0f2|| [wo,u1),[p]
< (1/4)Hf1 F2llfuo,ur) (o] (10.39)
and so Tf . 1s a contraction for d;. Thus by the Banach fixed point theorem

(Theorem 10.21), there is a unique function
hi € Hy such that T, hy = hy on [a,uq). (10.40)

In particular, hy(t;—1) = T, hi(tj—1) = T, h(tj—1) = h(t;j—1). Suppose that
there is another function g in W([a,u1); Z) such that T ,g = g on [a,uy).
We have that ¢ = h; = h on [a,up] since such a function & is unique by
hypothesis. Let u := sup{t € [ug,u1): g(t) = hi1(t)}, which is defined since
g(up) = h1(up). If w = u; then we are done. Suppose u < uy. We have u = wo,
or u > ug and g = hy on [ug, u). In the latter case,

(g =) (u) = A7(g = hi)(w)
= (Nypg = Nyh)(u=)-p({u}) + (Nog — Ngh1)(u=)-v({u}) = 0,

by upper continuity of the Kolmogorov integral (Corollary 2.23), and so g(u) =
hi(u). Recall that at the beginning of this proof, 6; and 0 were defined by
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(10.31) for R := 35S and S from (10.38). We will choose v > u close enough to
u to satisfy three conditions. First, by Proposition 3.50, the interval function
A — vp(p; A), A € 3(J), is upper continuous at (), so for v € (u,u] close
enough to u we have ||| u,0),(p) < 01. Second, likewise, we can and will make
7]l (w,v),(1) < 02. Third, by (10.40), we have h; € H; and so by definition of
Ha, (12l fuo,ur) < 2R;j. We have 2R; < S = R/3 by (10.38). Since T, ,g = g
on [a,u1), by additivity and upper continuity of the Kolmogorov integral
(Proposition 2.22), g is right-continuous on [a, u1). Thus by Proposition 3.42,
limy o |9 |lfu,0,(p) = 0. So by the subadditivity of || - ||,y over adjoining closed
intervals (3.53), we can and do assume that ||g||fu,,.],p < S = R/3. This
finishes the choice of v.

Let € := (1/2)[lg = h1lju,v),ip)- We have (g — h1)(t) = T ,9(t) — Ty, ha(t)
for each t € [u, u1). By Lemma 10.20(a), it follows that

2¢ = lg = hllww),ip) = 1T6u9 = TouPa llju,w)fp) < €/2.

Thus € = 0, and hence g = h; on [u,v), a contradiction, proving u = u;.
So hy is the unique function in W([a,u1); Z) such that T, ,hy = hy.

Now suppose that for some 2 < [ < k, hj—; is the unique function in
Wy(la,ui—1); Z) such that T, ,hj—1 = hy—1 on [a,u;—1). Also suppose that
hi—1(ug) = h(up) and th,lH[ﬁmulial] < 2Rj, which hold for [ = 2 as shown
above. Let hy_1(t) := hj—1(uj—1—) for t € [u;—1,u;), and let H; be the set of
all f € Wy([a,w); Z) such that f = h;—1 on [a,u;—1) and || f|ljug,u),p) < 2R;.
The set H; is closed in W, ([a, w;); Z) and nonempty since hy—1 € H;. Thus H;
is a complete metric space with the metric d;(f, 9) := [|.f — gl [u,_, ), [p)- Note
that if f # ¢ in H;, since f = g = h; on [a,u;—1), we have f # g somewhere
in [uj—1,u;). By the definition (10.10) of the integral operator T, for each
[ € My, T, f(uo) = T, h(uo) = h(ug), and so [ T7, f(uo)| < R;. Thus by
Lemma 10.19(a), T, takes the set H; into itself. By definition of the class H;,
for each f € H;, we have || fll{u,_, uw),p < 2Rj. We have 2R; < S = R/3 by
(10.38). Also all the functions in H; have the same value ¢; := T, hi—1(u;—1)
at w1, and so by (10.29) with u = w1, we have T f = chulilf on
[uj—1,u;) for each f € H;.

By (10.39) with ¢; in place of ¢1, [u;—1, ;) in place of [ug, u1) and fi, f2 €
Hi, Tga is a contraction for d;. Thus by the Banach fixed point theorem
(Theorem 10.21), there is a unique function h; € H; such that Tgahl = Ry
on [a,ul). In particular, hl(tjfl) = chahl(tjfl) = T:ah(tjfl) = h(tjfl). It
follows as in the case I = 1 that h; is the unique such function in W,([a, w;); Z).
By induction, there is a unique function g € Wy([a, t;); Z) such that 77,9 = g,
and [glle;_y¢),1p) < Rj- Let

9(t5) := g(t;=) + (Nypg)(t;=)-p({t;}) + (Nog)(t;—)v({t;})
= g(tji) + A7 (Tc?ag)(tj = (Tc?ag)(tj)a
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where the second equality holds by Corollary 2.23. Then T;7,g = g on [a, t;]
and [|gll(;_,.;0,1p) < Rj+1 by (10.37), proving the lemma. O

Now returning to the proof of Theorem 10.7, let h(a) := ¢ = T h(a).
Recall that R; are defined after (10.37). Since the p-variation on a singleton
is zero, ||h|l{ay,;p) = IIR(a)|| < Ri. By Lemma 10.22 with j = 1, there is
a unique function g1 € Wpy([a,t1]; Z) such that 77,91 = g1, and we have
llg1llp) < Ra. Suppose that for some 2 < j < m, there is a unique function
gji—1 in Wy([a,t;1]; Z) such that T7,g;—1 = gj—1 and [[gj—1ll{,_1.¢,0,50) <
R,4q1 for r = 1,...,5 — 1. Then by Lemma 10.22 with h = gj—1, there is
a unique function g; € Wjy([a,t;]; Z) such that T7,g9; = g;, and we have
19illit; -1 5000 < Rjr-

Also since g; = gj—1 on [a, tj—1], |g;ll{t,_y 6,0, p) < Rrprforr=1,...,5-1
as well as r = j. Now a unique solution f = g,, of the integral equation (10.5)
in W,(J; Z) exists by induction.

To prove the existence of a unique solution of the integral equation (10.6)
in W, (J; Z), let Q7 , be the integral operator defined by (10.11). By additivity
of the Kolmogorov integral over adjoining disjoint intervals (Theorem 2.21),
and then by Corollary 2.23, for a < u < b, we have

£ (Nyf)-dp+ 3(& (Nysf) duH

[u,v) [u,v)

= [[(Ny.f)(w)-u({u}) + (N f)(w)v({u})]
< H{H ()| ()]l + [Ny (0) lsup + [ 6llg, (1 + [ (@)7)}
<SW+ V[

for V and W defined by (10.33) and H just after it. Thus assuming Q , f(u) =
f(w), we have

1QZaf (W)l < NQZ.f (W + [ATQIf (W < W + A+ V)| f(w)]. (10.41)

Let Ry := max{1, ||c[|} and let R; :== W + (14+V)2R;_q for j =1,...,m. Let
F be the set of all f: J — Z such that f(a) = cand || f|,_,.,).p < 2R; for
j=1,...,m. By Corollary 3.43(b), for a < u < v < b, we have

1 Mot o < 1F @+ TATF@I+ 11,0, 12

Then || fllit;_1,6,),[p) < 4Rj—1+4R; for each f € F and j = 1,...,m. Applying
subaddltwlty of || - ||(py and thus of || - ||, over closed, adjoining intervals
(Proposition 3.35(a)) recursively, it follows that

147 Q% f ()l = lim

m m—1
1) < S UF Nyl < 4Ro +8 Y Ry + 4Ry = 5 < oo (10.42)
- =

for each f € F.
Here we will use another lemma.
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Lemma 10.23. Let j € {1,...,m}. Suppose that there is a unique function
hoin Wy(la,tj—1]; Z) such that Q7 ,h = h, and that ||hl[¢,_, 4,1, < 2R, for
r=1,...,5 —1if j > 2. Then there is a unique function g € Wy(la,t;]; Z)
such that Q7,9 = g, and we have ||g|l,_, ,),p) < 2R;-

Proof. Again let R := 3S. For this value of R, let #; and 0 be defined by
(10.31). For k = 1,2, recalling the definition (10.24) with a = 1 of py, let
oy = min{by, pr} if m > 1 and oy, := ), if m = 1. Again using Proposition
3.52 twice, one can find a Young interval partition {(s;_1,$;)}7, of J such
that || ull(s,_y,s0).0) < 01 and [|V|(s,_,,s,),(1) < 02 for each 1 <4 < n. We can
assume that {s;}7 is a refinement of {t;}", and n < m + v,(u; J)/0} +
v1(v;J)/oa. Then for each i = 0,...,n — 1 and each f,g € W,([ss, Si+1]; Z)
such that max{||f||;p), |9/lp)} < S, by Lemma 10.20(b) with € := (1/2)||f —
9| we have

(si,8i41]5[p]>

HQ;sﬁ»f - stiJrg‘

(sirsit1]s[p] — HQESHrf - Q0>,sl'+g‘
< (1/4)

(si,8i+1]5[P]

|f = 9ll(sisiia).lp) (10.43)

for any 2 € Z. Since the partition {s;}j" of J is a refinement of {t;}}].,,
tj1 = s, < <8 =t; for some integers 0 < i; 1 <i; < n. Let u; :=
Sij71+l for | = 0, ey k= ij - Z'jfl, so that uyg = tjfl, and let h(t) = h(UO)
for t € (ug,u1]. Let Hy be the set of all f € Wy([a,u1]; Z) such that f = h
on [CLJL()] and HfH(uo,ul],[p] < 2R;. It j =1, ||h||(uo,u1],[p] = HcH(uo,uﬂ,[P] =
llell < Ro < 2R;. The set H; is closed in W,([a, u1]; Z) and nonempty since
h € Hy. Thus H; is a complete metric space with the metric di(f,g) :=
IL.f = 9l (uosus),[p)- Moreover, for each f € Hy, || fll[a,u),ip) < R/3 by (10.42). We
have [|h(uo)| < 2R;-1 by hypothesis if j > 2, and since h(a) = Q7 ,h(a) = cif
j = 1. Thus |Q7 . f(uo+)| < R, for each f € H; by (10.41) and the definition
of R;. Also since Q,f = Q7 ,h = h on [a,ug], the integral transform Q7,
takes H; into itself by Lemma 10.19(b), with R there equal to R; here. We
have ¢; := Q7 h(uo+) = QI f(uo+) for each f € H;, and so by (10.30)
with v = uo, Q7 .f = QF, 4o+ f on (uo,u1] for each f € Hy. By (10.43) with
zZ=c, Za is a contraction for dy, and so by the Banach fixed point theorem
(Theorem 10.21), there is a unique function hy € H; such that Qzahl =M
on [a,u1]. In particular, ||h1(tj—1)| = ||(tj—1)|| < 2R;j—1. Suppose that there
is another function f in Wy ([a, u1]; Z) such that Q7 f = f on [a,u1]. We have
that f = h1 = h on [a, up] since such a function h is unique by hypothesis. Let
u := sup{t € [ug,u1]: f(t) = h1(t)}, which is defined since f(ug) = hi(ug).
Then u = wg, or u > ug and f = hy on [a,u). In the latter case, by the
definition (10.11) of @ ., we also have f(u) = Q7 f(u) = QF ,h1(u) = hi(u).
If v = w; then we are done. Suppose u < wui. Recall that now #; and 65
are defined by (10.31) for R := 3S and S from (10.42). By Proposition 3.50,
there exists v € (u,u1] such that [|ul|(u,v),p) < 61 and [|[V]|(u,0),1) < O2. Let
€ i= (/2)1f — Tl p1- We have (= ) (6) = Qo S (6) - Qo (t) for
each t € (u,u1]. By Lemma 10.20(b), it follows that
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2¢ = ||f = hallqul,ip) = 1Q6ur S — Qbut P ll ol o) < €/2-

Thus € = 0, and hence f = hy on (u,v], a contradiction, proving u = uy, and
so hy is the unique function in Wy ([a, u1]; Z) such that Q7 ,h1 = hy.

Now suppose that for some 2 < [ < k, hj—; is the unique function in
Why(la,w—1]; Z) such that Q7,1 = hi—1. Also suppose that ||h;—1(uo)|| <
2R; 1 and [|hi—1l(up,u_1),}p] < 2R;, which hold for [ = 2 as shown above.
Let hj—1(t) := hi—1(w—1) for t € (wj—1,w], and let H; be the set of all
[ € Wy(la,w]; Z) such that f = hy—y on [a,u;—1] and || f]l¢t,_, w),p < 2R;-
The set H; is closed in W), ([a, w]; Z) and nonempty since h;—1 € H;. Thus H;
is a complete metric space with the metric di(f, g) := [|f — gll (u,_,,w),[p)- FOr
each f € Hy, | fll{a,u),[p) < R/3 by (10.42). Also for each f € H;, f = h;—1 on
[a, u;—1] implies || f(uo)|| < 2R;—1, and so [|Q7, f(uo+)|| < R; by (10.41) and
the definition of R;. Thus the integral transform Q7 , takes H; into itself by
Lemma 10.19(b), with R there equal to R; here, and since Q7 ,f = hi—1 on

[a,u;—1]. All the functions in H; have the same value ¢; := Qzah(ul,ﬁr) at
w1+, and so by (10.30) with u = w1, Q7 ,f = QF, 4, ,+f on (u_1,u] for

each f € H;. By (10.43) with z = ¢;, Q7 is a contraction for d;, and so by the
Banach fixed point theorem (Theorem 10.21), there is a function h; € H; such
that Q7 ,h = hy on [a, w]. It follows as in the case [ = 1 that h; is the unique
such function in W([a, w]; Z). We have ||| (ug,u,[p) < 2R; by definition of
‘H;. The conclusion of the lemma now follows by induction. O

Now to finish the proof of Theorem 10.7, let h(a) := ¢ = Q7 ,h(a). By
Lemma 10.23 with j = 1, there is a unique function g1 € W,([a,t1]; Z) such
that Q7,91 = g1 and [[g1|(a,t,),[p] < 2R1. Suppose that for some 2 < j < m,
there is a unique function g; 1 in Wy ([a,t;-1]; Z) such that Q7 ,g;-1 = g;—1
and ||gl¢,_,0,p < 2R, for 7 = 1,...,5 — 1. Then by Lemma 10.23 with
h = gj—1, there is a unique function g; € W, ([a,;]; Z) such that Q7 ,g; = g;,
and we have ||g;ll(¢,_,.¢,),;p) < 2R;. Now a unique solution f = g,, of the
integral equation (10.6) in W,(J; Z) exists by induction.

To prove the existence of a solution of the backward integral equation
(10.7) we use a change of variables for the Kolmogorov integral as follows.
The function 6(t) := a+b—t takes [a,b] 1-to-1 onto itself, homeomorphically,
interchanging a and b, with § = 6~ on [a,b]. Let g := pof=!, v := vof =1,
U(z,t) = ¥(z,0(t)), and ¢(z,t) := ¢(z,0(t)) for a < ¢t < band z € Z. It
is easy to check that g, v, 12, and 5 satisfy the hypotheses of the present
theorem, and so by the first part of the proof there exists a solution f of the
integral equation

ft)=c+ F (N;f)_dii+ § (N;f)_-dv, a<t<b. (10.44)
(a,t] (a,t]

Let f(t) := f(6(t)) for a <t <b. Then f(b) = c and for a < t < b,
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fy =ct+ F (fs)s)dils)+  F G(f(s),5)--di(s).

(a,a+b—t] (a,a+b—t]

Now for the first integral on the right side, we have

£ D(f(s),8)--dfils)

(a,a+b—t]
= f (fatb—shatb—s) dis)  (10.45)
(a,a+b—t]

F (f(w),w)-du(w) = F (Nyf)+du

a [t,b) [t,b)

by a change of variables for Kolmogorov integrals, Proposition 2.30. Similarly,
for the second integral it follows that for a <t < b,

£ O(f(s),8)-di(s) = F (Nyf)y-dv. (10.46)

(a,a+b—t] [t,b)

Thus f is a solution of the backward integral equation (10.7). To show its
uniqueness in W, (J; Z), let g be another solution of (10.7), and let g(¢) :=
g(0(t)) for a < ¢t < b. Again using a change of variables for Kolmogorov
integrals it follows that g is a solution of (10.44). Since g # £, this contradicts
the uniqueness of the solution of (10.44), shown in the first part of the proof.
This contradiction proves uniqueness in W, (J; Z) of a solution of (10.7).
The same argument based on the use of a change of variables for Kol-
mogorov integrals proves that the backward integral equation (10.8) has a
unique solution in W, (J; Z). The proof of Theorem 10.7 is complete. |

The existence and uniqueness of solutions of the integral equations defined
by autonomous Nemytskii operators follow just by verifying the assumptions
of Theorem 10.7 as follows.

Proof of Corollary 10.8. Let ¢(z,s) = F(z) and ¢(z, s) = G(z). By Exam-
ple 10.16 with h = 1 and « = 1 there, statement (a) of Proposition 10.15 with
a =1 holds for 4, that is (10.9) holds with C' = 0 for each 0 < K < oo, and
so ¥ € HWG1 ,(Z x J; X) by Definition 10.3 with e = 1 and ¢ = p. Returning
to a € (0,1] in the statement of Corollary 10.8, since Wy, 4( Q(Ll),K) = 0 with
g = p/a for cach 0 < K < oo, $5) € HWIS(Z x J; L(Z; X)) by Defini-
tions 6.47 and 6.51. Since clearly ¢ € UG3(Z x J; X) ﬂUHlloc(Z x J; X) and
#(z,+) € R(J; X) for each z € Z, all the hypotheses on ¢ and ¢ of Theorem
10.7 hold, and so the conclusion follows. O
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10.4 Boundedness and Convergence of Picard Iterates

Before proving Theorem 10.11, we will show that the four sequences of Picard
iterates defined by (10.12), (10.13), (10.16), and (10.17) are uniformly bounded
in n with respect to the p-variation norm for ¢ and ¢ as in Lemma 10.19.

Proposition 10.24. Let o, € (0,1], 1 < p < 1 4+ «, and J := [a,b] with
a <b. Assuming (1.14), let » € HWG, p/a(Z x J; X), ¢ € CRGp(Z x J; X),
p € AL,(J;Y), and v € AL (J;Y). Then there is an integer 1 < m <
L+vp(ps J)/ py 4+ vi(v; J)/ p2, with pr and po defined by (10.24), such that for
alln=0,1,2,...,

max {[| £ ), 157 Nl } < €271 (1 +2DH)™ (10.47)

and

max {||g;, |}, 19711 } < C3™ (1 + DH)m, (10.48)

where C' := max{l,||c||}, D := Ha(¥) + [[Ny(0)|sup + 2[|9llgs, and H :=
supye  max{|[u({EH], [v({EH)][}-

Proof. We can assume that either ¢» £ 0 or ¢ # 0. Using Proposition 3.52
twice, one can find a Young interval partition {(z;-1,2;)}72; of J = [a, b] such
that vy (1 (zj-1,2;)) < p} and vi(v; (zj-1,2;)) < p2 for each 1 < j < m, and
m < 14 vp(p; J)/p) + vi(v; J)/p2 since the intersections of m; disjoint open
intervals and msy such intervals yield at most m; + mo — 1 intervals.

Let { fn}n>0 be either of the two sequences of forward Picard iterates { f;” }
or {g; }. We will show that for j =1,...,m,

Aj,n = ||fn

where A =2(1+4+2DH) if {f,} is {f;} and A=3(1+ DH) if {f} is {9, }.
Assuming that (10.49) holds, and applying Proposition 3.35(a) recursively, it
will follow that || fol (a5, < Z;n:1 Ajn < 20A™ for each n = 0,1,2,...,
which is (10.47) and implies (10.48) for the two sequences of forward Picard
iterates.

To prove (10.47) and (10.48) for the two sequences of backward Picard it-
erates we use a time reversal for the Kolmogorov integral as in (10.44) through
(10.46). Recall the function 6(t) := a+b—t taking [a, b] one-to-one onto itself,
and that i = pof=1, 7 = vof=1, (2, t) = (z,0(t)), and ¢(z,t) = B(z,0(t))
fora <t <bandze Z. Let {f7} be the sequence of Picard iterates obtained
by the integral transform T:aﬂ’; and QZ, qNS It is easy to check that g, v, 12,

and qNS satisfy the hypotheses of the present theorem, and so (10.47) holds for
{f7} in place of {f7}. Forn=1,2..., let h,(t) := f7(0(t)), t € J, and let
ho := c. Then as in (10.45) and (10.46), it follows that for n = 1,2,... and
each t € J,

| < c47  forn=0,1,2,..., (10.49)

” [zj—1,2;]:[p

ho(t) = c+ F (Nphn_1)+-dp+ F (Nphn_1)4-dv.
[t,b) [t,b)
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Thus {hy }n>0 is the sequence { f*},>0 of backward Picard iterates obtained

by the integral transform T v and 1, ¢. Since the change of variables 6

does not change the p-variation, || f*|l, = H-f:”[p] for each n, and so (10.47)
holds. The same argument applies to the second sequence of backward Picard
iterates, proving (10.48).

To prove (10.49), first let {f,} be {f7} and A = 2(1 +2DH). Note that
1/l = llell < C and A > 1. Thus it is enough to bound A;, for each
jeA{l,...,m}and n > 1. By (10.36) with ¢ = f7 and [u,v] = [z;_1, 2], we
have

A < 17 ey s+ 2187 £ )1 (10.50)

Recalling Definitions 6.47 and 10.3 and Remark 10.4, we have that ¢ €
HWa pja(Z x J; X). By Definition 10.5, we have ¢ € UCR(Z x J; X), so
the hypotheses of Proposition 10.9(b) hold. It follows that the integral trans-
form T, takes Wy ([a, b]; Z) into itself. Tterating, we see that the Kolmogorov
integrals in the definition of each f; are defined. Thus by Corollary 2.23 ap-
plied twice, and then by additivity of the Kolmogorov integral over adjoining

disjoint intervals one of which here is As = {t} (Theorem 2.21), for each
t € (a,bl,
1ATFZ O = NNy £ ) (=) u({t}) + (No S (t=)-v({£})]] (10.51)

< (Ha ()£ @)1+ INp (O lsup+ 16l g, (L[ fra ¢)17) H,

since v is s-uniformly a-Holder and since ¢ satisfies the s-uniform 3 growth
condition, Definition 10.5. Applying this bound to (10.50), we get that for
each j € {1,...,m} and n > 1,

Ajn < Hfr?”[z];l,z]-),[p] + QDHmaX{l, ||fn>71H[z]-71,z]-),suP}- (10'52>

Using this relation and Lemma 10.19(a), the claim (10.49) will be proved by
induction on j. For j = 1, let w = a, v = 21, R = C, and f = f;_,. Then
1T @) = 1£7 (@) = lell < C and || lly) = llel < 2C. Applying Lemma
10.19(a) recursively in n, it follows that || ;7 ||ja,2,),[p) < 2C forn =0,1,2,....
Since C' > 1, using this bound in (10.52), (10.49) holds for j = 1. Suppose
that (10.49) holds for some 1 < j < m. It will then be proved for j + 1.
Let Tj := C' A’ be the right side of (10.49). Let u = zj, v = zj41, R = T},
and f = f7_. By the induction assumption, |77, f(u)|| = || f; ()|l < T} for
n=1,2"" Also, 17 (i)l = llell < Ty and 55 ley 2y = llcl < Ty <
2T;. Then again applying Lemma 10.19(a) recursively in n, it follows that
I iz 2. < 275 for each n = 0,1,2,.... Using this bound in (10.52)
with j replaced by j + 1 it follows that (10.49) holds with j + 1 instead of
j. Hence by induction, (10.49) holds for all j = 1,...,m, when {f,} is the
sequence of Picard iterates {f }.

A proof of (10.48) is similar to the preceding proof of (10.47). Recall that
now A = 3(1+ DH) and let {f,} be the sequence {g; }. Now we apply the
inequality
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Ajn = 197 11251250100 (10.53)
< llgn (zi-Dll + 1A% g7 GOl + 195 125121, 1015

which follows using Corollary 3.43(b), for each j € {1,...,m} and n > 1. By
additivity and upper continuity of the Kolmogorov integral (Theorem 2.21
and Corollary 2.23), we have for each ¢ € [a, b),

ATgy(t) = (Nygn_1) (@) n({t}) + (Nogn_1) (@) v({t}). (10.54)

Since 1 is s-uniformly a-Holder and since ¢ satisfies the s-uniform 3 growth
condition, we thus have for each t € [a,b),

AT gy (@)
< {Ha(W)llgr 1 1% + 1N () llsup + [1llg,s (1 + llg7-1 (0)17) } H
< DH max{1, |lg;_, ()|} (10.55)

Again, (10.49) will be proved by induction on j. For j = 1, since ||g; (a)| =
le]] < C for each k > 0, it follows that

g7 (a )|l < llgr (@)l + | AT gy (a)l| < C(1 + DH) =: Ty (10.56)

holds for each n > 1. Then using Lemma 10.19(b) for R = T} recursively in
k > 0, it follows that for each K =0,1,2,...,

197 l(a,201,m) < 2T0- (10.57)

Now applying the second inequality in (10.56), and (10.57) with & = n, to
(10.53) with j = 1, we have that Ay, < 3Ty, = CA for each n > 1. Since
A1 = |lc|l < C, (10.49) holds for j = 1. Suppose that (10.49) holds for some
1 < j < m. It then will be shown to hold for j + 1 in place of j. Letting
R; := C'A’, which is the right side of (10.49), by the induction assumption
(10.49), we have || g; (z;)|| < R; for each k > 0. Therefore by (10.55), we have
that

gy (D < llgn )l + 14T g7 (2]l < R;(1 + DH) =: T; (10.58)

holds for each n > 1. Using Lemma 10.19(b) for R = T} recursively in k > 0,
it follows that for each £k =0,1,2,...,

||gk>||(Zj,Zj+1]7[P] S ZTJ (1059)

Now applying the second inequality in (10.58), and (10.59) with & = n, to
(10.53) with j + 1 in place of j, it follows that A1, < 3T} = RjA = CAI!
for each n > 1. Since A 11,0 = [|c]| < C, (10.49) holds for j + 1 in place of j.
By induction, (10.49) holds for each j = 1,...,m, when {f,} is the sequence
of Picard iterates {g;” }. The proof of Pr0p0s1t10n 10.24 is complete. O
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The following is a consequence of Proposition 10.24 when ¢ and ¢ are
autonomous. Recall Definition 10.5 for the class Gg.

Corollary 10.25. Let o, € (0,1], 1 < p < 1+ «, and J := [a,b] with
a < b. Assuming (1.14), let F € Ho(Z;X), let G € Gg(Z; X) be continuous,
let we AZ,(J;Y), and let v € AT1(J;Y). Also let

o1 1= {165,/ (IFO)| + 21 Fllae,)} ™" and p2 = {16]Gllg,} ™,
(10.60)
where Ky, /o = (1 +a)/p), p1 := +oo if F =0, and py := +o0 if G = 0.
Then there is an integer 1 < m < 1+ v,(u; J)/p} + v1(v; J)/p2 such that
(10.47) and (10.48) hold except that here D = [|[F(0)|| + || F||(x.) + 2[|Gllg,-

Proof. We can assume that F' 2 0 or G # 0. Let 9(z,s) = F(z) and ¢(z, s)
G(z). By Example 10.16 with h = 1,9 € HWG,, /0 (Z xJ; X) with G4 ()
0. Also clearly ¢ € CRG3(Z x J;X). Since F is a-Hélder continuous, by
Lemma 6.22(a), for any a < u < v < B we have

INES| 0y ipyag < F O+ 20E e 11 o)

and so (10.27) holds with D = [|F(0)|| + 2| F|[ (.- Since also (10.26) holds
with [|¢|lg, = ||Gllg, it follows that Lemma 10.19 holds with p; and py in
(10.24) replaced by (10.60). The conclusion then follows from Proposition
10.24. O

After proving convergence of the four sequences of Picard iterates in the
next proposition, we will then prove Theorem 10.11, showing that the limits
are the unique solutions of the corresponding four nonlinear integral equations.

Recall again the space HWlffa,q as in Definition 6.61 for n = 1.

Proposition 10.26. Let 0 < a <1 <p<1l+a, ¢ :=p/a, and J := [a,l]
with a < b. Assuming (1.14), let € HWE, (Z x J; X), let ¢ € UH(Z x
J; X) be such that ¢(z,-) € R(J; X) for each z € Z, let p € AL, (J;Y), and
let v e AZ((J;Y). For each of the four sequences of Picard iterates, if it is
bounded in W,,(J; Z) then it converges.

Proof. Let { f,}n>0 be either of the two sequences of forward Picard iterates.
Let R := 3sup,,> || fnlljp) < oo and let Bg be the ball in Z with center at 0 and
radius R. In particular, the range of each f,, is in the ball Bg. If (z,:) = hy
and ¢(z,-) = hg for each z in Br and some functions hy, hy: J — X then
fn = f1 for each n > 1 and so the conclusion holds. Suppose that either ¥(z, -)
or ¢(z,-) is non-constant with respect to z € Bg.

Since ¢ € HWita,q(Br x J; X), it follows from Definitions 6.61 and 6.47
that [0 | axssup < (947 (@) By sup + Wag (¥4, R) < oo. Thus by the
mean value theorem (5.2), ¢ is s-uniformly Lipschitz on Br with H;(¢; Br x

J, X) < ||w781)||BRXJ’Sup. Also, since ¢ € L{Hlloc(Z x J; X), we have



10.4 Boundedness and Convergence of Picard Iterates 531
C:=H(¢;Br x J,X)+ H1(¢; Br x J,X) < cc. (10.61)

Let 61 and 62 be defined by (10.31), with R as defined in this proof. Then
0 < 6; < oo for j = 1,2. Using Proposition 3.52, one can find a Young
interval partition {(t;_1,%;)}72; of J such that v,(su; (tj—1,t;)) < 07 and
v1(v; (tj—1,t;)) < 02 for each 1 < j < m, and m < 1+ v,(u;J)/07 +
v1(v; J)/0s.

Let B 1= [|fllgys H 1= supyeqay max{la({eDl, [v({£})1}, and A4 == 1+
4CH. We claim that for each j =1,...,m,

Ajn = || fas1 — f“HJ-,[p] <2 "(2A)E =: Bj,, forn=0,1,..., (10.62)

where J; := [tj_1,t;]. Assuming that the claim holds, and applying Proposi-
tion 3.35(a) recursively, it follows that

an+1 - fn”J,[p] < Z anJrl - anij[p] < 2in+1(2A)mE
j=1

for each n = 0,1,.... Therefore {f,}n>0 is a Cauchy sequence in W,(J; Z),
and so by Proposition 3.7(d), it converges to some function in W,(J; Z),
proving the conclusion for the two sequences of forward Picard iterates. The
same conclusion follows for the two sequences of backward Picard iterates by
applying time reversal for Kolmogorov integrals as in the proof of Proposition
10.24.

First suppose that {f,} is {f7}. For each n =10,1,2,... and u € J, let

ST {Triuf(? ifn =0, (10.63)

)

where T, f is defined by (10.10) with ¢ = 0.
The claim (10.62) will be proved by induction on j. Before starting the
induction we show that for each j € {1,...,m} and n > 1,

Ajn = [Aan

[ 75.1p) < HAavn(ti—ﬁH + HAtj—hnH[tj,l,tj),[p] (10.64)

200 Aua )+ 1Bty )

For a function g € W,,(J; Z) and a < u < v < b, since ||g||ju,0),sup < lg(w)]| +
lg — 9(w)|l{u,v),sup» Dy (10.36) we have

190 fwon, 11 < g (@)l + 119 — 9(w) |0, 1) + 21 A7 g ()] (10.65)
Let j € {1,...,m} and n > 1. Applying (10.65) to g = Aun = fry — fir

n

u = tj,1 and v = tj, since g — g(tjfl) = At]-,l,n on [tjfl,tj) by (1029), it
follows that

[ Aan

75.10) < 1 Aan (-0l 1A

|[tj*1’tj)’[p]+2“A_< n>+1_fn>)(t]>H
(10.66)
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As in (10.51), we have

A (fir = ) @)
= [[(Ngfry = Ny fr) (=) w({t;}) + (N fi — Nofr_1)(t;—)v({t D
< H[HNlﬁfr? - wa’l:—l”[tj—l,tj),Sup + ||J\/v<l5fn> - N¢fn>—1H[tj71,tj),sup]'

For t;_1 < s <t; we have

I(Ny £ = Ny fr)(9)]| < Hi(vs Br < J, X)|(f7 = fr-0)(s)]]
and likewise for the term with ¢. Thus using notation (10.61), it follows that
1A~ (frr = L)) < CHI = Fm) ity 1.ty sup- (10.67)

To bound the right side, we have by definition (10.12) of f;~, also for n replaced
by n — 1, and for n > 2 by (10.29) for f = f7 | and f;_,, that

(fr = Fr)(8) = At, s n1(8) + Aana(tj1)

for each s € [tj_1,t;). The same holds for n = 1 by the definitions. Since

clearly T, f(u) =0 for any f and u by definition (10.10) of T, we have
| Awkell st s0p < Akl st ()
forany a < u <t <bandk > 1. Thus
1 = Fallityore s < NQan—1 ()l + 144 1 n-allit,—i.t).)-

Applying this bound to (10.67) gives

1A~ Frir = SN < CHL Qw0 + 120 mnally, sy

By the preceding bound and (10.66), it follows that (10.64) holds.
To begin the proof of (10.62) by induction on j, let j = 1. We claim that
for each K =0,1,2,...,

| Aar| <2 M1E. (10.68)

at1

The claim will be proved by induction on k. For k£ = 0, we have
||Aa0||at1 p]<2||f1 ||at1 <2E

Suppose (10.68) holds for some & > 0. To prove it for k 4+ 1 we use Lemma
10.20(a) with g = fo1, f = f{, u =a, v = t1, and ¢ = 27*T1E. We have
19 = fllfwo),ip) = 1Aaklljae0),;p) < € < 2¢ by the induction assumption. Thus
by Lemma 10.20(a),

1 Aa kst lastn) o) = 1 To9 = Toraf o)1) < €/2 =27"E.



10.4 Boundedness and Convergence of Picard Iterates 533

Therefore (10.68) holds with k+1 in place of k, and hence for allk = 0,1,2, .. .,
as desired. For n > 1, applying (10.64) with j = 1, then (10.68) with k =
n,n — 1, since (f;” — fi_;)(a) = 0 for each k > 1, it follows that
A1 <04 | Aanllia)p + 2CH{O0+ [ Aan-1ll{a,t),) }
<27 E 4+ 20H2 " PPE = 27" EA = By .

For n = 0, we have
Aro 2SNy < 2E < B

Thus (10.62) holds for j = 1. Now suppose (10.62) holds for some 1 < j < m.
It then will be shown to hold for j + 1 in place of j. We claim that for each
k=0,1,2,...,

1441l 0

Again the claim will be proved by induction on k. For & = 0, we have

ot S Bike (10.69)

||Atj7

ollitstseantol = 1760, 06 Vst 0.0 < 2001 lasten).(0) < 2E < Bjo.

Suppose (10.69) holds for some k > 0. To prove it for k + 1 we use Lemma
10.20(a) again, now with g = f |, f = f, u = tj, v =tj41, and € = Bj.
By the induction assumption on j, that is, by (10.62), we have

g = H@I = I(fn = FOE < Ajk < By

By the induction assumption on k, that is by (10.69), and by (10.29) for
f=f7 andif k> 1 for f;_ |, we have

g = Flltw,o),ip) < g = @+ 1A% & llie,6500).0) < 2Bjx = 2€.

For k = 0 the same can be seen directly. Thus by Lemma 10.20(a),

tik+1[t5,t541), — Lo,ud llu,w),[p] = = Djk+1-
1A w1l = 75.u9 = Touf <€¢/2=B

Therefore (10.69) holds with k+1 in place of k, and hence for allk = 0,1, 2, .. ..
By (10.64) with j 4 1 in place of j, by assumption (10.62) of the induction on
j, and by (10.69) with k = n,n — 1, it follows that for each n > 1,

Ajtin < Ajn + HAt],n ‘[t i), lp) T QCH{ jmn—11 HAtjvn—lH[tj’tjﬂ),(P)}
<2Bj, +4CHB,,—1 =2B;,(1 +4CH) = Bj11 5.
Since for n =0,

Ajt10= Hf1 f(?HJ]-Jrl,[p] < 2Hf1>||(a,tj+1],(p) <2E < Bjyi0,

(10.62) holds for j+ 1 in place of j. By induction on j, (10.62) holds for each
j=1,...,m, proving that claim when {f,} is {f7 }.
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Now, suppose that {f,,} is {g; }. Foreach n =0,1,2,... and u € [a, b], let

A QGuer — Qhugiain =1
T Q690 if n =0,

where Qg ,,f is defined by (10.11) with ¢ = 0, and so A, = g1, — g;, for
alln > 0. Let j € {1,...,m} and n > 1. For each ¢ € (¢;_1,t;], by (10.30) we
have

(10.70)

)

Aa,n(t) = Aa,n(tjfl) + At]-,l,n(tjfl‘i’) + Atj71+7n(t). (1071)
Therefore

[1Aa,n 7,500 < | Aan(tj-0) 1+ 14 1 n (-1 D)+ 1A 1t nll -t 5up-
(10.72)
By the second statement in Corollary 3.43(b) we have

1Aan

‘ij(p) < HA+<Aa,n>(tj—1>H + HAa,nH(tjfl,tj],(p)'

Here || Aanll(t; 151,00 = 1A% _1+.nlle,1.¢,],(p) Pecause in (10.71) the first two
terms on the right do not depend on ¢. Also by (10.71) we have

AJr(Aa,n)(tj—l):Aa,n(tj—1>+Atj,1,n(tj—l+)+Atj,1+,n(tj—1+)_Aa,n<tj—1)a
which equals Ay, | n(tj—1+) because Ay, n(tj—1+) = 0. It follows that

[Aan

5, < A (1) + 1A mll 1850, ) (10.73)

By additivity and upper continuity of the Kolmogorov integral (Theorem 2.21
and Corollary 2.23), as in (10.54), for any t € [a, b),

Apn(t+) = [Nygr — Nugi 1] (0)n({t}) + [Nogy — Nogr 1] (H)-v({t}).
(10.74)
By (10.61), it follows as just before (10.67) that

144, (i)l < CH[|Aa 1 (t-1)]- (10.75)

Adding the two inequalities (10.72) and (10.73), and applying the preceding
bound, gives

Ajin <A n(tj-)ll +2CH|[Agn—1(ti-1)ll + 1|41 +nll ;15,10 (10.76)

To begin the proof of (10.62) by induction on j, let j = 1. We claim that for
each k=0,1,2,...,
| Aart kllaer)ip) < 27*F1E. (10.77)

The claim will be proved by induction on k. For k£ = 0, we have

[ Aatoll(aea] ) < 2197 Nata],0) < 2F,
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recalling that £ = || f1||(,) where now f; = g7". Suppose (10.77) holds for some
k > 0. To prove it for k + 1 we use Lemma 10.20(b) with g = g7, f = g},
u=a,v=1t,and e =2"F1E If k > 1, since g; (a) = g;_,(a) = ¢, and
so Ay (a+) = 0 by (10.74) with ¢t = a and n = k, we have [|g — f|l(u,),;p) =
|Aat kll(a,t1),p) < € < 2¢ by the induction assumption. If k& = 0, we have
19— Fllown i = 167 — 67 @lliasn ol < 216 Nl < € < 2¢. Thus by Lemma
10.20(b),

1Aa+ k1l @) o) = 196,019 — Qo fll ol o) < €/2=27"E.

Therefore (10.77) holds with k+1 in place of k, and hence for allk = 0,1,2, .. ..
For n > 1, applying (10.76) with 5 = 1, then (10.77) with & = n, since
Ag k(a) =0 for each k > 0, it follows that A; ,, <27 ""'E < By ,,. For n = 0,
we have

Al,O S 2Hgl>||-71,(p) S 2F S B170.

Thus (10.62) holds for j = 1. Now, suppose (10.62) holds for some 1 < j < m.
It then will be shown to hold for j7 + 1 in place of j. We claim that for each
k=0,1,2,...,

HAtﬁ,kH(w < (1+42CH)B. (10.78)

j+1llp] —

Again the claim will be proved by induction on k. For k = 0, we have

HAtri‘:O |(tj’tj+1]’[P] < 2Hgl>‘|(tj,tj+1],(p) < 2F,

5o (10.78) holds in this case. Suppose (10.78) holds for some k > 0. To prove
it for k + 1 we use Lemma 10.20(b) with g = g, , f = g7, u=t;, v =tj41,
and € = (1+2CH)Bj ;. By the induction assumption on j, that is, by (10.62),
and by (10.71) and (10.75) both with j in place of j — 1 and n = k, we have

||Aa7k(tj+)|| < Bj,k + CHBij_l = (1 + QCH)B]"]C.
Therefore by (10.30) and by the induction assumption on k,

19 = Fllwon,io) = 1Bakllts 5510000 < 1Bak (G0 + 1A+ k1l 25,8410,
< 2(1+ 2CH)B; ), = 2.

Thus by Lemma 10.20(b),
14+ k1l 01,10 = 196,049 = Qbut fll ) o) < €/2 = (14 20H) By g
Therefore (10.78) holds with k+1 in place of k, and hence for allk = 0,1,2,....

By (10.76) with j + 1 in place of j, by the induction assumption (10.62) on j,
and by (10.78) with k = n, it follows that for each n > 1,

Ajyin S Ajin +2CHA; 1+ |1 A4 nll ity t5510.00)
< Bjn,+2CHB; 1+ (1+ QCH)Ban <2(1+ 4CH)Bj7n = Bjtin-
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For n = 0, we have
45410 < 20197 la.t00.0) < 2E < Bjyro.

Thus (10.62) holds for j+1 in place of j, so (10.62) holds for each j = 1,...,m
when {f,} is {g;7}. Thus (10.62) is proved for the two sequences of forward
Picard iterates, proving the proposition. O

Now we are ready to prove Theorem 10.11.

Proof of Theorem 10.11 and Corollary 10.12. The assumed hypotheses
on ¢ and ¢ imply the respective hypotheses of Proposition 10.24 with a = 1:
this is clear for ¥. For ¢, by Definition 10.5, the hypotheses ¢ € UHlloc(Z X
J; X) and ¢(z,) € R(J;X) for each z € Z yield ¢ € UCR(Z x J; X), and
s0 ¢ € CRG3(Z x J; X). Thus by Proposition 10.24 or Corollary 10.25 in the
case of Corollary 10.12, both with a = 1, the four sequences of Picard iterates
(10.12), (10.13), (10.16), and (10.17) are bounded in W, (J; Z).

The assumed hypotheses on ¢ and ¢ also imply the respective hypothe-
ses of Proposition 10.26: This is clear for ¢. For 1, by Definition 10.3,
Y € WG1,(Z x J,X), and so ¥(0,-) € W,(J;X) by the definition (6.31)
of W1,4(¢, K). Thus ¢ € HWlffa’q(Z x J; X) with ¢ = p/a. Then by Propo-
sition 10.26, the four sequences of Picard iterates converge in Wy(J; Z).
Suppose f~ is the limit of {f; },>0 in Wy(J;Z). By Theorem 6.68 with
R := 3sup, ||f7|lp] < oo, Nyfii — Nyf™ in Wy(J; X) as n — oo. Since
¢ € UHC(Z x J;X), it follows that Nyf — Nyf~ in £°(J; X). Using
the fact that the Kolmogorov integral is a continuous bilinear mapping from
Wy(J; X) x AZ,(J;Y) into W,(J; Z) (Proposition 3.96), it follows that f~
is a solution of (10.5). Similarly, for each of the other three nonlinear integral
equations, if the associated Picard iterates converge in W, (J; Z), their limit
is a solution. The proof of Theorem 10.11 and Corollary 10.12 is complete. O

10.5 Continuity of the Solution Mappings

Let 0 <a<1,1<p<1l+a,andJ:=[a,b]. Suppose that ¢: Z x J — X
and ¢: Z x J — X satisfy the hypotheses of Theorem 10.7. Then for ¢ € Z,
we AL (J;Y) = AZ,, and v € AZ,(J;Y) = AZ, the forward nonlinear
integral equation (10.5) has a unique solution f € W, (J; Z) = W,,. Define the
solution mapping S(Z’A] corresponding to the integral equation (10.5) by

ZX-AIp XAIl > (Ca.ual/) HS(ZJ(QN’?”) ::fEWP'
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Likewise, by Theorem 10.7, there exist solution mappings S[:f), S(ib] and S[jb)

corresponding to the integral equations (10.6), (10.7), and (10.8), respectively.

We will prove in this section that the four solution mappings are continuous.
Next is the main result of this section:

Theorem 10.27. Let a, 5 € (0,1], 1 <p < 1+a, and J := [a,b] with a < b.
Assuming (1.14), let: ZxJ — X and ¢: ZxJ — X satz'sfy the hypotheses
of Theorem 10.7. Then the four solution mappings S(a L [a ) S[fb), and S(‘ib]
from Z x AT, (J;Y) x AZ+1(J;Y) to W, (J; Z) corresponding to the integral

equations (10.5), (10.6), (10.7), and (10.8), respectively, are continuous.

To prepare for the proof we next give bounds for the last terms on the right

sides of (10.29) and (10.30). Recall again the space HWHQ 4 s in Definition
6.61 for n = 1.

Lemma 10.28. Let 0 < a <1 <p<l+4+a,q:=p/a, 0 < R < oo, and
J = [a,b] with a < b. Assuming (1.14), let » € HWOS, (Z x J; X), let
¢ € UHlloc(Z x J; X) be such that ¢(z,-) € R(J;X) for each z € Z, let

w,y € AL (J;Y), let v,m € AZ((J;Y), and let f,g € Wy(J; Z) be such that
3max{|[| fllp), [l9llp} < R. Let

1= 1/{148K, 4[G()+ Wi 4(, R)]}  and 7 :=1/{1+8G(¢)}, (10.79)

where G(x) = |[Ny(0)|lsup + RH1(x) and H1(x) = Hi(x; Br x J,X) for
X =1 or¢, Wi4(t,R) =W 4(¢,R;Br x J,X), Bg :={z€ Z: ||z|| <R},
and K, o = ¢(1/p + 1/q). Suppose that an interval [u,v] C J is such that
(10.31) holds for p and v. For any E > 0 such that ||pn — || ;,p) < E71 and
lv =7l sy < ETa, the following two statements hold:

( ) H O’U.ltl/ TOTu,’y,ﬂ‘g”[u,v),[p] < E Zf Hffg”[u,v),[p] < 2Ea
( ) HQO,u—i—,u, fog’u-&-,'y,ﬂg”(u,v],[p] <FE ZIfo7g‘|(u,1)],[p] <2F.

Proof. To prove (a), for a <u <t <b, let

R, (t) = (fﬁt](ng)—-d(u —7)+ (a@t](Nw)—-d(v — ).

Since the Kolmogorov integral is bilinear (Theorem 2.72 and Corollary 2.26),
for each ¢ € [u,v), we have

TOTu,u,Vf(t) - T(iu,'yﬂrg(t) = TOTu,u,Vf(t) - TOT’LL,[J,Vg(t) + Ru(t) (1080)

In Lemma 10.20, the hypotheses on J, «, p, q, R, ¥, ¢, pu, and v are the same
as in the present lemma. The choice of u,v € J is the same in both lemmas.
The functions f and g here satisfy the hypotheses on them in Lemma 10.20.
Since || f = gllju,v),[p) < 2E, by Lemma 10.20(a), we have

||T(]>7u7u7yf7T()>7u7u7yg“[u,’v),[p] = HTOTufiTOTug”[u,U),[p] S E/Z’ (10'81)
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and so it is enough to prove that || Ry ||[y,v),[p) < £/2. Since ¢ € ’HWllofa’q(Z X

J; X), by Lemma 6.62 with n =1, ¢ € HWIOC(Z x J; X). Thus by Lemma
6.53(a) with a = 1 there,

INvgllaq) < Hi(@)lglls @) + Wi llglliq)-
Since ¢ € Z/I’Hlloc(Z x J; X), it follows that

[INpgll7sup <INy (0)llsup + Hi ()l g]l.1.5up-

Summing the two bounds, using the fact that ||g[/;) < [|gll(p) (Lemma 3.45),
and applying the hypothesis ||g]| ;) < R, we get

[Nygllsq < GW) + Wi (¢, R).

Also, recalling some notation given in the paragraph before (2.1), we have
||(N,/,g) ||J[q < |INygll s,[q)- Similarly, since ¢ € Z/IHIOC(Z x J; X), it follows

that ||(N¢g)_ l7sup < G(¢). By additivity of the Kolmogorov integral over
disjoint adjoining intervals (Theorem 2.21) and by the Love—Young inequality
(3.153), we have

1Rl 0y ) < Hﬂé Nypg)@-d(u — ”H ot H%(Nw)(_“),d(u—ﬂ)HJ’(l)

ol (Ns0) | g 1= 1y + | Vo)l =71
< Kp,q{Gw) + Wi, B) it = 1. + G(O)lv = 7l .0y
Using the fact that R, (u) = 0, it then follows that
[ BRull 0. 5] < 20 Rl ). ()
< 26, {GW)+ Wi, B) Hlit = 1L,y +2G(0) v = 7l .0,

and so ||Ru||[u,v),[p] S E/2 since (p) S ET1 and ||V — 7T||J7(1) S ETQ.
This together with (10.80) and (10.81) proves (a). The proof of statement (b)
is similar except that we use (b) of Lemma 10.20, and therefore is omitted.
The proof of the lemma is complete. O

To continue the proof of Theorem 10.27 we have the next fact.

Proposition 10.29. Let 0 < a <1 <p<1l+a, ¢ :=p/a, and J := [a,l]
with a < b. Assuming (1.14), let ¢ € HWlffa,q(Z x J; X), let ¢ € Z/IHlloc(Z X
J; X) be such that ¢(z,-) € R(J; X) for each z € Z, let p,y € AL,(J;Y), let
v,m € AZ1(J;Y), and let ¢,d € Z. Suppose that {fn}n>0 and {hp}n>0 are
two sequences of Picard iterates bounded in Wy(J; Z) obtained, respectively,
by T7, ., and by Td arr . Given € > 0 there exist §, > 0, r = 1,2,3, such that
zf||c—d|| <1, |lpu— fyH(p) < g, and ||v —7||(1) < 03 then || fr — hnllp) < € for
each n > 0, and the same holds if T™ is replaced by Q™ for both sequences.
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Proof. Let R := 3sup,sqmax{[|fullp), [|hnllp, 1} and let Br = {z €
Z: ||z|| €< R}. In particular, the range of each f, and h, is in the ball
Bgr. If ¥(z,-) = x1 and ¢(z,:) = x2 for each z in Br and some functions
X1,X2: J — X then for eachn >1and t € J,

(fn = ha)(t) = c—d+ J%er(# -7+ JﬁEXZ‘d(V - ),

where J; = (a,t] or [a,t), and so the conclusion holds by the Love—Young
inequality (3.153). Suppose that either ¢)(z,-) or ¢(z,-) is non-constant with
respect to z € Br. Let 0; and 02 be defined by (10.31). Using Proposition
3.52, one can find a Young interval partition {(¢;-1,%;)}jL; of J such that

vp (s (tj-1,t5)) <07 and  v1(v;(tj-1,1;)) < 02 (10.82)
for each 1 < j < m, and m < 1+ v,(u;J)/07 + vi(v;J)/02. Since ¢ €

HWlﬁfa’q(Z x J; X), by Lemma 6.62, ¢) € HWll?qC(Z x J; X), and so

Hy () == Hi(¢; B x J, X) < 00 (10.83)

and Wi o(¢, R) := W1 (1), R; Br x J,X) < cc. Since ¢ € UH'(Z x J; X),

Hy(¢) := Hi(¢;Br x J,X) < o0. Let A := 3+ 4H[H,(¢) + H1(9)] < oo,
where H := sup,; max{||u({t})[], [[v({t})||}. Given € > 0, let

01 = €A™ {3 + 4K o [H1(¢) + Dlllull ) + 4H1(0) V]| 1)}, (10.84)

where K, , = ((1/p+1/q) and D := Ho (Y5 Brx J, X)+ Wa (0", R; Bg
J, X), let
b2 := eAT™ {1+ 8K, 4[G(¢) + Wi 4(¥, R)]}, (10.85)

where G(x) := || Ny (0)||sup + RH1(x) for x = ¢ or ¢, and let
5= eAT" {1+ 8G(¢)}. (10.86)

We claim that if |lc —d|| < 61, [ — Yl < 2 and [|[v — 7[|(1) < 03 then for
eachj=1,....mandn=1,2,...,

Ajn = |lfn = halls,p) < €A1 = By, (10.87)
where J; := [tj_1,t;]. Assuming that the claim holds and applying subaddi-

tivity of [ ||, over closed adjoining intervals (Proposition 3.35(a)) recursively,
since A > 2, it follows that

1 = Pallis) < Y 1o = Bnllyy e < €
j=1

for all n, as desired.
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To prove (10.87), first suppose that {f,} is the sequence of Picard iterates
{f7} obtained by the integral transform T, and {h,} is the sequence of

sy 1,V

Picard iterates {¢; } obtained by the integral transform T, =0 Where

le—=dl <61, |lp—="lp <0d2, and ||v—7|n) < ds. (10.88)

The claim (10.87) will be proved by induction on j. Before starting the induc-
tion, we give a preliminary bound on 4; , for each j € {1,...,m} and n > 2.
Fora<u<t<bandn=1,2,..., let

Sen ) = F (Npfioy) _du— F (Np&ry)_-dv,

(u,t] (u,t]
Sim™(t) == F (Nofiy)_dv— F (Ne&_y)_-dm,
(u,t] (u,t]

and let
S = ST + SO1T. (10.89)

Then S, . is a function on [u,b] such that when v = a,
Sam =i =& = le—d]. (10.90)

By additivity of the Kolmogorov integral (Theorem 2.21), for each a < u <
t < b, we have
San(t) = San(w) + Syun(t). (10.91)

Let j € {1,...,m} and n > 2. Applying (10.65) to f = f7 =& = c—d+ San,
u = tjfl, and v = tj, since f — f(tjfl) = St]-,l,n on [tjfl,b} by (1091)7 it
follows that
Ajn = 17 =& N5 (10.92)
< = &&=+ 1St,_1mllieyve),e) + 2047 Sam(E)]-

Clearly A™Sqn = A™SY#7 + A=S¢:™. As in (10.51), we have
1A™SER @) = (N fron) (t5=)-p({t;}) — (Np&r) (=) { D

< (N fr)(t=) = (Np&_ ) (&) Te({5 DI (10.93)
IOV ) &I = N EE DI

For the first term on the right side of (10.93), as in (10.67) and using (10.91),
since 1 is s-uniformly Lipschitz on Br by (10.83) and S, , ,—1(tj—1) =0, it
follows that
1Ny fr ) (8 =) = (Ny&ro ) (5]
< H; W) Hf':—l - EZ—l || [tj—1,t;),sup

< @171 = E) DN+ 1561l -
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For the second term on the right side of (10.93), again since v is s-uniformly
Lipschitz on Bg, we have

I(Ny &) () < 1Ny (0) sup + Hi($) R = G ().

Inserting the preceding two bounds in (10.93) gives
[AZSTE () < Gl =Yl )
+ HH {1 =€) =)+ -l 00) -

Since ¢ also is s-uniformly Lipschitz on Bpg, the same bound holds when ),
1, and 7 are replaced, respectively, by ¢, v, and 7. Adding the two bounds
gives a bound for ||[A™S, . (¢;)] in (10.92), and so we have

Ajn ST = €D @G-+ 1881 n -1,

+ 2H (Hy (v)+ Hi (¢ )){II( - 1>(tj—1)||+HStjfl,n—lH[tjfl,m,(p)}
+2G(W) I =) +2G(¢ )HV—ﬂHu) (10.94)

for each j € {1,...,m} and n > 2.
To begin the induction on j, let j = 1. Recalling (10.90), we claim that
foreach k =1,2,...,

[|Sa <eA L (10.95)

ka[a,tl),[p] =
For a < u <t <b, and for the constant function 1, let

1907 (¢) '—(%][Nw (c1) Nw(dl)} du+(3£][N,,, d1)]_-d(u — 7). (10.96)

By Theorem 6.68, since max{||c|, ||d||} < R, we get the bound
[Ny (1) = Ny(d1)|l11q) < [Hi(s) + Dll|e — d]|.

By Lemma 6.53(a) with a = 1, ||[Ny(d1)|| ;g < Wi,e(®, R), and since 9 is
s-uniformly Lipschitz on Bg,

[Ny (dD)[|7.50p < [Ny (0)llsup + RH1() = G(1)).

Thus by the Love—Young inequality (3.153) and by the inequality H g H Tl <
ll9ll7,1q applied to g = Ny(cl) — Ny(dl) and g = Ny(dl), for any a < u <
v < b, we get

||];/)7u7"/

JORONES (10.97)
< Ky { [[Nu(e) = Ny (@D)] iy + [ [N (@]l = Yl }

< Kpa{ [H1(0) + Dllle = dl 11l gy + [GW) + Wog (o, Rl =l -
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Similarly, letting I$*"™(t) be the right side of (10.96) with ¥, p, v replaced
by ¢, v, 7, respectively, by the Love—Young inequality (3.153) with p = 1, for
any a < u < v < b, we get

175"

lfwol. 1) < H1@) IVl lle = dlf + G(O)[[v = 7ll ) (10.98)

Recalling (10.89) with n =1, f§ = cl, £ = d1, and using bilinearity of the
Kolmogorov integral (Theorem 2.72 and Corollary 2.26), we have

Sua = Syi"T + SIYT = LPRT 4 LT

Applying (10.97) and (10.98), and since || - ||,y < || -[[(1) (by Lemma 3.45) and
Su,1(u) =0, it follows that

1S, 11l 0], (5]
< 2||Su,1||[u,v],(p)

< 2{ K o H1(8) + Dl + Ha(@) IVl e — (10.99)
+ 2K, g [G) + Wiy, B)] s = Yl gy + 26 (@)l = w1y < e

for any a < u < v < b, by (10.88), (10.84), (10.85), and (10.86). Thus (10.95)
holds for k = 1. Suppose (10.95) holds for some k& > 1. To prove it for k + 1
we will use Lemma 10.28(a) with f = f7, g =&, u = a, v = t1, R as in
the present proof, and E = eA~™ 1. The hypothesis (10.31) holds for p and
v by (10.82). Since |[c —d|| < §; < E by (10.84), it follows by (10.90) and the
induction assumption (10.95) that

1f = 9llwo) o) = 15 = &0 Nastn)ip) < lle = dll + [1Sakllfa,),p < 2E-

With 71 and 75 defined by (10.79) and 2, d5 by (10.85) and (10.86) respec-
tively, we have 6o = E7; and d3 = E7s. Using Lemma 10.28(a), it follows
that

<E=eA ™!

Sa a,ty = HT>¢1 v 7T>a T ‘
1 Sa,k+1la,t1), ) oavd = T6aq,79 ot

Therefore (10.95) holds with &+ 1 in place of k, and hence for all k = 1,2,...
by induction.

To bound Aj ,, for n > 2, recalling (10.88), first apply (10.94) with j =1,
then the bound ||(f7 — & )(a)|]| = |lc—d|| < 61 < eA™™"! for each | > 1
obtained using (10.84), then (10.95) with & = n,n — 1, and also (10.85) and
(10.86), it follows that

Aip < eAT Y3+ 4H[H,(¢) + Hi(¢)]} = eA™™ = By. (10.100)
To bound A4;1, let j € {1,...,m}. By (10.90), (10.99), and (10.88), we have

Aj1 <lle—d|l + [|Salljab,p) < 2647 < B;. (10.101)
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This for j = 1 together with (10.100) for n > 2 proves that (10.87) holds for
j=1and each n > 1.

Now suppose (10.87) holds for some 1 < j < m. It then will be shown to
hold for 7 + 1 in place of j. We claim that for each k =1,2,...,

m—1
1Stk ll e, 400y ) < €A1 = By (10.102)

This bound holds for k£ = 1 by (10.99). Suppose (10.102) holds for some k > 1.
To prove it for k+1 we will use Lemma 10.28(a) with f = f;7, g = &7, u = t;,
v = tj4+1, R as in the present proof, and E = B;. The hypothesis (10.31) holds
for y1 and v by (10.82). By (10.90) and (10.91), we have

1f = 9llwo) ol = e = &0 sty
<N = &) E) + 1S,

By the induction assumption on j, that is, by (10.87), we have

|(t,8542), 01

17 = &))< Aje < Bj = E.

This and the induction assumption on k, which is (10.102), yields that ||f —
Gl p) < 2E. Again since é2 < E1 and 03 < ETy with 7 and 7 defined
by (10.79), using Lemma 10.28(a), it follows that

‘ < E =B
[u,v),[p]

Therefore (10.102) holds with k+1 in place of k, and hence for all k = 1,2,...
by induction. To bound A1, for n > 2, first apply (10 94) with j + 1 in
place of j. Next, by the induction assumption, ||(f;” — & )(t;)|| < Aj; < B;
for each { > 1. Then by (10.102) with &k = n,n —1 and (1() 88) it follows that

1St k1l 1t5,540), 0 HTOuM7 f=T5unnd

Ajpin < e N3+ 4H[H (¥) + H1(9)]} = €A7™™ = Bj1.

Since the same bound holds for n = 1 by (10.101), (10.87) holds for j +
1 in place of j for each n > 1. By induction on j, (10.87) holds for each
Jj € {1,...,m}, proving the claim for the two bounded sequences of Picard
iterates {f,; }n>0 and {&; },n>0 obtained by the integral transforms 77, ,,
and Td a,ry respectively.

Now suppose that {f,} is the sequence of Picard iterates {g; } obtained
by the integral transform Q, v and {hy,} is the sequence of Picard iterates
{¢} obtained by the mtegral transform Q7 , ., where again (10.88) holds.

The claim (10.87) will be proved again by induction on j. Before starting the

induction, we give a preliminary bound on A4;,, for each j € {1,...,m} and
n>2.Forue Jandn=1,2,..., let
Sup = SLwT + ST (10.103)

be the functions on [u, b] with values for each ¢ € [u, b],
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S;/’”#"Y(t) = 3& (N¢QZ—1)'dN - 32 (Nd)C:—l)'d'Ya
[u,t) [u,t)
Sf,’rl;’ﬂ(t) = 3& (N¢92—1)’d’/ - 3€ (N¢CZ—1)'d7T-
[u,t) [u,t)
Let j € {1,...,m} and n > 2. By (10.30), for a < u < t < b, we have

San(t) = San(u) + Sun(ut) + Syt n(t). (10.104)
For a function f: J — Z and any t € (u,v] C J, we have f(t) = f(u) +
AT f(u)+ f(t) — f(u+), and so by Corollary 3.43(b), it follows that

[l i) < IF @+ 2NAT F)ll + 1 = F @)l o, o1 (10.105)
Since g7 — (7 = c¢—d+ San, letting f := g7 — (7 and [u,v] == [t;_1,t;] = J;,

we have f — f(u+) =S, ,+n on (u,b], and AT f(u) =Sy, | n(tj—1+). Thus
by (10.105), we get

Ajn = llgn =7l )

(10.106)
< g = G E—Dl + 2018,y (E—1H) ] + 1St 21 4m

‘(tj—lvtj]’[P]'
By additivity and upper continuity of the Kolmogorov integral (Theorem 2.21
and Corollary 2.23), as in (10.54), for any ¢ € [a, b),

IS5 ()]

= [(Nygp—)(®)-p({t}) = (NG ) (O){t})] (10.107)
< [(Nygr 1)) = (NG D) OIHEED ]+ (NG @O = D EEDI-

Since v is s-uniformly Lipschitz on Br, we have the bounds

I(Npgr ) () = (NyCr ) (O] < Hi(@)[[ (971 —

) Ol

and

(NG ) < [N (0)l|sup + Hi ()R = G (1))

respectively, since || ;||sup < R, and so applying the preceding two bounds
in (10.107) gives

S22 (t0) | < HEL (@) (97-1 = GO + Gl = vl o),

recalling H = sup, max{l|u({t})], [v({t)]]}. Since ¢ also is s-uniformly
Lipschitz on Br, the same bound holds when 1, y, v, and [ - ||, are replaced,

respectively, by ¢, v, w, and || - ||(1). Adding the two bounds gives
y 1)

1St ()1 < H[H () + Hi ()]l (971 — G

)@ (10.108)
+ G =@ +G@)y =7l )
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Taking ¢ = t;_1 and applying the preceding bound in (10.106) gives the
preliminary bound

Ajn < (g7 = GO E— )l + 1Sty ol 150,100
+ 2H[H1 () + Hi(9)1(gn-1 — S (-0l (10.109)
+2G(W) k=Yl +2G(@)lv — 7l (1)

for each j € {1,...,m} and n > 2.
To begin the induction on j for (10.87) in this case, let j = 1. We claim
that for each k =1,2,...,

[Satiell (g < €A™ (10.110)
Fora<u<t<b, let

IRty = [Nw (c1) N¢(d1)}.dﬂ+ £ Ny(d)-d(p—n). (10.111)
(uyt) (ust)

As for (10.96), by the Love-Young inequality, (10.97) holds. Letting I¢¥™
be the right side of (10.111) with ), u, 7 replaced by ¢, v, m, it follows
similarly that (10.98) holds. Recalling (10.103) with n =1, g = ¢1, ¢ = d1,
using bilinearity, additivity, and upper continuity of the Kolmogorov integral
(Theorem 2.72, Corollary 2.26, Theorem 2.21, and Corollary 2.23), we have

Suwra = SUT ST = IPMT £ I

Thus since Sy 1(u) = 0, by (10.97) and (10.98), it follows as in (10.99) that

I1Sut 1l fu,0], [p]
< 2{ K o[H () + Dl ) + Hi(6) W]l e = d (10.112)
+ 2K, 4 [G(6) + Wi, R)] 1= vl ) + 2G(9) v — 7l ) < eA™ ™!

for any a < u < v < b. Thus (10.110) holds for £ = 1. Suppose (10.110)
holds for some k > 1. To prove it for k + 1 we will use Lemma 10.28(b) with
f=97.9=¢(,u=a,v =t R as in the present proof, and £ = eA~™"1.
The hypothesis (10.31) holds for p and v by (10.82). Recalling the equality

— (i =c—d+ Sa just after (10.105), and (10.104) with u = a, we have

I1f = 9llata o) = 195 — So artal, vl
< le=d|| + [|Sa.xla+)]| + IS

Since (g;. ; — i 1)(a) = ¢—d, using (10.108) with ¢t = a and n = k, it follows
that

le = dll + [[Sar(at)]
< lle—dl{1t + H[H1(¥) + Hi(9)]} + GW)lle = Yy + G@D) v — 7y
<E
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by (10.88), (10.84), (10.85), and (10.86), and using K, , > ((2) = 72/6 > 3/2.
This and the induction assumption (10.110) yield that ||f — gll(a.,],p) < 2F.
Since 02 < E7 and 03 < ETo with 71 and 72 defined by (10.79), using Lemma
10.28(b), it follows that ||Saq k+1ll(a,t1],;p) < E. Therefore (10.110) holds with
k + 1 in place of k, and hence for all K = 1,2,... by induction.

To bound A; , for n > 2, applying first (10.109) with j = 1, then the
bound [[(g77 — ¢ )(a)|| = |lc —d| < 61 < eA~™! for each | > 1 obtained
using (10.84), and (10.110) with k£ = n, it follows that

A1 < eAT" Y3+ 2H[H(¥) + Hi(¢)]} < eA™™ = By. (10.113)

To bound A, ; for j € {1,...,m}, note that (g7 — ¢;)(t) = [c — d] + Sq,1(¢)
and

S0 = £ [Nulel) = No(dD)] -du+ £ Ny(d1) - d(u—7)
[a,) [a,t)
for each ¢ € [a,b]. A similar equality holds for S{‘f”f’”. By (10.103) with v = a

and n = 1, the bound [|Sq 1], < €A™ ~! follows as in (10.99). Thus since
Sai(a) =0, as in (10.101) it follows that for each j € {1,...,m},

Aj1 <|le—d|| + [|Sanllsp < 26A7™ 1 < By < B;. (10.114)

This for j = 1 together with (10.113) proves that (10.87) holds for j = 1.
Now suppose (10.87) holds for some 1 < j < m. It then will be shown to
hold for 57 + 1 in place of 7. We claim that for each £ =1,2,...,

80l < (05 + HUL(@) + Ha@}B. (10115)

This bound holds for £ = 1 by (10.112) with v = t; and v = t;4, since
eA~™~1 < Bj;. Suppose (10.115) holds for some k > 1. To prove it for k + 1
we will use Lemma 10.28(b) with f = g7, g = ([, v = t;, v = tj41, R as
in the present proof, and F being the right side of (10.115). The hypothesis
(10.31) holds for p and v by (10.82). To check the other hypotheses of Lemma
10.28(b), for a function h: J — Z and any a < u < v < b, using Corollary
3.43(b) as in (10.105), it follows that

1Al (o, < M)+ IATR@)] + 1R = h(ut) | w01, p1-

For k > 2, taking h := g;, — ¢ as in (10.106), then using (10.108) with ¢ = ¢;
and n = k, it follows that

1 = 9llworior = N9 = i Nt tsa0, o)
< |(gr = GO DN+ [1Se, & EH) I+ 1S4kl 58547, 10]

< (1+ HUH (@) + Hi@)l) _max (o7 — ()]

+GW)lu =A@y + GO =l 0y + 154+ kllct) 2,500,000
< {15+ H[H\(¢) + Hi(¢)]} Bj + {1.5 + H[H:1 () + Hi(9)]} B; = 2E,
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where the last inequality holds by (10.88), (10.85), and (10.86) since A > 1,
and by the induction assumptions on j and on k. For k& = 1, |[f — gl|(u,u),[p] <
Aji11 < By < Bj <2FE by (10.114), with j there equal to j+ 1 here, which is
valid since j + 1 < m. Because do < E1; and d3 < ETy with 7 and 7 defined
by (10.79), using Lemma 10.28(b), it follows that
’|Stj+7k+1||(tj7tj+l]7[p] SE= {1'5 + H[H1<’(/}> + H <¢)]}B]

Therefore (10.115) holds with &£+ 1 in place of k, hence for all k =1,2,... by
induction.

To bound Aj4q,, for n > 2, we apply first (10.109) with j + 1 in place of
j. The induction assumption (10.87) implies ||(g; — ¢ )(¢))]| < Ajy < By for
each [ > 1. Then applying (10.115) with £ =n and (10.88), it follows that

Ajiin < {1+ 2H[H (¥) + H1(¢)]}le{g}§l§1} (g7 = &) ()
HSt;+mll e 5510, T 2G W)l =y +2G(D)|lv — 7l (1)
< Bi{1 +2H[H1(¢) + H1(9)|} + Bj{1.5+ H[H:(¢) + H1($)]}
+B]/2 < AB] = Bj+1.

Since the same bound holds for n = 1 by (10.114), (10.87) holds for j +
1 in place of j for each n > 1. By induction on j, (10.87) holds for each
j € {1,...,m}, proving the claim for the two bounded sequences of Picard
iterates {g, }n>0 and {(; }n>0 obtained by the integral transforms Q7, ,,
and Qi«m,w respectively. Thus the claim (10.87) is proved for each of the
two pairs of sequences of Picard iterates, completing the proof of Proposition
10.29. O

Proof of Theorem 10.27. Let ¢ € Z, let p € AZ,(J;Y), and let v €
AT (J;Y). By Theorem 10.7, each of the four integral equations (10.5), (10.6),
(10.7), and (10.8) has respectively a solution mapping S(Z,‘]’ S[Z,)? S[jb), and
Sy from Z x AT, (J;Y) x AZ1(J;Y) to Wp(J; Z). Let S := S, ; and let € >
0. We will show that there is a neighborhood V of (¢, u,v) € Z x AZ,(J;Y) x
AZ(J;Y) such that ||S(c, p,v) — S(d,y,7)| sy < € for any (d,y,7) € V.

Let {fn}n>0 be the sequence of Picard iterates (10.12) obtained by the
integral transform T:a%y, converging in W,(J; Z) to S(c, p, v) by Theorem
10.11. Let p1 = p(p, o, ¥) and pa = p(p, B, ¢) be defined by (10.24). The
assumed hypotheses on ¢ and ¢ imply the respective hypotheses of Propo-
sition 10.24 with o = 1 there as shown in the proof of Theorem 10.11, and
so p1 > 0 and py > 0. Let v := 1+ (1 + ||/,L||(p))p/p€ + (1 + ||V||(1)>/p2,
Cy := 1+ max{l,|c||}, and

R:=Cy3"T (1 +2D(1 + H))", (10.116)
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where D i= Hy(1) + [Ny (O)llsup + 2llg, and H := supe, max{ ({1
lv({t})]|}. Let Vi be the set of (d,v,7) € Z x AZ,(J;Y) x AZ,(J;Y") such
that [[c —d|| <1, [[u =7 <1, and ||v — 7|1y < 1. Given (d,,7) € Vi let
{hn}n>0 be the sequence of Picard iterates obtained by the integral transform
T;,a,y,w converging in W,(J; Z) to S(d,~,n) by Theorem 10.11. The right
side of (10.47), with m, C, and H defined for (c, 1, v) or for (d,~, ), is less
than R defined by (10.116). Thus by Proposition 10.24 with o = 1 there, we
have sup,,>o max{|| fulljp}, |2nll(p)} < R. The assumed hypotheses on v and ¢
also imply the respective hypotheses of Proposition 10.29. This is clear for ¢.
For 1, by Definition 10.3, v € WG ,(Z x J; X), and so (0, -) € W,(J; X)
C W,y(J;X) with ¢ = p/a by the definition (6.31) of Wy (¢, K), and so
P e HWllcfmq(Z x J; X) as defined in Definition 6.61. Thus by Proposition
10.29, there exist d; > 0, 2 > 0, and 03 > 0 such that if ||c — d|| < dy,
Il =y < 02, and [[v — 7[|(1) < 05 then || fr — k[ < €/3 for all n. Let
V be the set of (d,y,7) € Z x AZ,(J;Y) x AZ,(J;Y) such that ||c — d| <
min{1, 81}, |z—7/(p) < min{1,d2}, and ||v =71y < min{1,d3}. Then for any
(d,v,m) € V,it follows that ||S(c, u, v)=S(d,y,7)|| 1,[p) < €, proving continuity
of § = S(:’.}. The same proof, except that now (10.48) is used instead of
(10.47), applies to the solution mapping S[Z 9 and is therefore omitted.

To prove continuity of the solution mapping S[‘fb), recall that 6(¢) := a +
b—t, (z,t) = (2, 0(t), and ¢(z,t) = ¢(2,0(t)) fora <t < b and z € Z.
As was noted in the proof of Theorem 10.7, ¢ and ¢ satisfy the hypotheses of
Theorem 10.7, and so the solution mapping S(Z i corresponding to the integral
equation (10.5) with {bv and (Z in place of 1 and ¢, is defined. Let € > 0, let
(¢,p,v) be in Z x AT,(J;Y) x AZ1(J;Y), and recall that 7 = pof~! and
v =wvof~!. Then (c,,7) is in Z x AZ,(J;Y) x AZ1(J;Y). By the first part
of the proof, there exists a neighborhood of zero V' such that HS(Z A](c, ) —
3(:_}(d, 3,7)||p) < € for any (d,7,7) in V. Let (d,~,7) bein V, let 3 := vof~*,
and let 7 := mof~1. Then (d,7,7) is in V. Also as in (10.45) and (10.46),
it follows that the solutions f := S[‘fb)(c,,u,u) and h := Sﬁb)(d,v,ﬂ) are
obtained by the change of variables with 6 from the solutions f =8 (Z ] (¢, 1, v)
and h := 3(27_](d,§,%), respectively, and so [|f — Al = [[If — bl < €
proving continuity of the solution mapping Sf by The same change of variables

argument shows continuity of the solution mapping S f o) proving the theorem.
O
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10.6 Notes

Notes on Section 10.1. Picard iteration, also known as the method of “suc-
cessive approximation” of solutions, is apparently named for work in 1893 by
E. Picard [186]. Ince [105, p. 63] gives earlier history and references.

Notes on Section 10.2. Lyons [151] proved Corollary 10.14 in the case
X = M(d,R), the space of d x d real matrices, Z =Y = R%, h is continuous,
and F' is bounded. Banach [6, Théoreme II1.6, p. 160] proved the fixed point
theorem 10.21.
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Fourier Series

11.1 On the Order of Decrease of Fourier Coefficients

Let T' :={z: |2] =1} = {e!?: 0 < 0 < 27} be the unit circle in the complex
plane C. On T! let du = df/2m be the rotationally invariant probability
measure. For Z = {0, +1,+2,...}, the functions z + 2" or ¢ forn € Z
form an orthonormal basis of complex L?(T*, u) (e.g. [53], Proposition 7.4.2).
For g € LY(T*, 1), defining the coefficients ¢, := g(n) := [ g(2)2~" du yields

the formal series
g~ Z cn2". (11.1)
nez

If g € L2(T*, j1), the series converges unconditionally (as defined in Chapter
1) to g in L2(TY, p). For general g € LY(T, p) and z € T, let

Smg(z) = Z 2", m=0,1,2,.... (11.2)

[n|<m

There is a one-to-one correspondence between functions f: R — C, peri-
odic of period 27, and functions g: T' — C, given by g(e'*) = f(¢), t € R.
For such a pair we will write )

g=f (11.3)

~

(the latter notation is as in Edwards [63, p. 15]). We will set f(n) = ¢, = g(n).
For f € £1([0,27];C) (with respect to Lebesgue measure) the formal series
(11.1) corresponds to
FO) ~ > cne?, (11.4)
nez
which has been called the exponential Fourier series of f. In terms of trigono-
metric functions we get another series

oo
f(0) ~co+ Z ap, cos(n) + by, sin(nh), (11.5)
n=1
R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 551

in Mathematics, DOI 10.1007/978-1-4419-6950-7_11,
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called the Fourier series of f (or of g). Here a,, := ¢, + c—, and b,
i(en, — c—p) for n > 1. Then

en = (ap —1iby)/2 and c_, = (an +1iby)/2 forn > 1. (11.6)

For a complex number w = u + iv with u, v real, the complex conjugate is de-
fined by W := u—iv. A function f in £!([0,27]; C) is real-valued (equivalently,
fin £Y(T*, ) is) if and only if ¢_,, = &, for all n, which holds if and only if
co and ap, b, for n > 1 are all real-valued. In that case |c,|> = (a2 + b2)/4
for n > 1.

The Fourier series converges to f (in whatever sense) if and only if for
g = f, the sequence S,,g converges to ¢ in the same sense as m — oo.
Specifically, the Fourier series of f converges to f at a given 6 if and only
if lim,, oo Smg(e?) = g(e!%). Regarding such pointwise convergence, Kol-
mogorov [119] showed that for g € £1(T", 1) the Fourier series may diverge
everywhere. Carleson [29] for p = 2 (and thus for p > 2) showed that if
g € LP(TY i), then the Fourier series converges almost everywhere to g.
Carleson conjectured, and R. A. Hunt [104] proved, that the same holds
for 1 < p < 2. The Fourier series of g converges to ¢ in £P norm for all
g € LP(TY, p) if 1 < p < oo (but not for p = 1 or oo). This is a consequence
of the theorem of Marcel Riesz about boundedness of the Hilbert transform
in LP-spaces (see Section 12.10 in Edwards [63]).

For g € LY(T*, i1), the partial sums (11.2) may not converge to g in £!
norm (see e.g. Section II.1.2 in Katznelson [114], or Proposition 1.6.14 in
Krantz [126]). For positive integers N, let o g be the Cesaro sum defined by

‘n| n 1
ong(z): N+1Z mg(z Z (1—N+1)cnz, zeT".

[n|<N

By the Fejér theorem (Theorem I11.3.4 in [258; p. 89]),

L[9(e%F) + g 7)] (11.7)

Jim onole) =

at each point ¢ € T' such that the right side of (11.7) is defined, and
ong converges to g uniformly if ¢ is continuous. For a summable function
g, Lebesgue proved (Theorem I11.3.9 in [258, p. 90]) that oxg converges to g
almost everywhere. More precisely, if z = e/ € T is such that

%h/ G0H9)) 1 g(c0=9) _ 2g(c)| dgp = 0

then ong(z) — g(2) as N — oo. In the norm sense for g € LY(T?, 1), the
Fourier series of g is summable in £! to ¢ by means of a family of summa-
bility kernels, which includes the Fejér and Poisson kernels (see Section 1.2 in
Katznelson [114] and Section 1.4 in Krantz [126]). Thus, oxyg — g as N — o0
in £! norm.
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For 1 < p < 2, the Hausdorff-Young inequality (co-named for W. H.
Young) states that if f € LP(T*, i) then the sequences {a,}, {b,}, and {c,}
are in the set /¢ = {{d,}: >, |d,n|? < oo}, where 1/p+ 1/q = 1. For 2 <
p < oo, stronger integrability conditions do not provide any improvement
beyond 2 on the order of the Fourier coefficients. For f continuous on 7'
(= continuous in ¢ and periodic of period 27), Carleman [28] showed that
{cn} need not be in 7€ for any ¢ > 0. Orlicz [182] showed that for any
{dn: n € Z} ¢ % one can have ), |¢,d,| = +oo. Bary [10, pp. 338-340]
gives a proof.

If f is real-valued, periodic of period 27, and on [0, 27| satisfies the Holder
condition

[£(0') = f(0")] < K0 — 6|7, (11.8)

where 0 < a < 1, then |¢,| = O(|n|™%) as n — oo, as will be shown next.
Functions Holder of order o on a bounded interval have bounded 1/a-variation
as shown by (1.7). So more generally, let f € W,[0,2n] for some 1 < p < oo
and let g, () = cos(nf) or sin(nd) on [0, 27]. It is easily seen that vy(gn) <
2n - 29 for any 1 < ¢ < co. For any ¢ > 1 such that p~' + ¢~ > 1, by the
Love—Young inequality (3.148),

1 2
anl = |- | F@)dsingns)/n| < 2 0m G | fllyn T = O )

forr=(1-1/¢q) < 1/p, and so for any r < 1/p. In fact, Marcinkiewicz [156,
Theorem 3] proved that this is true for » = 1/p. His proof is based on the
following observation:

Lemma 11.1. Let f be a real-valued periodic function on R with period 2w
and of bounded p-variation on [0, 27| for some 0 < p < co. Then for 0 < ¢ <
Tr?

/O 10+ 6)— FO)F 40 < 260,(/: [0, 27)). (11.9)

Proof. Let n > 2 be the integer part of 27/¢, so 0 < 27 — n¢g < ¢. Let
(Apf)(0) :== f(0+ @) — f(). By a change of variables, we then have

2r—¢
| arepra
-5 [l a-vopas [T B0+ w-nopa
i=1 70 0

2r—ng N 1} n—1
- / S Apf(O+( — DB do+ / PIEC RIS
i=1 T—n

=1
S ¢Up<f; [O’ 27T])'
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Also due to periodicity of f, |Ag f(0)]P = |f(0+¢—2m)—f(0)]P < v,(f;[0,27])
for each 6 € [2m — ¢, 2], and so

2
[ 180 @)1 a0 < oy (5: 0,27,

proving (11.9). a

Returning to bounds for the Fourier coefficients, we have the following:

Theorem 11.2 (Marcinkiewicz). For any p with 1 < p < oo and f €
W, [0, 2], its Fourier coefficients are of order ||V |by| < 2|ea| = O(In|~1/P).

Proof. Tt is easily seen that the identity function g(f) =6, 0 < 6 < 27, is in
W, [0, 2] with vy,(g) = (2m)P and that its Fourier coefficients are g(n) =1i/n
for n # 0, which are O(|n|~'/?). Thus we can subtract a constant multiple of
g from f and assume that f(0) = f(27). Then f has a unique extension to be
periodic of period 27 on all of R.

Due to periodicity, we then have

o = - 2Trf()*”“’cw —/27r 9+ )}e*inf’da

:27r

for each n € Z\ {0}. Thus by Holder’s inequality for integrals and (11.9), it
follows that

e < 41 /27r FO) - £ (0+ %) ‘d&
< (27r);r(1/p) </027r 10)— ¢ (0+ %) ’de)l/p

< 2_1\n|_1/prH[o,2w],(p)~

Using |, |? = (a2 + b2)/4 as mentioned after (11.6) completes the proof. O

Remark 11.3. Proposition 3.46 with hr = 1 shows that the previous the-
orem is sharp in that |c,| need not be o(|n|~'/?). Perhaps surprisingly, the
Fourier series of a function f € W,[0,1] or f € W,[0, 27| may converge to it
uniformly and absolutely while the terms do not approach 0 in W,,.

11.2 Uniform Convergence

Let f be a complex-valued periodic function on R with period 27, integrable on
[0, 27], so that it has a well-defined Fourier series (which does not necessarily
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converge to it anywhere in general). In this section it is proved (Theorem 11.8
below) that the Fourier series of f converges to f uniformly if f is continuous
and has bounded @-variation under a hypothesis on @. In particular, each
continuous function of bounded p-variation for some p with 0 < p < oo has
its Fourier series converging uniformly (Corollary 11.10). It is also shown that
the hypothesis on @ is best possible (Theorem 11.13).

We begin by recalling a test for convergence of Fourier series. The partial
Fourier sums U,,f are defined for each positive integer m and = € R by
Unf(x) := Spmf(e®), using the definitions (11.2) and (11.3), in other words,

Unf(z):= > fln)em.

[n|<m

If Uy f(z) — f(x) uniformly in x as m — oo then we say that the Fourier
series converges uniformly. For each m > 1 define the Dirichlet kernel D,
and the simplified Dirichlet kernel D}, respectively by

. sin(m+1/2)t if ¢ ¢ DA
D, (t) = eint — sin(t/2) ! ’
®) Z {Qm—l—l if t € 277,

and ot "
28I Af O < |t| <7
* p— t —=
Dr(t) {Qm if £ =0,

and extending D}, to R to be periodic of period 27, as D, clearly is. Inserting

~

the integral expressions for the Fourier coefficients f(n), by periodicity we have

2m g
Unf(x) = L f@&)Dp(t —z)dt = L flx+t)Dp(t)dt.  (11.10)
21 Jo 2 J_,
We will see that D,, equals the simpler function D}, plus a function which
is bounded uniformly in m and z. To this aim let h(t) := 1/ tan(¢/2) — 2/t if
0#te[—m,m) and h(0) := 0, where 1/ tan(—n/2) := 0 and 1/ tan(w/2) := 0.
Let h be periodic of period 27. By the Taylor series of the tangent function
around 0, we have |A(t)] = O(|t]) as t — 0 and so h is continuous at 0 and
thus on [0, 27] and bounded on R. Then we can write for all ¢ € R,

_sin(m+1/2)t  sinmt
Dmlt) = =G a7~ tan(t/2)
= Dy (t) + h(t) sinmt + cosmt, (11.11)

+ cosmt

where h(t)sin(mt) + cos(mt) is indeed bounded uniformly in m and t. We
show next that for f regulated,

™

lim f(z+t)[h(t) sinmt + cosmt| dt = 0 (11.12)

uniformly in x.
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Lemma 11.4. If f and h are requlated and periodic of period 2w, then

lim f(z+t)h(t)sinmtdt = lim f(z+t)h(t) cosmtdt =0 (11.13)
uniformly in x.

Proof. Let n,(t) := f(z+t)h(t), and let A¢p(s) := p(t+s) — p(t) for p = f or
p = h. For a periodic integrable function p, its integral modulus of continuity
wi (p; u) is defined for u > 0 by

w(p;u) == sup/ |Asp(s)|dt.

ls|<u J =

By periodicity, for any x we have
2‘/ N (t) Sinmtdt‘
= ’/ [nw(t)—nx (t—l——)]smmtdt‘ S/ \nx(t)—nw (t‘f'—) ‘dt

= /_ | Agsi f (m/m)|[P(t + 7 /m)| dt + /_ |f(x + 1)| | A (r/m) | dt

< lhllocwr (f3/m) + || flloowr (hs 7 /m).

Since f and h are each bounded and continuous except at most on countable
sets by Corollary 2.2, the right side of the preceding bound tends to zero as
m — oo by Lebesgue’s dominated convergence theorem. Thus the first limit
in (11.13) exists uniformly in « and is zero. The same proof applies to the
second limit, proving the lemma. O

Therefore (11.12) holds uniformly in z, replacing h(t) by 1 in the cosine
term, which together with (11.10) and (11.11) yields the relations

1 us

Unf(z) =5 | fla+ODp()dt+o(1) asm — oo (11.14)
- % O’T [f(z+1t)+ f(z — )] Di(t)dt + o(1) asm — oo

uniformly in z. The second relation (11.14) holds because D}, (—t) = D, (t).
Since for f = 1, its partial Fourier sums U,, f are identically 1 for each m > 1,
by the preceding relation we have that

1 ™
1:—/ Dy (t)dt +o(1) asm — oo.
T Jo
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Multiplying both sides by g(x) for a function g, and then combining with
(11.14), we can further write

Unf(z)—g(z) = % /07r [f (z+t)+f(z—t)—29(x)] D}, (t) dt+o(1) as m — oco.

We are ready to prove the following test:

Proposition 11.5. For a complex-valued requlated function f periodic of pe-
riod 2w, its Fourier series converges to g at x (resp. uniformly) if and only
if
lim [fx+t)+ f(x—t) —2g9(x)] D}, (t)dt =0 (11.15)
m— 00 0
(respectively, uniformly in x). Moreover, for f = g, the same equivalences
hold if m — oo through odd values,

s
Jim [f(z+t)+ flz—t)—2f(2)| D5, 1, (t)dt = 0. (11.16)
—>Jo

Remark 11.6. The values of f can be changed on a set of measure 0 without
changing its Fourier series, in particular, changed on a countable set {ax} C
[0,27), e.g., if f is regulated, the jumps of f, by amounts ¢, — 0, while
preserving the regulated property. A question is, if the Fourier series converges
at a point, to what does it converge. One possibility is, if f is regulated, to set
g(x) :== [f(xz+) + f(z—)]/2, which equals f except possibly on the countable
set of jumps of f, and differs from it there if f is left- or right-continuous.
Marcinkiewicz [156, Theorem 5] proved that the Fourier series of f converges
pointwise everywhere to ¢ if the p-variation of f is bounded for some p < oco.
Wiener [241] had proved this fact for p < 2. Recall that the Fourier series of a
continuous function can diverge at some points as shown by du Bois-Reymond
in 1876; see e.g. [53, Proposition 7.4.3].

Proof. The first sentence of the proposition has already been proved. For the
second, letting A, f(u) := f(z+u) — f(z), for each m > 1 and z, the integral
in (11.15) with g = f is

T

In(x) = /07r [fx+t)+ f(z—1t) —2f(x)] D}, (t) dt :[ A, f(t)D;,(t) dt.
By Lemma 11.4, we have

It1(z) — L (x) = Ay f(t) sinmt +

—T

T 2 t—1 2sint
[M P2 cos mt} dt = o(1)
(11.17)
as m — oo uniformly in x. Thus the second sentence of the proposition,
showing equivalences with (11.16), follows. O
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A more specialized test will be proved assuming in addition that f is
continuous. For x € R and for a positive integer n, let

TH(z) == Zn: 2],1_ - {f (z+ %) —f (x+ 25‘7:1)} (11.18)

Jj=1

and

T (z) = jil 2j17 - {f (x— %) —f (x— 2721];7:1)}. (11.19)

Proposition 11.7. For a continuous periodic function f, its Fourier series
converges to [ at x (uniformly) if and only if

lim [T{f(m—i— t ) +Tn_<33—

intdt =0 11.20
n—oo /g 2n+1 ):| st ( )

t
2n+1
for x (respectively, uniformly in x).

Proof. For x € R and for a positive integer m, let
It (x) = / A f()D;(t)dt and I (z):= / A, f(=t)D;, (t) dt.
0 0

Call the integral in (11.16) Iop41(x). Then Iopiq(z) = I3, 1 (2) + I3, 4 (2).
We will show that as n — oo, uniformly in z,

2 [T t
I (x) = 7;/0 T, <x+2n+1)sintdt+o(1), (11.21)
as well as
_ A t )
Iy, () = —;/0 T, (:c— 2nJrl)smtdt—i—o(l). (11.22)

Then the statement of the proposition will follow by the second part of Propo-
sition 11.5.

Let w(f;u) = sup{|f(t) — f(s)|: |t — s] < u}, u > 0, be the modulus of
continuity of f, and let m > 3. Since sinz < x for 0 < x < 7, for the integral
I, over the interval [0,7/m], we have

T/m
]/0 A f(ODE (1) dt| < 2mw(fym/m) = 0(1) as m — oo

uniformly in x. For the integral I} over the remaining interval [ /m, 7], chang-
ing variables twice, we have
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™ m=2 .(k+2)m/m 2 si ¢
A, f(H)D2 () dt = / A f() 22 g
w/m h—o / (k+1)7/m t
m—2 21 /m _1 k2 .
_ / Awf(wk_ﬂ)()kﬂdu
= Jajm m u+ kmw/m
2m
= 2/ F,,(v,x)sinvdo,
where ,
- v+ kmy (—=1)F
F, = A
nlv) =3 ST )
We have
2
It (z) = 2/ F(t,x)sint dt + o(1) as m — 00. (11.23)

To prove (11.21), we have

n

Fanton) =3 {30 ()

j=1

27 —1 1
_Awf(t‘f'(J )W) ! }
2n+1 t+ (25— m
For j =1,...,n, the jth term u; of the latter sum can be written as
t 25 —2 1
Uj :Amf +(] )ﬂ. "
2n+1 t+ (25 —2)m
t+(25—1 1
A + (2 - Dr |
2n+1 t+ (25— )m

- {f <I+%> -f <I+H2(72zj+11)7r>} (zjim
+{f<x+%> f<x+%)}x

. {t+(2;—2)7r (jSl)n}

+ Ay f (t+2(2j+11)7r> {t+ (2;— 9r t+ (2;_ W}

3
=: Zulyj(t,x).
1=1
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Thus Fopy1(t,x) = Sin(t,x) + Son(t,x) + Ssn(t,x), where Spp(t,z) =
2?21 uy;(t,x) for [ =1,2,3.

We show next that S5, and S3, tend to zero as n — oo uniformly in z
and t € [, 27]. For # <t < 27 and each j > 1, we have that the maximum

{(zjim a t+(2;—2)7r] v L+(2;—2)7r a t+(2;—1)7r}

is in the interval [0, 1/(m(2j—1)?)]. Letting j(n) be the integer part of v/2n + 1,
for m <t < 27w we have

|53,n(t, I)

|
j=1

IN

oI F IVl 1 " 1
w(f’ );ﬂzjl)”g”f”” 2 TETE

on + 1
n i=i(n)+1

Since j(n) — oo asn — oo, we get that S5, (¢, )| = o(1) as n — oo uniformly
in z and ¢ € [, 27x]. For S ,,, we have the bound

st < 3o+ ) - (o EZLT)
j=1

1 1
X‘t+(2j—2)7r N (2j71)7r‘

= w(f; 277/7:- 1) Z 7r(2j1— EA g”(‘f; JT)

Jj=1

Again the right side, and hence |S2 ,, (¢, x)|, is of order o(1) as n — oo uniformly
in z and t € [, 27]. For T} defined by (11.18), we have T, (z + (t —7)/(2n +
1)) = w51 n(t, z). Thus

2m
/ Foni1(t,x)sintdt

1 2m t— 2m
- ;/7r T+ (x o fl) sint dt +/7r [So.n(t,z) + S35 (t, x)] sint dt
1/WT+( bt )s'ntdt+o(1) as n (11.24)
=—= T 1 — 00 .
™ Jo " 2n+ 1

uniformly in x by the dominated convergence theorem. This together with
(11.23) proves (11.21).
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To prove (11.22), we can apply essentially the same proof to the integral
I, (z). Now F,, and u; are replaced by expressions in which A, f(w) for
each w occurring is replaced by A, f(—w), and so f(x + w) — f(x +v) =
A, f(w) = Ay f(v) is replaced by f(z — w) — f(z —v) for the w and v in the
proof. We then get, instead of (11.23) and (11.24), the following relations with
m=2n+1:

Im(x)Q/%(mZQAmf(tT]m) (71)k)sintdt+0(1) as m — oo
T k=0

t+km

2 t
:f—/ T,;(xf )sintdt+0(1) as n — 00
T Jo 2n+1

uniformly in . Thus (11.22) holds, proving the proposition. O

Recall that V is the class of all functions @: [0,00) — [0,00) which are
strictly increasing, continuous, unbounded, and 0 at 0, CV is the subclass of
convex functions in V, and CV* is the class of all functions @ € CV satisfying
(3.18). Recalling the definition (3.17) of the complementary function ¢*, now
we are ready to prove the following result of Salem:

Theorem 11.8. Let &* be the complementary function to @ € CV*. If
> d*(1/4) < o0 (11.25)
j=1

then every continuous periodic function of bounded ®-variation has uniformly
convergent Fourier series.

For the proof we use the following fact:

Lemma 11.9. Let ¥ € V. If for some a > 0, > ., ¥(a/k) < oo, then
Y o1 U(b/k) < oo for any b > 0, and there is a sequence ¢ 1 +oo with
i, > 1 for all k such that 3, - W(cx/k) < oc.

Proof. If b < a the convergence is clear, so assume b > a. Let N be the least
integer greater than or equal to the ratio r := b/a. Then we have

SO S SO RS SRS

J=1 Nj<k<N(j+1)

This proves the first part of the conclusion and that for each n > 1,
Y ops1 ¥(n/k) < oo. Thus for n = 1,2,..., there is a least integer k, such
that Y, W(n/k) < 1/2" Let ¢ := n for k, < k < kpq1 for each n and
¢ =1 for k < kq. Then
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So($)-Y ¥ u(f)eyeres

k>kq n=1k, <k<kn41 n>1

completing the proof of the lemma. O

Proof of Theorem 11.8. By Proposition 11.7 and the dominated conver-
gence theorem, it is enough to prove that 7, (z) and T, (z) tend to zero as
n — oo uniformly in z € [0, 27]. Let & € CV* be such that -, ¢*(1/j) < oco.
By Proposition 3.11, &* € CV* C V, and so by Lemma 11 .9, there is a se-
quence ¢; | 0 such that 251 97 (1/(jej)) < oc. For j=1,...,n,n > 1, and
x €10, 27], let

Uin(2) = s ‘f( %) —f(x+ 22];7:1)’. (11.26)

Then by the W. H. Young inequality (3.19), for each n > 1, we have the bound

< @(\f(ﬁu)*f(ﬁ )+ Zl <e]29—1))

< 2n+1
< ’Uqﬁ(fa [07371—}) + Z@*(%) =4
j=1

Thus for n > 2 and z € [0,27], it follows by the definition (11.18) of 7, that

—1 . . n
|Tn+<x>|§g e ijr)f(x+2?%)\+zkejuj,n<x>

Jj=

1 1
(f,2 +1)[1+§+”'+m]+6“1 (11.27)

for any 1 < k < n. Since the modulus of continuity w(f;7/(2n + 1)) tends
to zero as n — oo, the right side of (11.27) can be made arbitrarily small
by first choosing k large enough so that € is small enough and then n large
enough. Therefore T, (x) tends to zero as n — oo uniformly in z € [0, 2x]. If
n (11.26), 7 is replaced by —7 then the same arguments imply that T, (x)
tends to zero as n — oo uniformly in x € [0, 27], proving the theorem. a

The next fact then follows:

Corollary 11.10. Let 0 < p < oo. Then every continuous function f of
bounded p-variation has uniformly convergent Fourier series.
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Proof. Tt suffices to consider 1 < p < oo since then the cases 0 < p < 1 will
follow by Lemma 3.45. (Also, for 0 < p < 1, f, being continuous, must be
constant by Theorem 2.11 in [54, Part II].) For ¢(u) = uP/p we then have
@ € CV*, and its complementary function ¢*(v) = v?/q with ¢ = p/(p—1) > 1,
as in the example just after (3.19). Thus the hypothesis (11.25) holds and the
result follows from Theorem 11.8. a

For a continuous periodic function f, let I,,(f;x) be the integral in (11.20),
that is, for a positive integer n and = € R,

In(f;2) (11.28)
- é 2j1_ 1 /0” {f<x+ %) N f<x+ t2Zijf)}Sintdt

+§;2j11 /0” {7(e- Hg(zjigm) ~f(z- tzj;ijf)}sintdt.

By Proposition 11.7, the Fourier series of f converges at z if and only if I, (f, )
tends to zero as n — oo. In the rest of this section we show that the hypothesis
(11.25) is necessary, that is, if # € CV* is such that ), ., #*(1/k) = oo, then
there exists a continuous periodic function f € Wy for which I,,(f;0) does
not converge to zero.

For @ € CV, let ¢? be the set of all sequences of real numbers a = {ag }x>1
such that Y, ®(Jax|/c) < oo for some ¢ > 0. The space {* equipped with

the norm
llal|o := inf{c > 0: Z@(Mkvc) < 1}
k>1

is a Banach space, usually called an Orlicz sequence space (see Section 4 in
[142]). Luxemburg norms on Orlicz spaces were defined more generally in
(1.24). If in addition @ satisfies the conditions (3.18), that is, if & € CV*, then
its complementary function @* is defined and one can define another norm on
% by

lallo :=sup { 3" lag|e: B =0, S (5) <1}

k>1 k>1

Then || - ||¢ and || - ||¢ are two equivalent norms on ¢%: for all a € £?,
lalle < llalle < 2||alle. (11.29)

The proof of (11.29) is similar to the proof of Proposition 3.12 and we omit it.
Let ¢. be the inverse function to @*. Then for any k&’ > 1, taking Bi = ¢« (1)
and B, = 0if k # K/, we get the bound |ag|¢«(1) < ||a]ls, and so

lallsup < llalla /@« (1). (11.30)
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By Proposition 3.11, &* € CV* C V, and so by Lemma 11.9, the sufficient
condition (11.25) of Theorem 11.8 is equivalent to the condition that the
sequence {1/k}j>1 is in the Orlicz sequence space ¢*" . Also, by Proposition
3.11 again, the norm || - ||g~ is well defined, and &** = @. These facts will
be used next to derive certain implications on ¢ from the assumption that

{1/k} i1 € €7

Lemma 11.11. Let &* be the complementary function to ® € CV*. If
Y oes1 P (1/k) = 400, then given € > 0, there exists a sequence a = {a}
with all ar, > 0 such that ai, = 0 for all sufficiently large k, |alle < €, and
Zk>1 k’ilak > 1.

Proof. For each integer n > 1, let b} := 1/k for k =1,...,n, and let b} :=0
for & > n. Letting b" := {b} }x>1 we then have ||b"[g- T oo as n — oo,
as follows. Clearly ||b"]|¢~ is nondecreasing in n. By (11.29) it suffices to
prove that |[0"||¢« T oo. If not, then there is a positive integer M such that
|67 |¢= < M for all n. It then follows that ), ., #*(1/(MFk)) < 1. Thus by
Lemma 11.9, 2]21 @*(1/4) < oo, a contradiction, proving the claim. Let n
be so large that [|b"|l¢- > 2¢ 1. Since &** = &, there exists d = {di }r>1 € (¢
with all d, > 0 such that >, o, @(d) <1 and Y ,_, k~'dp > 2¢'. We can
assume that di = 0 for all & > n. Also ||d|l¢ < 1 implies by (11.29) that
ldlle < 2. Thus a := (¢/2)d satisfies the conclusion. O

Now assuming ¢ € CV*, recall the definition (3.23) of || - || ,(#), which on
Ws is a seminorm equivalent to the seminorm || - || ;) by Proposition 3.12.
Let || fll(#) := Ilfll==.x],#) for a function f periodic of period 2.

Lemma 11.12. For ® € CV*, let a = {ay} € £* with all a;, > 0 be such that
for some m > 1, ap, =0 if k > m, let n > m and ¢ > 0. Then there exists
a function f, continuous and periodic of period 2w, with the following three
properties:

(@) f=0,f(t) =0fort e [-mn/2n+1)]U2mn/(2n+1), 7], and sup, f(t) =
maxpg Q;

(b) for L,(f;x) defined by (11.28),
N~ L [Tyt (2j =D 4 25T\
I (£30) = ; 2j — 1/0 {f<TH) *f(m)}sm’fd’f

>Z%—e;

E>1

©) I/ l@) < 2lalle-

Proof. Let u; :=in/(2n+1) for i = 1,...,2m, and let v;, i = 1,...,2m, be
such that ug;_1 < v_1 < voj < ug; for j =1,...,m. Define a function f on
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[—m, 7] to be zero on [—m, 7/(2n+1)] U [2mn/(2n+ 1), 7] and on [ug;, u2j41],

j=1,...,m—1. Let f be equal to a; on [vg;_1,v9;] for j =1,...,m, and
let f be linear on the remaining intervals and continuous on [—m,n]. For
j=1,...,m, choose vy;_1 and vy; such that

I = /07r {f(%) ff<%)}sintdt > 2a; — 27 Je.

This is possible because (t + 2j7)/(2n + 1) € [ugj, ugj+1] for ¢ € [0,7]. Let
toj—1 :=v2j—1(2n+ 1) — (2§ — 1)m and t9j := va;(2n + 1) — (2j — 1)m. Then

Tt (251 -
I; :/ f(M) sintdtzaj/ sint dt 1 2a;
0 2n+ 1 toj—1

as to;—1 | 0 and to; T 7. Extend f to R by periodicity. Then (a) clearly holds.
For (b), since f is zero on [—m, u1] U [ugm, ], we have

0= > S R St

j=1 j=1 k>1

To prove (c), let k = {t;}]_, be a partition of [—m, 7| and let {G;}}'_; be
nonnegative real numbers such that y_" , *(3;) < 1. First suppose that K
is a refinement of the partition A of [—m, x| formed by the points {—m, 0,7}
and {u;,v;: @ = 1,...,2m}, that is, A C k. For j = 1,...,m, let 4; :=
{i! U2j—1 < t; < Ugj_l} and Bj = {Z v2; < t; < U/Qj}. The sets A]‘ and Bj
are 2m disjoint nonempty sets of values of i. Let A;f := f(t;) — f(t;—1) for
i=1,...,n. Then A;f =01if i ¢ U, (A; UBy), and for each j =1,...,m,

Z|Aif|:aj and Z\Aif\:aj.

i€EA; i€ B

Thus letting 3} := max;ea; 4; and B} := max;ep; Bi, we have }37° | &*(f)) <
Yo, 2*(Bi) <1 and Z;n:1 o*(B}) < Yo, 2*(8;) <1, and so

So1Auf18 =0 (0 14u18:+ 3 14:718:)
i=1 j=1 €A, i€B;
<> 0B+ > a8 <2lalle (11.31)
j=1 j=1

for each refinement x of X\. To prove (c¢) it suffices to prove (11.31) for an
arbitrary partition x of [—m, 7], so suppose that A\ £ is nonempty. Let ' =
{yi: 1 =0,...,r} := AUk, that is, &’ is the least common refinement of &
and \. With each index ¢ € {1,...,n} of k we will associate a unique index
o(i) € {1,...,r} of K’ such that
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Yo (iy—1,Yo(i)) C [ti1,ti] and  |Aif] < |f(Wori) — fWoriy—1)]-  (11.32)

If f(t;) = f(ti—1) then let (i) be such that y,¢;) = t;. Then (11 32) clearly
holds. If f(t;) > f(ti—1) then ¢; € (ugj—1,ug;) for some j =1,...,m. Let o(i)
be such that y,;y = t; if t; € (u2j-1,v25-1], 0T Yoy = V21 1ft € (vgj 1, U2j).
Then A; f < f(Yo(iy) — f (Yo(i)—1), and so (11.32) holds. If f(t;) < f(ti—1) then
ti—1 € (uzj_1,us9;) for some j =1,...,m. Let o(i) be such that y,;—1 = ti—1
if t;_q € [’UQj,’LLQj), Or Yo(i)—1 = V2j if t;_1 € ('U/QJ 1,1}2]) Then —A; f <
JWo(i)—1) — f(Yo(s)), and (11.32) holds again and so in all cases.

We will show that o(-) is one-to-one. Suppose not. Then for some ¢ there
are two indices i’ # i such that ¢ = o(i’) = o(i"). By the first relation in
(11.32) it follows that the nondegenerate interval [ye—_1,ye] is a subset of two
different intervals [t;_1,t] and [t;»_1,¢;»], which yields a contradiction. So
o is one-to-one.

For ¢ = 1,...,7, let 74 := B; if £ = o(i) for some i € {1,...,n}, and let
v =0 if[g{cr( ): it =1,...,n}. Then we have

ZIA f16i < Zlf Yoi) — [ Wo(iy—1)|Bi

= Z [f(ye) = f(ye-1) e < 2falls
{=1

by (11.31) since x’ is a refinement of A. The proof of (¢), and hence of the
lemma, is complete. O

Now we are ready to prove the result of Baernstein [5]:

Theorem 11.13. Let &* be the complementary function to @ € CV* and let
Yokt @ (1/k) = oo. Then there exists a continuous function periodic of period
27 and of bounded ®-variation with Fourier series divergent at the point 0.

Proof. For each integer » > 1, by Lemma 11.11 with € = 27"~1, there exists
al") = {a,(:)}kzl € ¢? with all a,(:) >0 and a positive integer k, > 2 such that
ag) =0if k >k, [[a™)e <2777 and 3,0, k™ (T) > 1. We can assume
that k., — oo as 7 T 4+o00. Let n; > ki and let f; be the function given by
Lemma 11.12 with @ = ™), n = ny, m = ky, and ¢ = 1. Suppose that we
have already chosen functions f1,..., f._1 and integers ny,...,n,_1 for some
r > 2. Then let n,- be an integer so large that

r—1
2%, + 1 1 . 1
< d . < , (11.33
2+ 1 2mp 1 Y (Z;f 2y + 1) TTostin ) 1189

where w(h; u) := sup{|h(t) — h(s)|: |t —s| < u}, w> 0. Then n, > k.. Let f,
be the function f of Lemma 11.12 obtained with a = (™, n = n,, m = k,,
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and ¢ = 1/r. Continuing this process indefinitely we obtain a sequence of
continuous functions {f,},>1 and a sequence of integers {n,},>1 satisfying
(11.33). By the first relation in (11.33) and by the property (a) of Lemma
11.12 applied to f, and f._1, the set {¢t € [—m, 7]: f.(t) # 0} lies strictly
to the left of the set {t € [—m,7]: fr—1(t) # 0}. Thus for each t € [—m, ],
fr(t) # 0 for at most one r. Since by (11.30),

sup £,(1) = maxa” < Ja /6. (1) <277 (6.(1) 7 = o()

as r — 0o, it then follows that ) o, f» converges uniformly, and so the

sum f:= ) ., fr is a continuous function. Recall that the space qu[—ﬂ, 7]
is complete (a Banach space) by Theorem 3.7(d) for the norm || - ||jg) =
I i@y + 1l - loup The norm [ - lg) = 1 - ll) + || - up is cquivalent by
Proposition 3.12. Since || - [|(¢) is subadditive, it follows from Lemma 11.12(c)
that

Iy < D Milley <2 llaPlle < 1.
i=1 i=1

It follows by the completeness that f € W@[—ﬂ', 7] and by Proposition 3.12
again that || f[[(s) < 1. By Theorem 3.7(b), f has bounded @-variation, f €
We|—7, 7], in fact ve(f;[—m, 7]) < 1.

Now for a given integer r > 1, consider the integral I,, (f;0) defined by
(11.28). For a function h, t € [0, 7], and integers j = 1,...,n, n > 1, let

Wi (s t) :h(%) fh(;;ijf). (11.34)

Each function f;, ¢ > 1, is zero on [—, 0], by part (a) of Lemma 11.12. More-
over, by the same part (a), specifically f;(s) = 0 for s € [2k;w/(2n; + 1), 7],
and by the first inequality in (11.33) for ¢ in place of 7, we have W; ,,, (fi;t) =0
foreach i > r, j =1,...,n,, and t € [0,7]; in fact, both values of f; whose
difference is taken are 0. Thus

n r—1
r 1 P
I, (f;0) = In,(fr:0)+ ) 57 1/ Wi, (E fi;t> sintdt.  (11.35)
: J — 0 ‘
j=1 1=1

Lemma 11.12(b) with € = 1/r and the choice of a,(:) give
Ly (fr;0)>1—7r7" (11.36)

To bound the sum in (11.35), let m, be the largest integer j > 2 such that
(25 +1)/(2n, +1) < 1/(2n,—1 + 1), which exists by the first inequality in
(11.33) since k, > 2. Thus

2mr—|—1< 1 <2mr—|—3
2n, +1 My_1+17 2n,.+1’°
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and so

1< <an 42
my

Again by Lemma 11.12(a), specifically f;(s) =0 for s € [—m,7/(2n;+1)], and
by the definition of m,., Wj ,, (fi;t) =0foreachi=1,...,r=1,j=1,...,m,,
and t € [0,7]. Therefore by the definition (11.34) of W;, and the second
inequality in (11.33), and since for j > 1, (25 — 1)~ < f;-;lx_l dx, applied
for j > m, +1 > 3, we have the bound

v r—1
T 1 /71—
‘Z ; Win, (E fi;t> Sintdt‘
Jj=1 2] B 1 0 =1

r—1 n
T - 1 T
er(;f 2nr+1) > 2%—1-7r (11.37)

j=me+1

In (11.35), applying (11.36) and (11.37), it follows that I,, (f;0) > 1 — (1 +
7)r~! for each integer r > 1. Hence I,,, (f;0) > 1 —o(1) as r — oo. Recalling
the definition (11.28) of I,(f;0), the Fourier series of f diverges at 0 by
Proposition 11.7. The proof of Theorem 11.13 is complete. O

To illustrate Theorems 11.8 and 11.13, consider some examples of pairs
of functions @,P* € CV* defined by their derivatives P, @, respectively. For
0<p<oo,let

0 if t =0, 0 if 5 =0,
Q(t) :={ |logt|Pif 0 <t <e” !, and P(s):={ exp{—s /P}if0<s <1,
et ift >e 1 s/e if s> 1.

Then @ is the inverse of P. Integrating by parts we get

P (v) = /”Q(t)dtw/uogv|p as v | 0,
0
Also,
Pp(u) := / P(s)ds < exp{_u—l/p}
0

for 0 < w < 1. Then &, € CV* and &), is the complementary function to
&, as shown after (3.22). Now by Theorems 11.8 and 11.13, every continuous
function of bounded @,-variation has its Fourier series convergent uniformly
if and only if >, o, k7! (logk) P < oo, that is, if and only if 1 < p < occ.

11.3 Notes

Notes on Section 11.1. Much of the early work on Hélder conditions and on p-
variation was done with Fourier series as one application in view, e.g. Lipschitz
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(1864) [143], Wiener (1924) [241], L. C. Young (1936) [244]. The Hausdorff-
Young inequality is proved in Edwards [63, Theorem 13.5.1]. Theorem 11.2 is
Theorem 3 in Marcinkiewicz [156]. An extension of this fact to several other
classes of functions is given by B. I. Golubov [83, §4].

Notes on Section 11.2. Salem [202] proved Theorem 11.8. Theorem 11.13
is due to Baernstein [5].






12

Stochastic Processes and #-Variation

We refer to the book of Kallenberg [112] for probability terminology and will
cite it often, although far from exclusively, for results needed in this chapter.

12.1 Processes with Regulated Sample Functions

Let 7 C [0,00) and let (2, F,Pr) be a complete probability space. A real-
valued stochastic process {X;}ier, which may also be written {X (¢)}1e7 or
{X(t), t € T}, is a function (t,w) — X;(w) = X(¢)(w) = X (t,w) from T x 2
into R such that for each t € 7, X; is a random variable on 2. If 7 = [0, +00)
we may write {X;};>0, or if 7 = [0,7] where 0 < T < oo we may write
{X:}o<i<r- A stochastic process Y = {Y}; }+>0 on the same probability space is
a modification of X iff for each ¢t > 0, X; =Y} almost surely (with probability
1). For each w € 2, the function X. = X.(w) is called a sample function
of X. A stochastic process X = {X,};>0 has regulated sample functions if
X.(w) € R[0,00) for almost all w € 2. Then we write X € R[0,00). In
probability theory sample functions of stochastic processes are often assumed
to be regulated and right-continuous. One sometimes refers to such processes
using the French abbreviation “cadlag” processes. Stochastic processes with
regulated sample functions then might be called “ladlag” processes.

For any real-valued stochastic process X = {X,};>0 on a probability space
(£2, F,Pr) and finite set F' = {t; < --- < &5} C [0,00), the mapping Rp :
w i (X4, (W), ..., Xy, (w)) gives an image probability measure ProR " on the
finite-dimensional Euclidean space R or R*. These measures are called the
finite-dimensional joint distributions of X. Suppose that for each finite set
F C [0,00) a probability measure Pr is given on the Borel sets of R, with
the natural consistency property that whenever F' C (G, the image measure of
P on RF under the natural projection is Pr. Then there exists a stochastic
process X having Pp as its finite-dimensional joint distributions by a theorem
of Kolmogorov, e.g. [99, Section 9.4] or [53, Theorem 12.1.2].

R.M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer Monographs 571
in Mathematics, DOI 10.1007/978-1-4419-6950-7_12,
© Springer Science+Business Media, LLC 2011
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Let X € R[0,00) and let 2x = {w € 2: X.(w) € R[0,00)}. Due to
completeness of the underlying probability space, 2x € F and Pr(2x) = 1.
For each t € [0, 00), let

B [ X(t+,w) ifw € 2,
Xi(t) =Xy (tw) = {X(t,w) otherwise.

Similarly define X_(¢) for each t € (0,00) and let X_(0) := X (0). For each
t € [0,00), X, (t) is a random variable because it is the limit for w € 2x of
the random variables X (r,,) for r, rational, r,, | ¢, and equals X (¢) otherwise.
Likewise, X (t—) is a random variable. Therefore X, = {X(¢), t > 0} and
X_ ={X_(t), t > 0} are stochastic processes on the same probability space
as X.

Recall that AT X (t) := X (t) — X(¢) and A~ X (¢) := X (¢) — X_(t). For
each t € [0, 00), let

24(t) := {w € 2: either A~X(t) # 0 or ATX(t) # 0}.

A point t € [0, 00) is called a point of fized discontinuity of X if Pr(£24(¢)) > 0.
If ¢ is not a point of fixed discontinuity of X then

lim X (s) = X (¢) almost surely. (12.1)

s—t
Indeed, for each ¢t € (0,00) and w € 2x \ 24(t), we have

lgrth(s,w) =X({t—w)=X(t,w)=X(t+,w) = 151th(5,¢¢)).
Since Pr(£2x \ 24(t)) =1, (12.1) holds when ¢ € (0, c0). The same argument
yields (12.1) when ¢ = 0. If the stochastic process X has no points of fixed
discontinuity then the three processes X_, X, and X are modifications of
each other.
A point ¢ € [0,00) is a point of stochastic continuity of X if X (s) — X (t)
in probability as s — t, otherwise a point of stochastic discontinuity.

Theorem 12.1. Let X € R[0,00). Then the set of points of fixed discontinu-
ity of X is at most countable and coincides with the set of points of stochastic
discontinuity of X .

Proof. Since the limit of a sequence convergent in probability is unique almost
surely, one can show that X is not stochastically continuous at some ¢ € [0, c0)
if t is a point of fixed discontinuity. Also, X is stochastically continuous at ¢
whenever ¢ is not a point of fixed discontinuity. This yields the second part
of the claim. The first part follows from Theorem 11.1, Ch. VII, of Doob [46].

O
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By the preceding theorem, the set of fixed discontinuities of any stochastic
process with regulated sample functions is at most countable. However, almost
every sample function of such a process may have a non-fixed discontinuity,
e.g. X(t,w) = 14>y, where w has a uniform distribution in [0, 1].

Let (£2, F,Pr) be a probability space. Then a filtration F = {F;: t > 0} is
a family of sub-o-algebras of F such that s C F; for 0 < s < t. A real-valued
stochastic process X = {X;}1>0 is adapted to F iff X, is F; measurable for
each t. Given X, the filtration F(X) = {F;}+>0 generated by X is defined by
letting F; be the smallest o-algebra for which X are measurable for 0 < s < ¢.
Then clearly X is adapted to F(X) and if {G,},>0 is any other filtration to
which X is adapted then F;, C G; for all t > 0.

Suppose that almost all sample functions of a stochastic process X have
bounded p-variation on [0, ¢] for some 0 < p < oo and 0 < ¢ < co. Since the
set of partitions PP [0, ¢] is uncountable, the function

W= UP(X(WW); [Oat]) (122)

need not be measurable. For example, let Pr be Lebesgue measure on (2 :=
[0,1]. For a non-Lebesgue measurable set A C [0,1], let X be a stochastic
process defined by X (t,w) = li—wea, t € [0,1]. Then v,(X;[0,1]) = 0 if
w¢ A and =2 if w € A. We will show in Theorem 12.3 that in many cases
there is a stochastic process adapted to the filtration F(X) generated by X
and whose sample functions almost surely agree with (12.2).

Recall that V is the class of all functions @: [0,00) — [0,00) which are
strictly increasing, continuous, unbounded, and 0 at 0.

Definition 12.2. Let X = {X,};>0 be a stochastic process, and let & € V.
We say that X has locally bounded ®-variation (or locally bounded p-variation
if (u) = uP) and write X € WIOC if

(a) for almost all w € 2,
e (X (-, w); [0, T]) < +00 VT > 0; (12.3)

(b) there exists an F(X)-adapted stochastic process va(X) = {ve(X;t) >0
such that for a Pr-null set 2, if w ¢ 2y then

e (X (1, w); [0,1]) = va(X;t)(w) vt > 0. (12.4)

We call vg(X) the P-variation stochastic process (or p-variation stochastic
process if &(u) = uP) of X.

A stochastic process X = {X;}4>0 is called separable if there exist a count-
able set S C [0,00) and a Pr-null set {2y such that for every closed subset A
of R and open subset I of [0, 00), we have

{w: X(t,w)e A, teSnI}\{w: X(t,w)e A, tel}cC . (125)
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The set S in the definition of separability is called a separating set.
The following shows that (b) follows from (a) in Definition 12.2 under some
conditions.

Theorem 12.3. Let X = {X,};>0 be either a separable stochastic process
continuous in probability, or a cadlag stochastic process. If for some ® € V,
(12.3) holds for almost all w € (2, then X has locally bounded P-variation.

Proof. Let S = {t;}32, be a countable dense subset of [0,00) with ¢, = 0.
Suppose first that X is a separable stochastic process continuous in proba-
bility. Then by Theorem 2.2 of Doob [46, Section I1.2], S is a separating set.
The following consequence of separability is what we need. Let I be an open
subset of [0, 00) and let {2y be the Pr-null set in (12.5). Then for w ¢ (2,

t:ggl X(t,w) = 2161110 X(t,w) and tenslvng(t, w) = 71€I€1£ X(t,w).  (12.6)
Second, if X is a cadlag stochastic process then (12.5) holds with 2y = 0,
which also implies (12.6). To construct the @-variation stochastic process, for
each n > 2, let S,, := {t{},...,t} be the elements {¢o,...,¢,} arranged in
increasing order, and let [0,t] @ S, := {t3,...,t},t}, where k is the largest
J =1,...,n such that t7 < ¢. We can and do assume that (12.3) holds for
each w ¢ (2y. For each ¢t > 0, let

sup,, vg (X (-, w); [0,t] M S,) if w & 29,
= (oS B g

where the @-variation over a finite set E is defined by restricting partitions to
be subsets of E. It is easily seen that for each t > 0, vg(X;t)(+) is measurable
with respect to the o-algebra generated by {X(s): s < t}. Thus ve(X) =
{va(X;t)}i>0 is adapted to the filtration F(X) generated by X. To prove
(12.4) notice that

va (X (+,w); [0,1]) = va (X 1) (w) (12.7)

for each w € 2 and each t > 0. To prove the converse inequality let w ¢ (2
and let ¢ > 0. Given € > 0 let x,, € PP [0,¢] be such that

Sé(X('aw)“{w) > U@(X('vw); [Ovﬂ) — €

Taking non-intersecting open neighborhoods around each point of &, \ {0, ¢}
and using (12.6), one can find an integer n = n,, and a subset A, of [0,¢] @S,
including {0, ¢} such that

5¢'(X('7w); Aw) > Sé(X('aw);'%w) — €

Since € > 0 is arbitrary, the inequality converse to (12.7) holds. Thus vg(X) =
{ve(X;t)}i>0 is the P-variation stochastic process by Definition 12.2. O

Notice that the ladlag (regulated) property of X is not sufficient for the
theorem by the example given before Definition 12.2.
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12.2 Brownian Motion

A Brownian motion or Wiener process is a sample-continuous real-valued
Gaussian process B = {B;};>o with mean 0 and covariance EB;B, =
min{¢,u} for t,u > 0. Recall that a stochastic process {X;};>o is said to
have stationary increments if for any 0 < ty < t; < -+ < t,, the joint dis-
tribution of {X¢, 44 — X¢,_,+n}i1<j<n for A > 0 does not depend on h. It is
easily seen that Brownian motion has stationary increments.

The local law of the iterated logarithm for 1-dimensional Brownian mo-
tion is well known and not hard to prove [53, Theorem 12.5.2], noting that
{B(t)}+>0 and {tB(1/t)}+~0 are equal in distribution: with probability 1,

B(t
lim sup 1BO)|

S A1) (12.8)
t10 2tloglog (1/t)

The same holds if |B(t)] is replaced by |B(u +t) — B(u)| for any fixed u > 0,
by the stationary increments property.
Next is P. Lévy’s global Holder condition for Brownian motion:

Proposition 12.4. With probability 1,

B(t — B(t
limsup sup Bt +5) ® =

(12.9)
510 0<t<1 2slog(1/s)

For almost every w there is a K(w) < 0o such that for 0 <t <t+s <1,

|IB(t+s) — B(t)|(w) < K(w)y/slog(3/s). (12.10)
Proof. Equation (12.9) is proved e.g. in Section 1.9 of It6 and McKean [109].
Then, for almost all w there is a §(w) > 0 such that (12.10) holds with K (w)
replaced by 2 if 0 < s < §(w). Let M (w) := maxo<i<1 |B(t,w)| < +00. Since
s +— slog(3/s) is increasing for 0 < s < 1, (12.10) then holds for

K(w) = max(2,2M(w)/+/é(w)log(3/0(w

completing the proof. O

Brownian paths have bounded p-variation only for p > 2, as P. Lévy
proved.

Proposition 12.5 (P. Lévy). For a Brownian motion B and 0 < T < oo, we
have almost surely

RCHCRMIE g Ay (1211)
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Proof. The fact that v,(B;[0,T]) < oo a.s. (almost surely) for p > 2 follows
from Lévy’s Holder condition, Proposition 12.4, for T'= 1. For general T > 0,
B(Twu) = VTB(u) in distribution as processes for 0 < u < 1.

It will be shown that (ve(B(-,w);[0,1])) = 400 almost surely. Let J :=
(1/4,3/4) and 0 < M < oco. By sample continuity and the local law of the
iterated logarithm (12.8), for any ¢t € (1/4,3/4), almost surely there exist
rational ¢,r with 1/4 <g<t<r <3/4,r—q < 1/4, and

(B(r) — B(¢))* > M(r —q). (12.12)

Let A be the set of (t,w) € J x 2 for which such r and ¢ exist. Then A is
evidently jointly measurable. For each t € J, Pr({w : (t,w) € A}) =1, so by
the Fubini theorem, with A equal to Lebesgue measure, (A x Pr)(4) = 1/2.
Let 27 = {w: (t,w) € A for Malmost all ¢t € J}. Then Pr(£2;) = 1. For
each w € (2, {t: (t,w) € A} is a countable union of open intervals (¢,, )
satisfying (12.12). By a Vitali lemma, e.g. [53, Lemma 7.2.2], there is a finite,
disjoint set (gn,,7n,) of those intervals such that > rn; —¢n; >1/(3-2) and
thus by (12.12),

va(Beaw) [0,1]) = S(B(ra)) — Blan))? > M/6.
J
So v9(B;[0,1]) > M/6 almost surely and since M < +4o0o was arbitrary,

v2(B;[0,1]) = 400 almost surely. It follows by Lemma 3.45 that v, (B; [0, 1]) =
400 a.s. for p < 2, and the proof is complete. |

Rather than the global modulus of continuity (Holder condition) as in
Proposition 12.4, S. J. Taylor showed that the local modulus of continuity
(log log law), as in (12.8) and the proof just given, determines the precise
®-variation behavior of Brownian motion. His theorem will follow as a special
case of facts about fractional Brownian motion, in Corollary 12.24.

12.3 Martingales

A complete probability space (£2,F,Pr) and a filtration F = {F: ¢t > 0}
will be said to satisfy the usual hypotheses if F is (i) complete, meaning that
all sets of probability zero are in Fy, and (i¢) right-continuous, meaning that
Fit = NgstFs for each 0 < ¢ < co. We assume throughout this section that
the usual hypotheses hold.

Let X = {X;}1>0 be a real-valued stochastic process defined on 2. The
pair (X, F) is a martingale iff X is adapted to I, the expectation E|X (¢)] is
finite for all ¢ > 0, and the conditional expectation E(X (t)|Fs) equals X (s)
almost surely for 0 < s < ¢. (Conditional expectations are defined e.g. in [53,
Section 10.1] and [112, Theorem 6.1].)
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It is known that under the usual hypotheses, a martingale (X,F) has a
modification M = {M,};>o which is a cadlag stochastic process and such that
(M,T) is still a martingale ([112, Theorem 7.27]).

For a filtration F = {F;: t > 0}, a random variable 7 on {2 with values in
[0, +00] is called a stopping time iff {T <t} € F, for every ¢ € [0, 00). Suppose
that on (£2,F,Pr), F is a filtration and M is a cadlag stochastic process.
The pair (M,TF) is a local martingale iff M is adapted to F and there is a
nondecreasing sequence of stopping times {7, },>1 such that lim, 7, = 400
almost surely and M,, := {M;a+, }+>0 is a uniformly integrable martingale for
each n. (Uniform integrability is defined e.g. in [53, p. 355] and [112, p. 67].)

For a cadlag stochastic process X = {X,},>¢ adapted to F, the pair (X, F)
is a semimartingale iff almost surely X (¢) = M (t)+ A(t) for each ¢ > 0, where
(M,F) = {M;, Fi }1>0 is a local martingale and A = {A(t)},>0 is a stochastic
process having locally bounded variation (as in Definition 12.2 for p = 1).

If B = {B(t)}i>0 is a stochastic process and F = {F;: t > 0} is a filtra-
tion, we will say that (B,F) is a Brownian motion if B is a Brownian motion,
it is adapted to F, and for 0 < ¢ < w, the increments B(u) — B(t) are in-
dependent of F;. We say that a stochastic process X is equivalent to a time
change of Brownian motion if there exist a Brownian motion (B,F) and a
stochastic process {7 }+>0 such that each 7, is an F stopping time, 0 < 7, < 7y
whenever 0 < s < t, and the stochastic process {B(7)}:;>0 has the same
finite-dimensional joint distributions as X. Here X and B may be defined on
different probability spaces.

Theorem 12.6 (Monroe [174]). A real-valued stochastic process is equivalent
to a time change of Brownian motion if and only if it is a semimartingale.

This fact can be used to bound the p-variation of a semimartingale as
follows. Given p > 2, it follows from Proposition 12.5 that v,(B;[0,T]) < oo
almost surely for any T' < oo and thus for any finite-valued random variable 7,
vp(B; [0, 7]) < co almost surely. Let X be a semimartingale, and let ¢ > 0. By
Theorem 12.6, for a suitable finite-valued stopping time 7, v,(X;[0,¢]) has
the same distribution as v, (BoT; [0, t]). We have v,(Bor;[0,t]) < v,(B; [0, 7])
almost surely, since s +— 74 is nondecreasing and restricting partitions to
consist of points of its range gives a supremum over a smaller set of p-variation
sums. So v,(X;[0,¢]) < co almost surely. Thus we have proved the following:

Corollary 12.7. A semimartingale is of bounded p-variation on any bounded
interval for each p > 2.

If M is a martingale such that EM(t) =0,0<t < T, EM(T)? < oo, and
B(u), u > 0, is a Brownian motion with stopping times 74, 0 < ¢ < T', as in the
definition before Theorem 12.6, such that B(7) and M (t) for 0 <t < T each
have the same finite-dimensional joint distributions, then Err = EM(T)?
(Monroe, [173, Theorems 5 and 11]). Thus for any sequence of martingales
M; = {M;(t), 0 <t < T}, if sup; EM;(T)? < +oo then for each p > 2,
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vp(M;;[0,T7]) is bounded in probability uniformly in ¢. It is well known that
if (B,F) is a Brownian motion and 7 is a stopping time for F with E7T < o0
then EB(7)? = ET, e.g. [53, Theorem 12.4.1].

It was also well known that sample functions of martingales which are
continuous and nonconstant must have unbounded 1-variation (Lemma 3.2.1
of Fisk [67]). In fact, we will see that they must have unbounded p-variation
for every p < 2:

Theorem 12.8. If for some p < 2 a sample continuous local martingale has
locally bounded p-variation then almost surely its sample functions are con-
stants.

A proof of this statement will be given, based on a stopping time tech-
nique, as follows. We will say that a stochastic process X is sample uniformly
continuous if for each 0 < T < oo there exists a null set {2y such that for
any € > 0 one can choose ¢ > 0 such that | X (t,w) — X(s,w)| < € whenever
[t —s| <d,t,s€[0,T], and w & (2.

For a stopping time 7, let X7 :={X (¢t A7), t > 0}.

Lemma 12.9. Let X be a sample continuous stochastic process adapted to
a filtration F. For each 0 < T < oo there exists a mondecreasing sequence
{Tn}n>1 of F stopping times 1, < T such that Pr(U3 {7, = T}) =1, and
each X™ is sample uniformly continuous and bounded by n.

Proof. Let 0 < T < oo. Since almost every sample function of X is uniformly
continuous on [0, 7], there exists a double sequence {0gp}in>1 of positive
numbers such that for each k, dx1 > dx2 > -+ -, and for each k,n,

Pr ({sup{|X(t) — X(s)|: |t — 8| < Okn, s,t € [0,T]} > 1/k}) <27"7F,
(12.13)
Let 77,, be the least r € [0,T] such that

sup {|X(t) — X(s)|: |t = s| < Opn, s,t € [0,7]} > 1/k.

If there is no such r, let 7, := T'. Since X is sample continuous each 77, is an
F stopping time. Let 7}, := infy, 77,,. Then for each n and any ¢ € [0, 00), {7, <
t} = Up{r},, <t} € F:. Since F is right-continuous, each 7, is an F stopping
time. Then each stopped process X T is sample uniformly continuous.

For n > 1, since 0, > O nt1 for each k, it follows that 77, < Tlganrl for
each k, and so 7, < 7, .. Also, by (12.13), Pr({X™ # X on [0,T]}) < 27"
It then follows from the Borel-Cantelli lemma that Pr(U, {7, =T}) = 1.

Let 7,/ be the least ¢ € [0,T] such that |X(¢)| > n. If no such ¢ exists,
let 7)) := T. Then each 7/ is an F stopping time and X . is bounded by n.
Clearly the sequence of F stopping times 7, := 7, A7)/, n > 1, satisfies the

n?

conclusion of the lemma. O
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Now we are ready to prove Theorem 12.8.

Proof of Theorem 12.8. Let a sample continuous local martingale (X, F) =
{X\, Fi}1>0 have locally bounded p-variation for some p < 2, and let 0 < T’ <
oo. It is enough to prove that almost surely, X (t) = X (0) for each 0 <t < T.
Since X is sample continuous, the p-variation stochastic process v, (X) is also
sample continuous by Propositions 3.35(a) and 3.42. By Lemma 12.9 applied
to X and v, (X), taking the minimum of stopping times for each process, and
because X is a local martingale, there exists a nondecreasing sequence {7, } n>1
of F stopping times such that Pr(J,{7» = T}) = 1, each X™ is a sample
uniformly continuous martingale by optional sampling or “localization” [112,
Lemma 17.1], bounded by n, and each v,(X)™ is bounded by n. Notice that
for each n, v,(X)™ is the p—variation process of X™. Let A = { A }m>1
be a nested sequence of partitions A,, = {t;"}i=o,... k(m) of [0,T] such that
max; (¢ — t7,) — 0 as m — oo. Then U, Ay, is dense in [0,T]. For each
n,m > 1, let
o = || max X7 (7) — X712 ) | .

Let t € UpAm. Then there exists an integer m; such that ¢t € A, for each
m > my. For any 0< 51 <t <s9<ty < T‘7 let AZX = XT”(ti) — XT”(SZ')
for i =1,2. Since X™ is uniformly bounded it follows that

E[A1XA:X] = E[A X E[AX|F,]] =0

(X ™ has orthogonal increments), using the martingale property and proper-
ties of conditional expectations, e.g. [53, Theorem 10.1.9] or [112, Theorem
6.1]. Thus for each m > m;, we have

k(m)
epsr- x2S xem)

< E(ei;ﬁvp(X)T" (t)) < nE(ei‘w’;)

Since for each n > 1, €, < 2n and €, ,, — 0 almost surely as m — oo, by
the bounded convergence theorem, the left side of the preceding inequality is
zero for each n > 1. Therefore, almost surely, for each n > 1, X7 () = X™(0)
for each t € Uy, Ay, Since X is sample continuous and for almost every w € 2,
there is an n > 1 such that X (¢t,w) = X (t,w) for 0 <t < T, it follows that
almost surely, X () = X (0) for each 0 <t < T. The proof of Theorem 12.8 is
complete. O

12.4 Gaussian Stochastic Processes

A Gaussian stochastic process is a process all of whose finite-dimensional joint
distributions are normal measures. To recall the definition of normal prob-
ability measure on finite-dimensional Euclidean spaces, first on R, for any
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pu € R and o > 0, the normal or Gaussian probability measure N (u,0?) is
defined as having the density (ov/27) "t exp(—(z — u)?/(20?)) with respect to
Lebesgue measure. If o = 0 then N (u,0?) is defined as a point mass 6, at p.
A Borel probability measure P on RF is called normal or Gaussian iff when
X = (X1,..., Xx) has distribution P, for any ¢ € R¥, the inner product (¢, X)
has a 1-dimensional normal distribution N (u(t),o?(t)) where o2(t) > 0. Then
X has a well-defined mean vector ¢ = EX and a covariance matrix C' with
Crs = E[(Xy —pr)(Xs—ps)] forr,s = 1,..., k. Here C' is nonnegative definite
and symmetric. Conversely, for any such matrix C' and any p € RF there is a
unique normal measure, called N(u,C), with mean vector p and covariance
matrix C, e.g. by [53, Theorems 9.5.7 and 9.5.13], where Theorem 9.5.7 for
1 = 0 extends by translation to other pu.

Let X = {X:}:>0 be a separable Gaussian stochastic process with mean 0,
and let fx(t) := X(t,-) € L?(2,Pr) for t > 0. Recall that CV is the subclass
of convex functions in the class V of all functions ¥: [0,00) — [0, c0) which
are strictly increasing, continuous, unbounded, and 0 at 0. For ¥ € CV and
0 < T < o0, recall the ¥-variation vy (f) = v (f; J) as defined in (3.1), which
will be applied for f = fx and J =[0,T].

By Lemma 3.79(a), for 1 < p < oo there is a § with 0 < § < e™° such that

@, o(u) := [u(loglog(1/u))/?P (12.14)

is convex for 0 < u < 4. By (3.125) we can set ¥, 2(0) := 0 and extend ¥, o
to be linear on [d, +00) in such a way that ¥, 5 is convex on [0, 00) and so in
CV. In Theorem 12.13 we will show that for 1 < p < oo, X has almost all
sample functions of bounded p-variation on [0, 7], assuming boundedness of
vw, ,(fx;[0,T]).

Proposition 12.10. Let X be a separable Gaussian stochastic process with
mean 0, and let 1 < p < oo. If X has locally bounded p-variation then
vp(fx:[0,T]) < oo for each 0 < T < oo. The converse implication holds

forp=1.

Proof. First let p = 1. It will be shown that X has almost all sample functions
of bounded 1-variation on [0, 7] if and only if

v1(fx;[0,7T]) < 0. (12.15)

Indeed, suppose (12.15) holds. By separability of X, there exists a nested
sequence {kp }n>1 of partitions of [0, 7] formed by points of a separating set S
such that v1 (X; [0, T]) = sup,,>1 51(X; kp) almost surely and | J,, K, = S. Note
that for any function f and partitions k,, C kn+t1, $1(f;6n) < s1(f; knt1). By
the monotone convergence theorem,

Esups1(X; k) =sup Es1(X; 6,) = Kyv1(fx;[0,T)) < oo, (12.16)

n>1 n>1
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where K7 := E|Z| for a standard normal random variable Z, i.e. one having
distribution N(0,1), and so v1(X;[0,T]) < oo almost surely. Conversely, let
V := RY be the set of all real-valued functions on a separating set S C
[0,T] with product topology. Then V' is a measurable vector space and the
distribution of X restricted to S is a centered Gaussian measure P on V, both
as defined on p. 25 of [52]. Now || - [| := || - [|(1),j0,7) i @ measurable function
from V to [0,00] and by assumption, we have P(|| - || < oo) = 1. Therefore
[lz]|dP(z) < oo, in fact [exp{a|z|?*}dP(z) < oo for some o > 0, by a
theorem of Fernique [52, Lemma 2.2.5]. Thus (12.15) holds by (12.16).

Now let 1 < p < oo and suppose X has almost all sample functions of
bounded p-variation. Then by the same theorem of Fernique applied to the
seminorm || - || = || - || (p),j0,77, We have

00 > E||X|[? > sup { Es,(X;5): K € PP0,T]} = Kpup(fx;[0,T1),

where K, := E|Z|P for a standard normal random variable Z. Thus the propo-
sition holds for 1 < p < oo. O

The converse in Proposition 12.10 does not hold for p > 1, however, as
(12.11) with p = 2 shows for a Brownian motion.

By Lemma 3.79(a), for 1 < p < oo there is a § with 0 < § < e~° such
that W, 1(u) = [u(log(1/u))*/?]? is convex for 0 < u < 4. By (3.125) we
can set ¥, 1(0) := 0 and extend ¥, ; to be linear on [d,+00) in such a way
that ¥, is convex on [0,00) and so in CV. Letting ¥,(u) = vP, it is clear
that ¥, < ¥, < ¥, on [0,d] for some 6 > 0. The following shows that
vg,m( fx) < oo is a sufficient condition for a Gaussian process X to have
locally bounded p-variation.

Lemma 12.11. Let X = {X;};>0 be a separable Gaussian stochastic process
with mean zero such that v,(fx;[0,T]) < oo for some 1 < p < 0o and 0 <
T < oo. Then for almost all w € §2 there is a C(w) < 400 such that for
s,t € [0,T7,

1
X (t,w) = X(s5,w)] < Cw) [T (d(fx(8), fx ()] 7, (12.17)
where d is the usual metric on the Hilbert space H = L?(§2, Pr).

Proof. Let 0 < T < oo and 1 < p < oo be such that v,(fx;[0,7T]) < co. Let
R = {fx(t)}o<i<T C L*(£2,Pr). For each ¢ > 0, let N(R,¢) be the minimal
number of balls of radius at most € with respect to d that cover R. Then for
each 0 <t < T let

F(t) := sup { S EIX (1)~ X (1) P {ti}ig € PP [O,t]} = K,up(fx;[0,4).
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Thus foreach 0 < s <t < T,
KMPd(fx (), fx (1) = (BIX (1) — X(s)]) """ < [F(1) - F(s)] V7,

and so there is a finite constant A such that N(R,¢) < Ae P. By Corollary
2.3 of [47], for almost all w there exists a finite C'(w) such that (12.17) holds.
O

For 1 < p < oo, let ¥,2(v) = v¥/?/\/loglog(1/v) if 0 < v < e7¢,
Ypa(v) == vY/P if v > e° and ¢, 2(0) := 0. For p > 1, by Lemma 3.79,
there is a ' = ¢'(p) > 0 such that v, o is concave on [0, §'].

Lemma 12.12. Let 1 < p < oo, and for some 0 < T < oo let X =
{Xi}o<i<r be a separable Gaussian stochastic process with mean zero. Sup-
pose that there are a nondecreasing function F on [0,T] with F(0) = 0, a
finite constant v, and a § with 0 < 6 < e™° such that ¥, 2 is concave on [0, 6]
and

ox(s.1) = [E(fx(s) = Fx ()22 < W F(t) — F(s))  (12.18)

whenever s,t € [0,T] and F(t) — F(s) < 6. Then there is a finite constant
K such that for any k > 0, and any a,b € R with 0 < b —a < 6 and
(a,b) N[0, F(T)] # 0,

Pr({ swp [X(t)=X(s)| > 2(K +9V2R)(b — 0)/7}) < |log - ]_kv
s,tel(a,b) b—a

where I(a,b) :={t € [0,T]: a < F(t) < b}.

Proof. Let k > 0 and let a,b € R be such that 0 < b —a < § and (a,b) N
[0, F(T)] # 0. Let R := (a,b) N{F(t): 0 <t < T} If R =0 the conclusion
holds vacuously, so suppose R # (). Let V := (a,b)\ R. We will show that there
exists a separable, Gaussian stochastic process with mean zero Y = {Y,, }a<u<sp
such that X (t,w) = Y(F(t),w) for all t € I(a,b) for almost all w € 2 and for
each u,v € (a,b),

oy (1,0) < Yy a(lu — o)) < Alu—o]'/2. (12.19)

First we will show that V' = U2,V;, where all V; are disjoint open or
half-open intervals. Indeed, if F(t) = ¢ € (a,b) for some ¢ € [0,T], J = (a,c)
or J = (¢,b), and J C V, then J is clearly a maximal interval included in
V. If F(t) < F(t+) for some ¢t € [0,T) and F(t+) € (a,b), then either the
open interval (a V F(t), F(t+)) or the half-open interval (a V F(t), F(t+)]
is a maximal interval included in V, depending on whether F(t+) € R or
F(t+) € V. Similarly, if F(t—) < F(t) for some ¢t € (0,7] and F(t—) € (a,b),
then either (F'(t—), F(t)Ab) or [F(t—), F(t)Ab) is a maximal interval included
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in V. To define Y, let Y(u) := X(¢) if v € R and u = F(t) for some t.
Then the set {t: F(t) = u}, if not empty, is a singleton or a nondegenerate
interval, I,,, in which case X is almost surely constant on I, by (12.18) and
separability. Since there are at most countably many such intervals the almost
sure constancy holds for all of them.

For each ¢ such that F'(t) < F(t4+) € (a,b) there is an € > 0 such that
F(s) < F(t+) + 0 for t < s < t+ ¢, and so X(t+), defined as the limit in
L?(02,Pr) of X(s) as s | t, exists by (12.18). Similarly, if F(t) > F(t—) €
(a,b), we can define X (t—). Now, if u € (a,b) is a right endpoint of V; for
some 4, then either v = F(t+) for some ¢t and we let Y (u) := X(¢+), or
u = F(t) and Y(u) is already defined. Similarly, if u € (a,b) and u = F(¢t—)
is a left endpoint of V;, then let Y (u) := X(¢t—). On the interior of V; the
paths of Y are defined either by linearity if both endpoints of V; are in (a,b)
or equal to the value of Y at the one endpoint in (a,b).

The stochastic process Y = {Yy, }a<u<p is Gaussian with mean zero, and
X(,w) =Y (F(),w) on I(a,b) for almost all w € 2. Moreover, Y is separable
with separating set (F'(S)N(a,b))US:, where S is a separating set for X and
S1 is any countable dense subset of V.

To show (12.19) for u,v € (a,b) note that it holds by (12.18) if u,v € R.
If u,v € V; and a or b is an endpoint of V; there is no problem. Otherwise if
u,v € Vi = (u1,us] for some ui,us € (a,b) and A :== (v —u)/(uz —u1) > 0,
then since 1, 2 is concave on [0, 6],

oy (u,v) = Aoy (ur,u2) < YAy 2(uz —u1) < Yy 2(v — u).

Now let v € V; = (u1,us] with Y(u2) = X(t+), Y(u1) = X(¢), and u =
F(s) € (a,uq) for some s,t € I(a,b). Letting A := (v —uy)/(u2 — uy), we have

Y() =Y =(1-=XN[X(#) —X(s)] + A[X(t+) — X(s)].
Thus by concavity of 1, » again it follows that

oy (u,v) < (1 = XNox(s,t)+ Alimsupox(s,r)
rlt

<[ = Mhpa(un =) + Moy (uz = w)| < Ypa(v — ).

Similarly, one can also check that (12.19) holds for any w,v € (a,b). This
finishes the proof of existence of Y with the stated properties.

Let ¢ := (a + b)/2. Let Z(u) := Y(u) — Y(c) for u € (a,b) and let
[Zlsup = SUPye(qp) |Z(u)]. Endowed with the pseudometric oy, (a,b) is
a totally bounded pseudometric space. Denote by N(r) = N((a,b),oy,)
the smallest number of open balls of radius » > 0 in the pseudometric oy
which form a covering of (a,b). By (12.19), N(r) < 1+ (b — a)y?/r? for
0 < r < ay(a,b) := sup{oy(u,v): u,v € (a,b)}. Clearly N(r) = 1 if
r > &y(a,b). Then by the change of variables s = (r/v)?(b — a)~!, where
N(r)=1for s > 1, we get
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/000 Vlog N(r)dr < p~ty(b— a)l/p/o s/P=1 /log (1 + (1/s))ds < oo.

It follows that the sample functions of the process {Z(u) : a < u < b} can
be taken to be in the separable Banach space F of all real-valued uniformly
continuous functions on (a,b) for oy, e.g. [135, Theorems 6.1 and 6.2] or [52,
Theorem 2.6.1], with supremum norm. Because Z(c) = 0, we have

[Z]lsup = sup |Z(uw)| < sup Z(u)+ sup —Z(u).
ue(a,b) ue(a,b) ue(a,b)

By the metric entropy bound for Gaussian processes in expectation (cf. e.g.
[135, Theorem 6.1]), we have

E|Z||sup < 84/ Viog N(r)dr < K(b—a)'/?
0
for some finite constant K depending only on p and v. By (12.19), we have

sup (EZ(u)Q)l/2 < AYp2(b—a).
u€(a,b)

Then by the Gaussian concentration inequality of Ledoux [135, (4.4)], it fol-
lows that

Pr ({ X (1) = X(s)| > 2K + W2k)(b - a)'/?})
< Pr ({1 Zllsup > (K +7V2E)(b — a)!/7})
<Pr ({1 Z]lsup > Bl Z]lsup +vV2h(b — a)"/7})

<eo{~ i) = [eegza)

proving the lemma. O

Now we are ready to prove the main result of this section, which gives a
sufficient condition for boundedness of the p-variation of almost all sample
functions of a Gaussian stochastic process. Proposition 12.14 will show that
in some cases the condition is necessary.

Theorem 12.13. Let X be a separable Gaussian stochastic process with mean
zero, and let 1 < p < oo. If vy, ,(fx;[0,T]) < oo for each 0 < T < oo, then
X has locally bounded p-variation.

Proof. Let 0 < T < oo and for each 0 <t < T, let F'(t) := vy, ,(fx;[0,1]).
Recalling 1, 2 as defined before Lemma 12.12, note that we have
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V5 (V) ~ Upa(v) (12.20)

as v | 0. This and Lemma 3.79 yield that there is a § > 0 such that 1, o is
concave on [0,0] and for 0 < s <t < T,

ox(5,1) < ethyp o (F(t) — F(s)) < e[F(t) — F(s)]"/? (12.21)

if F(t) — F(s) <. Also we assume that ¢ is so small that § < (d1/e)? where
8y is such that ¥, 1(u) = [u(log(1/u))/?]P for 0 < u < §; as defined before
Lemma 12.11.

Let mg > 4 be the smallest integer such that 2e7"° < §, and let K be the
constant obtained from Lemma 12.12 with v = e. For each m > mg and each
J=0,1,....0m = [e"F(T)], let Sp,j :=I((j —1)e™™,(j + 1)e~™), where
I(a,b) ={t € [0,T]: a < F(t) < b}, and let

Vi i={weQ: sup [X(t,w)— X(s,w)] > Me ™7},
t,5€Sm,

where M := 2'+1/?(K 4 ev/2k) and k is such that k > 2+ p/2. The intervals
Smjs J = 0,...,jm, overlap and cover [0,T]. We shall bound the number
Zm(w) = card {] =0,...,0m: w € Vpp j}. By Lemma 12.12 with ¢ = (j —
e ™ and b = (j + 1)e™™, we have Pr (Vm’j) <2m~Fforall j =0,...,5m
and all m > mg. Thus for all such m, it follows that

EZn <> Pr({ sup |X(t)—X(s)| > Me ™/7}) < (14 F(T))em2bm=".

t,5€Sm
We choose v such that 2 4+ p/2 < v+ 1 < k. Then we have

STPr ({Zon > €mm N €Y BZme M m? < (14 F(T)2F S m= ) < oo,

By the Borel-Cantelli lemma, for almost all w € (2, there exists an integer
mi(w) > mg such that Z,,(w) < e™m™" for all m > my(w).

Since F is regulated on [0, 7], by Theorem 2.1, there exists a Young in-
terval partition {(z;-1,2;)}72; of [0, T] such that the oscillation of F on each
(zj—1,%j) is < e~™°. By Proposition 3.36, it suffices to prove the bounded
p-variation of paths of X on each interval (z;_1, z;), or, on any open interval
(u,v) C [0,T] on which the oscillation of F', namely F(v—) — F(u+), is less
than e~"°. Then, X'(u) := X(u+) and X’(v) := X(v—) exist as limits in
quadratic mean. Defining X'(t) := X (¢) for u < t < v we get a process X’ on
the closed interval [u, v]. It suffices to prove the almost sure finite p-variation
of paths of X’ on [u,v]. Thus, without loss of generality, it suffices to prove
this for X on [u,v] assuming that F'(v) — F(u) < e” ™0,

Let k= {t;}1"_, be a partition of [u,v], and for w € (2, let

= {Z tl,w X(tifl,w)‘p >6MP[F(tZ)7F(tZ,1)}}
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For m > mg, let
A= {iz ™S F(ty) = F(tiog) <e™™}.

Then

> X (tiw) = X(tio1,w)|” < e oM (12.22)
Since v, (fx) < vy, ,(fx) < 0o, by Lemma 12.11, for almost all w € 2, there
exists a C' = C(w) < oo such that (12.17) holds. Moreover, card{ E(w)NA,,} <
5Zm(w). Since for each i, F(t;)—F (t;—1) < e~™°, there is an m > mg such that
i € Ay,. For §; mentioned near the beginning of the proof, since 6 < (41/e)?,
by (12.21) we have u; := ox(ti—1,t;) < 61, and in (12.17) we have ¥, 1(u1)
for 0 < u; < 61 and the formula for ¥, ; (u) for small u > O applies. Moreover,
for any m > mg and i € A, we have ox (t;-1,t;) < d1e” (m=mo)/p Recalling
that d(fx(t), fx(s)) = ox(s,t), we have

Z ‘X(ti,w) — X(ti—hw)‘p

i€ E(w)
Z Z ‘X(ti,w) — X(ti_l,w)‘p
m=mo i€ BE(w)NA,
P Y [ttt vioRW o G )]
m=mo i€ E(w)NA,
p/2
<SHCWP 3 Zul)e™ ™ [log(1/61) + (m — mo)/a]

m=mqg

The last series converges because Z,,(w) < e”™m™" for all m > my(w) > my,
and because Zm>m1 () mP/2=% < oo by the choice of v. This together with
(12.22) gives a bound on s,(X(-,w); k) for almost all w € 2, proving the
theorem. ]

The next fact shows that boundedness of vy, ,(fx:[0,1]) in the preceding
theorem is necessary in some cases.

Proposition 12.14. Let 1 < p < oo, let M > 1 be an even integer such
that M'=(/P) > 4 et {&.}k>1 be independent identically distributed N(0,1)
random variables on (2, F,Pr), let h = {hi}r>1 be a nondecreasing sequence
of positive numbers such that (3.66) holds, and for 0 <t <1 and w € 2 let

Z —— Ly M*/Psin(2rMFt). (12.23)
\ /log k +1)
Then X = {X}o<i<1 s a Gaussian stochastic process with mean zero having

almost all sample functions continuous, and the following three statements are
equivalent:
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(@) vp(X(-,w);[0,1]) < 0o for almost all w € £2;
(b) HhHsup = SUpPg>1 hr < 003
(c) va, ,(fx;[0,1]) < o0

Proof. By the Borel-Cantelli lemma, Pr(Up>1 Ni>n {|€k] < 24/log(k+1)}) =

1, and so supy>q [&k(w)]/+/log(k +1) < oo for almost all w € §2. Thus by
(3 66), for almost all w € {2, the series (12.23) converges uniformly for ¢ €
[0,1], and so X is a well-defined Gaussian stochastic process with mean zero
having almost all sample functions continuous.

(a) = (b). Suppose that ||h||sup = o0. By (a) and Proposition 3.46, for

almost all w € (2, sup;~; hg|ék(w)|//log(k + 1) < oo. Since {hy}r>1 is non-
decreasing, |k |/+/1log(k + 1) — 0 as k — oo with probability 1. On the other

hand, by the Borel-Cantelli lemma7 Pr(Np>1Ugsn {|&] > V0og(k +1)}) =1,
a contradiction, proving (b).

(b) = (c). It will be shown that there exist a § > 0 and a finite constant
C such that

ox(s,t) < Cpa(]t —s|) if s,t € [0,1] and |s — t| < 0, (12.24)

where ox is defined in (12.18) and p,2 is defined before Lemma 12.12. To show
that (12.24) suffices, by definition (12.14) of ¥, 2, if K > 1l and 0 < u < §'/K
for some 0 < 0’ < e™°, we have

(log log[1L/ (K w2
(log log(L/u))P/2 "

since loglog is a positive and nondecreasing function on [e®, 00). We can as-
sume that § in (12.24) is such that by, 2(u) < 20, 5 (u) and ¥, (u) < 8 /K
for 0 < u < § and K = max{1,2C} by (12.20) and continuity of ¥, 2 at 0.
Therefore if s,t € [0,1] and |s — ¢| < d, then

v,

p2(Ku) = K? 2(u) < K% 5(u)

Vp2(0x(5,1) < W2(20%, 5 (|s — 1)) < max{1, (2C)*}[s —t],
so indeed (12.24) suffices. To prove (12.24), for s,t € [0, 1], we have

2k/p i i 9
Z log‘ 5D sm(27rM t) —sin(2r M s)] .

If |t —s| < 1/M let ko = ko(|t — s|]) > 1 be the maximal integer such that
M* < 1/|t — s| and let ko = 1 otherwise. Then as in the proof of Lemma
3.47, it follows that 0% (s,t) < 4[|hl|2,,[7*(t — 5)*S(ko) +T'(ko)], where letting
q:=1-(1/p),

ko M 2ka —2k/p
S(ko) := —_— d T(ko) 12.25
(ko) ’; log(k + 1) o o) Z log (k+1) ( )
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For > 1, let L(z) := 1/log(2 V ). Then changing variables in the integral,
we get the bound

MFo
/ logy )y2q_1dy =: S(ko).

ko+1 )
ko) < L(z)M=1*d
sk < [ L) L2t

log M

It is easily seen that L((logy)/logM) ~ 1/(loglogy) as y — +oo. Also,
L(z) < 1/log?2 for all . So since p > 1, as ky — oo, we have (cf. Karamata’s
theorem, e.g. [15, Proposition 1.5.8])

M2a(ko+1) M?24 t— g|724
——L(ko+1) < [t = s
2qlog M qlog M loglog(1/|t — s|)’

S (ko) ~

where the last inequality holds by the definitions of L and kg, provided M <
ko + 1. For the second sum in (12.25), we have

L(z)dz  M?*P [> logy \ dy .
T(ko) < M2/? - L(—)—:;Tk .
(ko) < /k+1 M2z/p log M Jymo+r  \log M/ yl+2/p (ko)

By monotonicity of the logarithm and by the definition of kg, it follows that

pM?2/P |t — s|2/P
~ log M loglog(1/|t — s]|)

e PMP (et 1)2/ I
T(k — M PIL(ko+1

(ko) < S1og a7 L(ko +1) <
provided M < ko + 1. Because kg — oo as |t — s| | 0, there exist § > 0 and
a finite constant C' depending on M, p, and ||h||sup such that (12.24) holds,
proving (c). Since (a) follows from (c¢) by Theorem 12.13, the proof of the
proposition is complete. O

For a function f on [a,b], define the index of p-variation by

_ _Jinf{p > 0: v,(f) < oo} if the set is nonempty,
vifile, b)) := {—i—oo otherwise.

Let X be a separable mean-zero Gaussian stochastic process. If for some
1 < p < o0, (fx) < oo and if p" > p, then vy, ,(fx) < oo. Thus by
Theorem 12.13, X has locally bounded p’-variation. On the other hand, if for
some 1 < p < oo, X has locally bounded p-variation then v,(fx) < oo by
Proposition 12.10. These considerations yield the following fact.

Corollary 12.15. Let X be a separable mean-zero Gaussian stochastic pro-
cess and let 0 <T < oo. Then with probability 1

v(X;[0,T]) = inf{p > 0: v,(fx;[0,T]) < oo}.
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Fractional Brownian motion

A fractional Brownian motion with Hurst index H € (0,1) is a mean-zero
Gaussian stochastic process By = {Bpy(t), t > 0} with the covariance func-
tion
1

E[Bu(®)Bu(s)] = 5 [tQH b2 |- s|2H} fort,s >0.  (12.26)
Proposition 12.16. For each H with0 < H < 1, (12.26) does define a (non-
negative definite) covariance, and fractional Brownian motion exists. More-
over, it can be taken to be sample-continuous.

Proof. Given H, there is an isometric embedding fz of the half-line [0, c0)
with the metric dg(s,t) := |s — t|¥ into a Hilbert space H, as shown by
Schoenberg [209, Theorem 1], or more generally [210, Corollary 1]. We can
assume that fr(0) = 0 € H. Then for each s, > 0 we have for the norm || - ||
on H that || fx(t)||*> = t># and

t—sI* = |fu®) — fu(s)|* = 7+ —2(fuls), fu(t)

where (-, ) is the inner product in H. Then the expression in (12.26) equals
(fu(s), fu(t)) and so it gives a covariance. Fractional Brownian motions thus
exist by the general theorem on existence of Gaussian processes (with mean
0), e.g. [53, Theorem 12.1.3]. They can be taken to be sample-continuous by
the metric entropy sufficient condition, e.g. [52, Theorem 2.6.1]. O

Remark 12.17. For H = 1 the proposition still holds but the resulting
process is a trivial one with By(t) = tZ for one standard normal ran-
dom variable Z. For H > 1, (12.26) does not define a covariance, because
[E(Bg(t) — Br(s))?]*/? would equal |s —t|¥ which is not a metric on [0, 00).

Since the right side of (12.26) is equal to t A s for H = 1/2, By is a
Brownian motion in this case. It follows from (12.26) that for each t,u > 0,

on(u) :=op,(t,t +u) = [E[Bg(t+u) — BH(t)]2]1/2 =,

For the p-variation of fractional Brownian motions we have the following. Let
0< H<1landlet 1 <p< oo. Then for any 0 < T < o0,

too if pH < 1,
UP(fBH; [OaTD = {TpH lpr > 1.

Thus if a fractional Brownian motion By is of locally bounded p-variation
then p > 1/H by Proposition 12.10. More precisely, by Corollary 12.15, the
p-variation index of a fractional Brownian motion By is given by

v(Byg) =1/H with probability 1.
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Corollary 12.23 below will show that v,(Bg) = 400 almost surely for p =
1/H. Tt will also be proved in Corollary 12.23 that a fractional Brownian
motion has locally bounded @-variation for a suitable @ € C) which is best
possible.

Let H € (0,1). By Lemma 3.79(a) there is a § with 0 < § < e™° such that

u) = [u/«/2loglog(1/u)]1/H is convex for 0 < u < §. By (3.125) we can

set @y (0) := 0 and extend Py to be linear on [d, +00) in such a way that
@y is convex on [0,00) and so in CV. Moreover, the function @y is regularly
varying near zero of order 1/H, that is, for each A > 0,

lim B ()P (u) = \VH. (12.27)

Let ¢ (v) := v /2loglog(1/v) for 0 < v < e™© and ¢y (0) := 0. Then
we have for the inverse function &' (v) ~ ¢x(v) as v | 0. It will be proved
that a fractional Brownian motion With Hurst index H has locally bounded
P p-variation and for any ¢ € V such that @p(u) = o(P(u)) as u | 0, the
d-variation of a sample function of such a process is infinite almost surely. We
begin with preliminary results.

We will use the following probability bound, which will be shown to be a
simple consequence of the Landau—Shepp—Marcus—Fernique theorem.

Lemma 12.18. Let S be a compact set in a Banach space such that ¢S C
S for each ¢ € (0,1]. Let X = {X;}ies be a mean-zero sample-continuous
Gaussian stochastic process such that for some 0 < H < 1 and each ¢ € (0, 1],
{X (ct)}es is equal in distribution to ¢ X. Let S(1) be a closed subset of
S and define S(0) := 8S(1) for 0 < 6 < 1. For each § € (0,1], let 03 :=
sup{EX (t)>: t € S(8)}. Then 02 = §*"a? for 0 < & < 1. For each 0 € (0,1)
there is a finite M = M(0) such that for each § € (0,1] and z > 0,

2
Pr({ sup |X(t)|>z}) < Mexp {QLQ} . (12.28)
tes(9) 205

Proof. The first part of the conclusion follows easily from the assumptions.
To prove the second part, for each § > 0 let Cs5 be the separable Banach space
of all continuous real-valued functions on S(§) with supremum norm || - [|sup-
Then X, defined as X restricted to S(d), is a random element of Cs with a law
P, defined on the Borel sets of Cs, which is centered and Gaussian. Let Ds be
a countable dense subset of S(0) and consider the sequence {e;: = € Ds} of
Contlnuous linear forms e, : f + f(x) on Cs. Then sup{[e2dP: x € Ds} =
o2. Let As :=sup{| X (t)|: t € S(d)}. By the Landau-Shepp—Marcus—Fernique
theorem (e.g. [52, Theorem 2.2.8]), we have

M(a, 8) = Ee®4 :/ I lZw P(df) < 0o if and only if o < 57
Cs 05
(12.2

9)
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For 6 € (0,1), let a5 := 6/(203). For any ¢ > 0, A¢s is equal in distribution
to ¢ A; and aes = ¢ ag, and so acsA%; = as;A2 in distribution. Thus
M := M(0) := M(as,0) depends on 6 but not on §. Now (12.28) follows from
(12.29), proving the lemma. ]

Next is the local law of the iterated logarithm for fractional Brownian
motion.

Proposition 12.19. For 0 < H < 1, with probability 1,

lim su B (®)] =
p =
to tHy/2loglog (1/t)

To prove the proposition we use the following:

(12.30)

Lemma 12.20. Let {&;}r>1 be a sequence of jointly normal random variables
with mean zero and variance 1, such that for some 0 < 0 < 1/2,

lim sup max {E[fkfm] :k,m e (n,2n], k# m} < 0. (12.31)
Then with probability 1,
lim sup S oy 20. (12.32)
k—oo V2logk —

Proof. By the Borel-Cantelli lemma, it is enough to prove that

> Pr <{ max  &,/v/2logk <1 — 29}) < oo0. (12.33)

on k<2n+1
n>1 RS

Let {n,nk}r>1 be a sequence of independent normal random variables with
mean zero, En? = 0 and En? =1 — 0 for each k. Let N be a positive integer
such that for each n > N,

max { E[&&m ] 2" <k,m < 2" k#m} <6,

andlet n > N. Then E x| < 0 = E[(n+m)(n+nm)] for 2" < k,m < 2"!
with k # m, and E£; = 1 = E[n+ nx]?. By the Slepian lemma (e.g. Corollary
3.12 in Ledoux and Talagrand [136]), we have

Pr<{ max gk/mg1—29})

2n<k<2n+l
<Pr ({ max & < (1-— 20)\/210,@;2”*1})
2n<k<2n+1
({ max o < (1-— 20)\/210,@;2"“})
2n k<2t

n

| /\

({n < —0v/2log2n+1}) + (Pr({m_ 1*‘9)\/210g2n+1}))
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Because 17/v/0 has law N(0,1), it follows that

Pr({n < —0y/2log2n+1}) < 277(+D),

Similarly since 71/v/1 — 0 has law N(0,1) and 2 < e=1=%) for 0 < 2 < 1,
there is a finite constant C' = C(#) such that for all large enough n,

(Pr ({m=<@-0)v 210922"“}))2" <exp{—C2""/Vn+1}.

Thus (12.33) holds, proving the lemma. m]

Proof of Proposition 12.19. For each r € (0,1), since log(k(log(1/r)) ~
logk as k — oo, we have

B By (rk
lim sup A (t) > lim sup H (7" )

o tHy\/2loglog (1/t) ~ k—oo r*H\/2logk

For k =1,2,..., let & := By(r*)/r*¥. Then {£;}1>1 is a sequence of jointly
normal random variables with mean zero and variance 1, and for 1 < k <
m < 00,

(12.34)

El&ém] = %{r(m_’“)H L e r(m—k)/2)2H]

For any = with 0 < x < 1, using a derivative if 1 < 2H < 2 and concavity if
0 < 2H <1, it follows that

2H 2-2H -
2H —2H -1 2H X +2H$U lf1<2H<2,
v S 3{2:,;211 if0 < 2H < 1.

Thus for any € € (0,1/2), there is an r € (0,1) small enough such that
E[¢r&n] < e for each k # m, and so by Lemma 12.20, we have

. §k
imsup ———

>1-2
k—oo V2logk ‘

with probability 1. Since € € (0,1/2) is arbitrary, this together with (12.34)
yields (12.30) with “>” instead of “=".
To prove the reverse inequality first note that given e > 0 and r € (0,1),

for each positive integer k large enough so that ¥ < e™¢,

Pr ({|Bu(r*)| = (1 + )¢ (r)})
=2N(0, 1)([(1 + €)\/2log(klog(1/r)),+00)) < 2[k‘ log(l/r)]7(1+e)27

and so by the Borel-Cantelli lemma, with probability 1 we have
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limsup |By (r%)|/on (rF) <1+ e (12.35)
k—o00
Next, given € € (0,1/2), let » € (0,1) be such that 2(1 — r) < ¢ and
rf > (1 +¢€)/(1+ 2¢). Then we will show that with probability 1,

, Bu(t) Bu(r®)| k
hmsupsup{’ — R } < 3e. 12.36
5l (™) (12:36)
Given k = 1,2,... let Xi(s) := Bu((1 — s)r¥) — By (r*) for s € [0,1]. Then
X} is a mean-zero Gaussian stochastic process with covariance equal to that
of {Bp(sr*), s €0,1]}. Since

k—o0

sup{| By (t) — Bu(r*)|: "1 <t <7} = sup{|Xx(s)|: s € [0,1 -]}
it then follows that
Pr ({sup{|Bu(t) — Bu(r")|: 7" <t <r*} > e (r*)})
=Pr ({ sup{|Bg(s)|: s € [0,78(1 — )]} > eqSH(rk)}) =: A.

Applying Lemma 12.18 with X = By, S = [0,1], S(§) = [0,4], 0 < 0 < 1,
0 =1/2, and M = M(1/2), we have for r* < e®

€2¢H(Tk)2
4(1 — r)2H2RH

2(1—r)2H

ASMeXp{

= M(klog(1/r)) """ ) < M(klog(1/r)

by the choice of r. Thus by the Borel-Cantelli lemma, with probability 1, we
have

lim sup sup {|Bp (t) — By (r™)|/¢p(rF): v <t < rk} <e. (12.37)

k—o0

Since ¢y is increasing on [0, ] for some § > 0, it follows by the choice of r
again that

k
limsup{¢H(T)—1’:Tk+1§t§rk}:r7H—1§ ¢ .
k—oo ¢H(t) 1+e

This together with (12.35) and (12.37) yields (12.36). Finally, by (12.35) and

(12.36), letting € | 0, (12.30) holds with probability 1 and with “<” instead
of “="_ proving the proposition. ]

Lemma 12.21. Let H € (0,1). For each t > 0, with probability 1,

) Burlt +u) — Bult —v)
im | sup
6§10 0<u,v ¢H(u+v)

0<utv<s

=1. (12.38)
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Proof. Let t > 0 and 7 := min{¢,e °}. For 0 < § < 1, let S(0) := {(u,v) €
[0,00) x [0,00): 0 <u+wv <7} and

L |BH(t+U)*BH(t7’U)"
D(6) := sup{ P : (u,v) € 5(6)}.

Clearly D(¢) is nondecreasing in ¢, and lims o D(d) > 1 with probability 1 by
the local law of the iterated logarithm (12.30). To bound D(¢) let € € (0,1/2).

For each n = 8,9, ..., let §,, := exp{—n'~¢}, ¢, := (6,7)/2loglog(1/5,),
Sy = S(dy), and

E, = {weQ: sup |By(t+u) — Bu(t — o) 2(1—1—26)@,}.
(u,v)ES,

To bound Pr(E,) we apply Lemma 12.18. For (u,v) € S := [0,7] x [0, 7],
let X (u,v) := Bp(t +u) — Bu(t —v), Y(u) := By(t + u) — Bu(t), and
Z(v) := By (t)— Bu (t—v). Then X (u,v) =Y (u)+ Z(v), and X is a Gaussian
process satisfying the hypotheses of Lemma 12.18 with S and S(1) as defined
in this proof. Then o2 = (76)*# for 0 < § < 1. By (12.28) with 6 = 1/(1 + 2¢),
M = M(0), and z = (1 + 2€)y(70)H, the inequality

Pr({( S)lg)g(é) 1 X (u,0)] > (14+2€)y(m6)"}) < Mexp {—(1+2€)y?/2} (12.39)

holds for each y > 0 and 0 < § < 1.
For each n > 8, setting 6 = 4,, and y := /2loglog(1/d,), by (12.39), we

have
Pr(E,) < Mexp{ — (1 + 2¢)loglog(1/8,)} = Mn~(1=90+29),

By the Borel-Cantelli lemma, with probability 1, there exists ng = ng(w) such
that for each n > ng,

sup |Bu(t+u)— Bg(t—o)] < (14 2€)p,.
(u,v)ES,

Now for § < §,, and n > ng, we have

[Bult+w) = Bu(t=v)|
{ b (u+v) H(w, >€Sm\5m+1}
< sup  sup |Br(t+u) - Bu(t —v)|

m2n (u,0)E€Sy, (75m+1)H\/2 loglog(1/(76:m))

Om \H loglog(1/6.,)
< (420w (5 \/ loglog(1/(73,.))"

Since 0y, /0m+1 — 1 as m — oo, the function x — loglogz is slowly varying
as x — oo and € > 0 is arbitrary, (12.38) holds with probability 1, proving
the lemma. o

D(6) < sup sup

m>n
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The stationary increments property of a stochastic process was recalled
before (12.8). Fractional Brownian motions clearly have the property where
now, since for H # 1/2 By does not have independent increments, we need
the full definition as given for joint distributions, not only for one-dimensional
distributions.

Theorem 12.22. Let H € (0,1) and 0 < T < oco. For the fractional Brown-
ian motion By, almost surely

161{101 sup {s¢, (Bu;r): k€ PP[0,T], |s| <6} =T. (12.40)

Proof. The fact that the left side of (12.40) is at least T" will be obtained using
the local law of the iterated logarithm (12.30) and the Vitali covering lemma.
Let 0 < € < 1. For each 6 > 0, let Es be the set of all (¢,w) € [0,T] x §2 such
that

Py (|Bu(t+s,w) — Bu(t,w)]) > (1—¢)s (12.41)

for some (rational) s € (0,6). By continuity of @5 and sample continuity of
By, the set Ejs is jointly measurable, with Lebesgue measure on [0, T]. Since
&y is regularly varying of order 1/H (12.27) and is asymptotic near zero to
¢I}1, for each ¢ > 0, we have

lin @y (e (v) /v = lim @y (cu) " (w) = /M. (12.42)

Taking ¢ = (1 — ¢/2)" there is a £(€) > 0 such that
Dr((1—€/2)"dn(v) > (1 - e

for each 0 < v < £(€). Since By has stationary increments, by Proposition
12.19, for each ¢ € [0,7] and & > 0, we have Pr ({w € 2: (t,w) € Es}) = 1.
The Fubini theorem then yields

/{2 /[O’T] [1 —1g; (t,w)} dt Pr(dw) = /[O,T] /n [1 —1g; (t,w)} Pr(dw)dt = 0.

For Lebesgue measure A and any Lebesgue measurable set A, let |A| := \(A).
Thus for each § > 0, Pr ({w € 2: [{t € [0,T]: (t,w) € Es}| =T}) = 1. Let
E = ﬂo<5§1E(§ = ﬂzozlEl/k and

Q0 :={we 2: |{te[0,T]: (t,w) € E}| =T}

By continuity of Lebesgue measure, Pr(£2)) = 1. Let w € {29 and 6 > 0. Then
the set Fs(w) of all intervals [t,¢ + s], t € [0,T], s € (0,0], such that (12.41)
holds is a Vitali cover of E(w) := {t € [0,T]: (t,w) € E}, that is, for each
7 > 0 one can extract a subcover of E(w) by intervals in Fs(w) of length less
than 7. By the Vitali lemma (e.g. Corollary 11.17.2 in [40]), one can pick a
finite subcollection of intervals from Fs(w) which are disjoint and have total
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length at least T —e. Let k = {x;}]"_ be a partition of [0, T'] with mesh |k| < ¢
such that for each of the disjoint intervals [t;,¢; + s;] from F5(w) with total
length at least 7' — €, there is some ¢ with x;_; = t; and z; = t; + s;. Then
the bound

Soy(Bu(w); k) 2 Y ®@u(|Bru(t; + s5,w) — Br(t;,w)))
J
>(1=6)) s;>(1—e)(T—¢
J
holds for each w € 2y. Thus almost surely
sup {sa, (Bu;k): k € PP[0,T], |s| <6} > (1—€)(T —e).

Since € > 0 and § > 0 are arbitrary, (12.40) holds with “>” instead of “=".
To prove the reverse inequality let € > 0. For any partition x = {¢;}7 of

[0,T],let A; :=t;—t;—1 and A; By := By (t;)—Bpu(ti—1) foreachi =1,...,n.

Also let I, I, and I3 be the sets of i € {1,...,n} for which |A;By| is, re-

spectively, in [0, (1+€)pr (4:)), [(1+€)dn (A ) A¢H( i)), and [A¢y (4A;), 00)
with
A:=/8ve* and ~y:=4+1/(2H), (12.43)

and so the @ g-variation sum sg,, (Bp; ) splits into three sums, to be bounded
as follows.
By (12.42), for any ¢ > 0 there is an 7(c, €) > 0 such that

Frlcon(v)) < [V + o (12.44)
for each 0 < v < n(c,€). Letting 61 := n(1 + €,¢), for a partition x of [0, 7T
with mesh |k| < 1, we then have

> @u(|AiBul) <Y Pu((1+6)du(Ai) < [(1+0)VH +€|T.  (12.45)
i€l i€l

We will show that the sum of A; for 7 € I is close to T as the mesh of &
becomes small enough, while the contribution of I U I3 is negligible. To this
aim, for a given § > 0, let Us be the set of all (¢,w) € [0,T] x §2 such that

|Bu(t+u,w) — Bp(t —v,w)| < (1+€)¢u(u+v)

for all u,v > 0 with u+v < ¢ and v < ¢t. By Lemma 12.21, for each ¢t € (0,7,
we have
Pr ({w € £2: lgiﬁ)l ly,(t,w)=1}) =1.

By Fatou’s lemma and the Fubini theorem, it follows that

/ {lim inf/ 1y, (t,w) dt Pr(dw) / / hm 1nf 1y, (¢, w)} dt Pr(dw)
bt 810 Jiom 0,77
/OT/ I(SIII(}IUS tw}Pr(dw)dt:T,
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where we can take ¢ | 0 through the sequence {1/k}r>1. Hence

Pr{Jwe £: lim ly,(t,w)dt =T 3 | = 1.
610 [0,7]

Let £21 C (2 be a set with probability 1 such that for each w € {21 there exists
a 02(w) > 0 with the property

[{t €[0,T]: (t,w) & Us}| :/ [1—1y,(t,w)|dt <e
[0,7]
for all 6 < d2(w). We can and do choose d2(w) < n(A, €). If the partition k has
mesh |x| < d2(w) and an interval [t;_1,t;] for it contains a point of Us, (), then
1 € I. Also, the total length of such intervals is at least 7' — €. In particular,
Zielz A; <e. By (12.44) with ¢ = A, if |k| < d2(w) then

> @u(|ABul) <Y Pu(Adu(A)

i€l iclz

<AV 1) A < (A 4 e)e.

i€ls

(12.46)

It remains to bound the sum of terms @y (|A; By|) with i € I3.
For each integer m > 3 and each j = 0,1,...,j, := [2Te™| — 1, where
| ] is the largest integer < x, let Sy, ; == [(j/2)e™™, (1 +j/2)e”™] and

e {w €@ swp |Bultw)=Bulsw)l 2 A¢H(e—m—2)} .

t,5€Sm
The intervals S, ;, 7 =0, ..., jm, overlap and cover [0, T]. Moreover, we have

card {i € I3(w): e™™ ' <24; <e ™"}

(12.47)
<5bcard{j =0,...,0m: w € Vin;} =1 Zm(w)

for each w € 2. To bound Z,, we apply Lemma 12.18. For a given u > 0,
let X(t) :== By(t + u) — Bu(u) for t € [0,1]. Then X is a Gaussian process
with the covariance of By and satisfying the hypotheses of Lemma 12.18 with
S =5(1) =[0,1] and 02 = §2# for 0 < § < 1. By (12.28) with 6 = 1/2, so
M = M(1/2), and x = 2y, the inequality

Pr({ sup [X(t)| >2y6"}) < Mexp{—y°}
t€(0,0]

holds for each y > 0 and ¢ € (0, 1]. For each m >3 and j = 0,..., j,, setting

u = (j/2)e™™, § := e™ and y := /ylog(m + 2), recalling (12.43), it then

follows that
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Pr(Vin ;) = Pr({ s By (t) — Bu(s)] > Apm (e ™ 2)}) (12.48)
< Pr({t;& X (t)] > 2y6"}) < Mexp{—y*} = M(m+2)77.

Thus EZ,, < (2:5)TMe™m ™7, and so

Z Pr({Z,, > e™m 7"?}) <10TM Z m~? < 0.

m>3 m>3

By the Borel-Cantelli lemma, there is a set {22 C (2 with probability 1
such that for each w € (2 there exists an integer mi(w) > 3 such that
Zm(w) < e™m~7F2 for all m > my(w). Let m} be large enough so that
0" := exp(—m)) < 0 in the definition of ¥, before Lemma 12.11. We can
assume that mj(w) > mj for all w € 2. By Lemma 12.11, there is another
set {23 C {2 with probability 1 such that for each w € {23 there exists a finite
constant K (w) such that for 0 < s <t < ¢,

|Bir(t,w) — Bia(s,w)| < K (w)(t — )" \/Tog(1/(t — 9)). (12.49)

Let w € £25 N 25. Let ma(w) > my(w) be such that

O(w) = 2Y/ =1 g () H Z m™? <e,

m>ms(w)

and let d3(w) := e~ ™2(@) /2. Let k = {t;}7_, be a partition of [0, 7] with mesh
k| < d3(w), and for each m > mao(w), let A, = {i = 1,...,n: e™ 1 <
2A; < e~™}. Then for each i = 1,...,n, 24; < e=™) 50 i € A, for
some m > mao(w). For each m, if ¢ € A, then [t;_1,t;] C S, for some
j=0,...,Jm. Thus for such a &, by (12.47) and (12.49), we have

> Pu(|AiBul)

i€ly
= Z Z P (|AiBul) (12.50)
m>mo(w) 1€I3N Ay,
< Y Zawn (K@) (e /2)" log2em )
m>ma(w)
< Z mm T T2K (W)Y (e7™/2)(m 4 2)Y ) < O(w) < e

m2>ma(w)

since @ (u) < u'/H for 0 <wu<e ®andy=4+1/(2H).

Finally, let w € 21N 25N 25. Taking 6 < min{dy, d2(w), d3(w)}, by (12.50),
(12.46), and (12.45), for each partition x of [0,T] with mesh |x| < d(w) we
have the bound

sey(Buik) < [(1 + )/ + €T + (AVH 4 e)e + .
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Since € > 0 is arbitrary, (12.40) holds, proving the theorem. O

Now we are ready to show that a fractional Brownian motion By has
locally bounded @ -variation and @5 is best possible in a sense to be given.

Corollary 12.23. Let H € (0,1). A fractional Brownian motion By has
locally bounded @ gr-variation and for each 0 <T < 00,

Pr({T < wg,, (Bm;[0,T]) < oo}) = 1.

If & €V and Pp(u) = o(P(u)) as u | 0, then ve(Bp;[0,T]) = 400 almost
surely. In particular, v,(Bp; [0,T]) = +oo almost surely forp=1/H.

Proof. Let 0 < T < oo. The almost sure bound vg,, (B;[0,T]) > T follows
from Theorem 12.22. Moreover, by the same theorem, for almost every w € {2,
there is a d(w) > 0 such that

sup {so, (Bu(-,w);x): £ € PP[0,T], || <d(w)} < T+ 1.

If x is a partition of [0,T] then the number of intervals of the partition of
length at least 6(w) cannot be more than 7'/§(w). Thus

Vo (B (-, w); [0,T]) <1+ T + T6(w) ™ @ (Osc(B(-,w); [0, T7))

and the right side is finite for almost all w. The first part of the corollary
now follows from Theorem 12.3 since almost all sample functions of By are
continuous by Proposition 12.16.

Let @ € V be such that @p(u) = o(P(u)) as u | 0. Then for any partition
 of [0,T], we have

so(Bu; k) 2 s, (B £) min {2(|1AiBrl)/®u(|AiBul)},

where A; By are non-zero increments of By over intervals of k. Letting the
mesh of k be arbitrarily small, the second part of the corollary now follows
from Theorem 12.22. O

Letting H = 1/2, the preceding theorem and corollary yield the following
result for Brownian motion:

Corollary 12.24 (S. J. Taylor [231]). For Brownian motion B and for 0 <
T < o0, almost surely

%i?g sup {ss, ,(B;k): £ € PP[0,T], |s| <46} =T.

If ® €V and ®1/5(u) = o(P(u)) as u | 0, then ve(B;[0,T]) = +oo almost
surely.
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12.5 Markov Processes

This section contains one main result, Theorem 12.27, showing that Markov
processes with certain power-type bounds on their transition probabilities can
be chosen to have trajectories of bounded p-variation.

A measurable space (S,S) is a set S together with a o-algebra S of subsets
of S. It will be called a Borel space if it is measurably isomorphic to a Borel
subset of a Polish (complete separable metric) space with Borel o-algebra.
(The terminology follows [112, p. 7].) In this section we consider measurable
functions with values in S. In particular, given a set 7 and a probability space
(2, F,Pr), a stochastic process {X;}ter is a function (t,w) — X¢(w), t € 7,
w € 2, with values in S, such that for each ¢ € 7, X;(-) is measurable.

For any measurable space (£2,F) and measurable function £ from (2 to
another measurable space, let o(§) denote the smallest o-algebra for which £
is measurable. Thus o(§) C F. For a probability space ({2, F, Pr), a stochastic
process {X; }ier defined on (2, and a subset V .C T, let o({X(s): s€V}) =
oc({X(s)}sev) C F be the smallest o-algebra for which all X (s) for s € V are
measurable.

For any sub-o-algebra B C F, let Prg denote the restriction of Pr to B. For
any W € F, the conditional probability Pr(W|B) is a B-measurable real-valued
random variable satisfying, for each C' € B,

Pr(W NC) = / Pr(W|B)dPr. (12.51)
c
Then Pr(W|B) is unique up to equality Prz-almost surely.

Let £ and 7 be two random variables on (£2, F, Pr) with values in measur-
able spaces (5,8) and (M, M), respectively. For each A € M, we can then
define

Pr({n € A}[o(€)) = Pr(n~'(4)]o(¢)) (12.52)

since {n € A} is just another notation for the set ' (A). Let P := Prof~!, in
other words P¢(B) := Pr(¢71(B)) for each B € S. The conditional probability
Pr(n=1(A)|o(€)) can be represented as a function fa(£) = fa o &, where fa
is an S-measurable function from S into [0,1] (see e.g. [112, Lemma 1.13]),
since [0, 1] with its Borel o-algebra is a Borel space. Then f4 is unique up to
equality Pe-a.s. We also write Pr(n™'(A){{ = z}) := fa(z) for z € S. By
a change of variables (image measure theorem, e.g. [53, Theorem 4.1.11]) in
(12.51) with C' = ¢=%(B) and W = n~1(A), we have

Pr(n~'(A) n¢~H(B)) = /BPr(n_l(A)\{f = a}) Pe(d) (12.53)

for each B € S.

For any two measurable spaces (S,S) and (M, M), a probability kernel
on (S,8|M, M) will mean a function @ from S x M into [0, 1] such that
Q(z,-) is a probability measure on (M, M) for all x € S and Q(-, A) is an
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S-measurable function on S for all A € M. A probability kernel on (5,S) will
mean one on (5,S[5,S). A reqular conditional distribution of n given £ is a
probability kernel Q¢ ,, on (S, S|]\/[7 M) such that for each A € M, Q¢ (-, A) is
a conditional probability Pr(n=1(A)[{¢ = -}). If (M, M) is a Borel space, then
a regular conditional distribution Q¢ , exists, and if Q% , 1s another regular
conditional distribution, then for some B € § with P:(B) =0, if ¢ B, then
Q% (2, A) = Qe n(, A) for all A € M (e.g. Theorems 10.2.2 and 13.1.1 in
[53)).
Thus Q¢,, is a probability kernel such that for each A € M and B € S,

Pr(nL(A) e / Qe.n(w, A) Pe(d). (12.54)

Most often, stochastic processes X (¢) are considered starting at time ¢ = 0,
but we will also consider processes starting at times sg > 0 with a view
to the behavior beginning at time sy of a process conditional on having a
certain value at time sg. In what follows, [sg,T] will mean [sg,00) if T =
+oo but for s < T' < oo it may mean, as usual, either [so,T) or [so,T].
Let (S,S) be a Borel space and sp < T < +oo. Then (s,t) — Ps.(:,-) for
so < s <te€ (sp,T] will be called a Markov (transition) kernel on (S,S) if
for any sop < s <t € (so,T], Ps; is a probability kernel on (S,S) and for
any sp < s <t <u € (s9,T], z € S, and A € S, the following Chapman—
Kolmogorov equation holds:

Py u(z,A) = /Pt,u(y,A)Ps,t<33>dy)~ (12.55)

A stochastic process {Xi}ieso,7) for T > so with values in S will be called
a Markov process if there exists a Markov kernel (s,t) — Ps(-,-) on (S5,S)
for sp < s <t € (so,T] such that Ps, is a regular conditional distribution
of X (t) given X(s) for sop < s <t € (so,T]. (Actually, if Ps ,(z, A) is just a
conditional probability that X (t) € A given X (s) = z, the regular conditional
probability properties follow from those assumed for Markov kernels.) Given
Ps, for s < t one can define P, 4(x,A) = d,(A) = 1a(z). This is clearly
a probability kernel, and (12.55) still holds if ¢ = s or ¢ = u. If s¢ is not
mentioned explicitly, then it is meant that sg = 0, which is usually the case in
the main definition of a Markov kernel or process. Then in proofs or auxiliary
statements, other values of sy may be used.

For any nonempty set .J recall that S7 denotes the set of all functions
from J into S. For each ¢ € J, we have the function & on S” defined by
&(f) == f(t) (& may be called the t coordinate function on S”.) On S7 let
S7 be the smallest o-algebra for which all & for t € J are measurable. The
following is known:

Theorem 12.25 (Kolmogorov—Doob). Let (S,S) be a Borel space, let 0 <
so < T < +00, and suppose Py (-, -) is a Markov kernel on (S,S) for so < s <
t € (s0,T] and a probability measure v on (S,S). Then there are a probability
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space (£2, A,Pr) and a Markov process X (t) := X(t,w) fort € J := [s0,T]
and w € 2 having the kernel Ps; and for which X (so) has distribution v.
Specifically, we can take 2 = S7, A = 87, and X (t) = &, and then the
probability measure Py ., = Pr is unique.

Proof. A proof is given by Kallenberg [112, Theorem 8.4] and will also be
sketched here. It suffices to consider the case 2 = S/, A =87, and X(t) =
&.Letn=1,2,...,and let s < 51 < -+ < 8, € (80, T]. If B is a measurable
set in S x S, let

Psoiv ((£s95&s1) € B) = //13 U, 0) Psy s, (u, dv)dv(u).

Beginning with measurable rectangles B = C' x D, continuing via finite (dis-
joint) unions of them, and using monotone classes (e.g. [53, §4.4, Theorem
10.2.1]), one gets that Pg,., is a countably additive probability measure on
such sets. Then, if A is a measurable set in S{50>5n} et

«50, 5507"'7£-Sn EA)
// /1A UQy -y Un) P,y 1 s (Un—1,duy) - - - Psy s, (u0, duq )dv(ug).

By the argument for n = 1 and induction, we get a countably additive prob-
ability measure on S{50:5»} The resulting joint distributions of Esps -1 Es,y
are mutually consistent by the Chapman—Kolmogorov equation (12.55). So,
by Kolmogorov’s general existence theorem for stochastic processes, e.g. [53,
Theorem 12.1.2], and since (S,S) is a Borel space, Pg,., extends to a prob-
ability measure on (S”7,87). The extension is unique because the union of
the o-algebras S for finite sets F' C .J is an algebra generating S”7, by a
monotone class theorem (e.g. [53, Theorem 4.4.2]). By construction, {& }+cs
is then a Markov process with kernel P ; and &, has distribution v. O

If v is a point mass d, at a point x € S, then let Py, = Pss, .

Remark 12.26. The o-algebra S” is a relatively small one, since it is the
union of SV over all countable subsets V of J (this union is easily seen to be
a o-algebra with respect to which all & for ¢ € J are measurable). In other
words, each individual set in S’ depends on only countably many coordinates
&;. It follows that a real-valued function on S, measurable for S”, can depend
on only countably many coordinates. On the other hand, if we take a o-algebra
larger than 87, specifically, larger than its completion for a given Pg,.,, then
Py,., will not extend uniquely to such a o-algebra.

A frequent alternative definition of Markov process is as follows. Given a
probability space ({2, F,Pr), a stochastic process X = {X;}ic[s,,r] has the
Markov property if for each t € (sg,T], the o-algebras o(X(s): s > t) and
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FX = 0(X(s): so < s <t)are conditionally independent given o(X (¢)). It is
easily seen that any Markov process as defined above has the Markov property.
Conversely, for a given process X with the Markov property and values in
a Borel space, we can define probability kernels P, as regular conditional
distributions of X (¢) given X(s). Then the Chapman-Kolmogorov equation
(12.55) will hold for almost all 2 with respect to the distribution of X (s) [112,
Corollary 7.3]. In order that the Markov kernel be defined uniquely rather than
only in an almost sure sense, following Kallenberg [112, p. 140] and others,
we assume the definition of Markov process as given above after (12.55).

Let (S,d) be a complete separable metric space with Borel o-algebra S
and 0 < T < oco. Let 7 be a linearly ordered set, specifically, [0,7] or a
subset of it. Let f be a function from 7 into S. Let x be a point partition
of 7. The p-variation sum s,(f;«) is defined as in and before (1.19) except
with d(f(ti—1), f(t;))? in place of || f(t;) — f(ti—1)||”. Then the p-variation
vp(f) = vp(f;T) is defined as in (1.19), namely as the supremum of s, over
all point partitions of 7.

Let Ps(+,-), 0 <s <t <T,beaMarkov kernel on (S,S). For h € [0,T),
0<s9o<T—h,and r > 0, let as, 7(h,r) be defined by as, r(0,7) := 0 and
for h > 0,

sy r(hyT) 1= sup {Ps’t(x, {y: d(z,y) >r}): 2 €S, so<s<t< (erh)/\T}.

If 5o = 0 then let ap(h,r) := ao,r(h, 7).
For > 1 and v > 0, the kernel P. .(-,) will be said to belong to the class
M(B,~) if there exist constants 79 > 0 and K > 0 such that

hB
T

for all h € [0,7] and r € (0,7¢].

Here is the main theorem of this section. As Manstavicius [155] pointed
out, the conclusion is sharp: it can fail when p = /3, for symmetric stable
Lévy processes as will be shown in Remark 12.39.

Theorem 12.27 (M. Manstavicius). Let (S,d) be a complete separable met-
ric space with Borel o-algebra S and let v be any probability measure on (S, S).
Let 3>1 and vy > 0. For anyp > /B and 0 < T < oo, and any Markov ker-
nel {Ps+(+, ) Yo<s<t<r on (S,8) in the class M(3,7), there exists a Markov
process {Y; bo<i<t with this kernel, such that Y (0) = Yy has distribution v, and
such that the trajectories t — Y (t,w), 0 < t < T, have bounded p-variation
on [0, T] and are right-continuous on [0,T) almost surely.

To begin the proof, let {X;}o<i<r be a Markov process with the given
kernel and initial distribution by Theorem 12.25, namely, let 2 := S[.T]
A = SO.T] X(t) =& for 0 <t <T,and Pr = Pg.,. Let 7 be a countable
dense subset of [0,T] containing 0 and 7. Let Y'(¢) := X (t) for t € 7. Then
Y (0) has distribution ». The plan of the proof is to bound the p-variation of
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{Yi}1e7 over finite subsets F' of 7, uniformly in F' and thus over 7, then to
extend to [0, 7.

By rescaling time we can assume that 7' = 1. From here on let a(-,:) :=
a1(+-) = ar(,-) for T = 1. For a countable set F' and subinterval J of
[0,1],let Jp := JNF.

For a function g from a set V into a metric space X with metric d, the
oscillation of g on V' is defined by Osc(g; V) := sup{d(g(u),g(v)) : u,v € V}.
The proof continues with the following inequality of Ottaviani type.

Lemma 12.28. Let the Markov process X (v,-) = &,, v € [0,1], and af-,-)
be as defined above. Let 0 < s < t < 1 and suppose that u > 0 is such that
a(t —s,u/4) < 1. Let F be a countable subset of [0,1]. Then almost surely

Pr({d(X(t), X (s u/4dilo(X (s
Pr ({Osc(X;[s, t]r) > u}‘U(X(s))) < ({d( (tl)i 05(2)27u//4})| (X( )))
(12.57)

Proof. Let G := [s,t]p U {s,t}, which is countable. The oscillation, X (s),
and X (t) are all measurable with respect to S¢. For the given s, and each
x € S, we have the probability measure Py, defining a Markov process on
S5 1 which is uniquely determined on S and thus on S€.

It will be shown that for each x € S,

Pyo({d(X (1), X (5)) > u/4})
1—a(t—s,u/4) ’

Py ({Osc(X; [s, t]F) > u}) < (12.58)

For any event A € SI%, the conditional probability Pr (Ao (X (s))) equals

ga(X(s)) almost surely for some S-measurable function g4 = Pr(A4|X (s) = ),
as noted above after (12.52), and Pr = Py.,.. If, moreover, A € S, then

Pr(A|X (s) = 2) = Pyu(A) (12.59)

almost surely for Px(,) = Pr 0X (s)~!. To see this, first suppose that A € SH
for a finite set H C G. Then by the constructions of Py, and P, in the proof
of Theorem 12.25, we have

Pr(AN{X(s) e B}) = /BIP’s;w(A) Px (s (dx)

for each B € S. Thus (12.59) holds if A € S¥ for Px(y-almost all z by a.s.
uniqueness of conditional probabilities as in (12.51), (12.52), and (12.53). We
can let the finite sets H increase up to the countable set G via a monotone
class theorem. So, (12.58) will imply (12.57).

To prove (12.58), for any fixed z, let Pr = P, in the rest of the proof.
Note that the kernel for the Markov process defined by each Py, is the subset
{Pyw: s <v<w<1} of the original one, where clearly o, 1(h, ) < aq(h,r)
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for all h > 0 and r > 0 and the bound on the right side of (12.56) also applies
to ag 1.

First let F' be finite. We can assume that s € F and ¢t € F since this can
only enlarge the oscillation. Let [s,t]r = {t;}L, where s =t <11 < --- <
tm = t. For k = 2,...,m, let By be the set of all (xg,21,...,2) € Sk"’l
such that d(z;,zo) g u/2 for j = 1,...,k — 1 and d(zx,z0) > u/2, and
let By be the set of all (zg,z1) € S? such that d(z1,z0) > u/2. Letting
Uy :=Ug(w) := (X (to,w), ..., X(tg,w)), w € £2, we have

{w: max d(X(v,w), X (s,w >u/2} U{w Ur(w) € B}, (12.60)

vE([s,t]p

a union of disjoint sets. For k = 1,...,m, let V}, := (X (tx), X (1)), and let C
be the set of all (z,y) € S? such that d(z,y) < u/4. Then

{w: d(X(t,w), X (s,w)) >u/4} D O{Uk € Bp}nN{V, e C}. (12.61)
k=1

Due to the Markov property of X, for each k € {1,...,m} the events {U}, €
By} and {V}, € C} are conditionally independent given o(X (¢x)), and so
using the definitions (12.51), (12.52) of conditional probabilities and a change
of variables, we have

Pr ({Us € By} N {Vi, € C}) = /Pr ({Uk € B} 0 {Vk € C}|o(X (1)) d Pr

= /Pr ({Uk € Be}{X (tx) = x}) x (12.62)
x Pr ({Vk € C}’{X(tk) = I}) PX(tk)(dI).

By the definitions of V}, and C, it follows that for each k € {1,...,m}, and
almost all x for Px,),

Pr({Vi € CY{X(tx) = 2}) = 1 = Py s(w.{y: d(y,2) > u/4})
>1—a(t—su/d).

By (12.62), (12.63), and (12.51) with C there = 2 and W = {Uj € By} in
(12.51), we then have

Pr ({Uy € Bp} N {Vk € C}) > [1 — a(t — s,u/4)] Pr ({Ux € Bi}).

Since the sets {Uj, € By} are disjoint, by (12.60) and (12.61), it then follows
that

(12.63)

Pr ({d(X(0) X(5) > u/4)
> ZPI ({Uk € B} n{V, € C})

k
> [1 — oz(t — s, %)} Pr({ max d(X(v),X(s)) >u/2}).

vE[s,t]p
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Letting the finite set F' increase up to a countable set, this yields (12.58) and
so (12.57), proving the lemma. O

Now continuing with the proof of Theorem 12.27, recall that 7 is a
countable dense subset of [0, 1] containing 0 and 1, and Y (t) = X(t) = &
for t € 7. Let F be any finite subset of 7 with 1 € F. For t > 0, let
FOF = o(Y(s): 0<s <t se F). Thus a random variable 7 > 0 is
a stopping time for the process Y = {YV;}iep if and only if {7 < t} € ftY’F
for each ¢ > 0. If 7 is any stopping time for {Y;}:cp then the o-algebra
F, = FXF is defined as the collection of all measurable sets A such that for
cach t >0, An{r <t} e FF.

Lemma 12.29. Let Y, F, and F; = ff’F, t > 0, be as above, let T be a
stopping time for the filtration {Fy: t > 0} such that T has values in the
finite set F'U {2}, and let A(s) € o(Y(t): t > s, t € F) for each s € F and
A(2) = 0. Let A() = Userugey A() N {7 = t}. Then almost surely on
Pr(A(7)|F;) = Pr(A(7)|o(7, Y (1))). (12.64)
Proof. Note that in the definition of A(7), FFU{2} can be replaced equivalently
by F. Let s € F. We have {1 = s} = {r < s} NC, € Fs where C, = 2 if
s = min{t : ¢t € F}. Otherwise, if u = max{v € F : v < s}, we can let
Cs = 2\ {r < u} € F, C F,. Since Y is a Markov process and A(s) €
o(Y(t): t > s, t € F), by the Markov property, we have almost surely

Pr(A(s)|Fs) = Pr(A(s)[o(Y(s))) = Psy () (A(s)), (12.65)

where the last equality holds by (12.59). Let B € F,. Then BN{r = s} € F,
since BN {1 < u} € F, C Fs for u < s, and so

Pr(A(t)NnBN{r =s})

= / Pr(A(s)|Fs)dPr
Bn{r=s}

= / Pr(A(s)|lo(Y(s)))dPr = / PT;y(T)(A(T)) dPr
Bn{r=s}

Bn{r=s}

by (12.65). Summing over the finitely many values of 7 it follows that

Pr(A(t)NB) = / Py () (A(T)) d Pr
Bn{r<1}

for any B € F. since A(2) = 0. Now on {7 < 1}, Pry)(A(r)) =

Y oscr lr=sPsy(s)(A(s)) and for each s € F, Py (4)(A(s)) is a measurable

function of Y'(s). Thus P,y ()(A(7)) is measurable for o(7,Y (7)) and so for

Fr on {r < 1}. Then Pr(A(7)|F;) = Pry()(A(7)). Similarly we have on

{7 <1} that Pr(A(7)|o(7,Y(7))) = Pr.y(r)(A(7)), proving (12.64). O
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For integers k = 0, +£1,+2,..., let My := 275" and let {7; x}i=0,1.2.... be
the sequence of random variables defined by 79 1 := 0 and

- Jmin {t € [Tic1ik, U p: Osc(Y; [ric1 k. tlr) > Mk} if such a t exists,
Tik =1 2 otherwise.

Here Tfk := 75 depends on F. For each integer k, let ig = ig(k) be the
smallest integer ¢ > 0 such that 7;, > 1. We have 0 = 7o < T < -+- <
Tio—1,k < 1 < 7, 1 almost surely. Moreover, {7, <t} € FX’F for each t > 0,
and so 7; ;, is a stopping time for each 4, k.

For each integer k and i = 1,2,..., let (;; := Z.Fk = Tfk — Tfil‘k. For
random variables £ and 7 on ({2, F,Pr) and A € F, we say that £ < n almost
surely on A if Pr({¢ < n} N A) = Pr(A). If Pr(A) > 0, this is equivalent to
Pr({€ < n}4) = 1.

Lemma 12.30. For an integer k, let ho € (0,1] be such that a(hg, My42) <

1. Then for any finite F C T, each i =1,2,..., and h € [0, ho|, almost surely
on {ri—1k <1},

) (h Mk‘-i-?)

Pr({¢lx < h}|FDE ) < 1 —a(h, Myq2)

Proof. Let i be such that Pr({r,_1 , < 1}) > 0. If 7, , = 2 then the conclusion
holds. Otherwise, 7, < 1. Let h € (0,ho]. If (;x < h and 7,1 < 1, then
Ti.k < 1. By definition of the stopping times, we have

{Gp <h, 7i1p <1}
= {OSC Tz 1,k> (Tz 1,k + h) A 1] ) > My, Ti1,k < 1} (1266)

Now 7;_1, has possible values less than 1 in a finite set F; = F;, C [0,1)p.
Let 0; 5 = o(Ti—1.k, Y (Ti—1,k))- Since {Y; }1er is a Markov process, for each
s € F;, the two events {Osc(Y;[s, (s +h) Al]lp) > My} and {d(Y ((s + h) A
1),Y(s)) > Myso} are each conditionally independent of {7;,_1; = s} given
o(Y(s)). To apply Lemma 12.29, note that {¢; < h} is an event A(r) for
T := T;—1,%. Thus by Lemmas 12.29 and 12.28, and since My 4o = M}, /4, we
have

Pr ({G.x < h}|FDE )

Ti—1,k

=Pr ({Gx < h}|oix)
< Pr ({OSC(Y; [Ti—l,k> (Ti—l,k + h) N l]F) > Mk}’Ui,k)

o(Y(s))) Pr({Osc(Y;[s, (s + h)Al]p) > My} o (Y (s)))

< 3 Prlriosi = olo(¥ () S Mi}:,(ﬁijm}U(Y(Sm

=Pr({d(Y((ri—1,6 + h) A1), Y (Ti—1,k)) > My2}oig)/[1 — alh, My42)]
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almost surely on {7;,_1 < 1} by (12.66). For a fixed h > 0, (7;—1,5+h) A1 has
possible values in a finite set G; j,. For each u € F; and v := (u+h)Al € G,
we have 0 < v —u < h. Applying the definition of a to the Markov kernel P, ,
for all such (u,v) and noting that the supremum over z includes all possible
values of Y (7;_1,%), we see that the numerator in the last displayed fraction
is at most a(h, My2). The conclusion of the lemma follows. a

We also need to deal with the incomplete gamma function defined for a > 0
and x > 0 by

~(a, x) ::/ ute " du. (12.67)
0

Lemma 12.31. If0 <z < 3(3+a)(2+a)~! then

a

v(@,2) < %{1 N (aj— n*t 2(a1 2)I2}‘

Proof. By equations (6.5.2), (6.5.4), and (6.5.29) from [38, pp. 260 and 262],
the incomplete gamma function has the following series representation: for
any a >0 and = > 0,
B St (_1)kxk+a
For k > 2 and z as specified, the ratio of absolute values of successive terms
is
xz(k + a)
(k+1)(k+a+1)

as can be seen since (u+a)/[(u+1)(u+a+ 1)] is decreasing for u > 2. Since
the series is alternating and the term with index k£ = 3 is negative, one can
discard all terms with k > 3 and get the stated bound, completing the proof
of the lemma. |

<1,

For all h € [0,1] and r > 0, since a(h,r) is nondecreasing as r decreases,
we have for ry as in the definition of the class M(3,7),

hB
alh,r) < K—m. (12.68)
(r Arg)?
Lemma 12.32. Suppose that for an integer k, we have
. (ro A Miy2) ¥\ /B
Ty = mm{( = ) ,1} <1. (12.69)

Then for each finite F C T and j =1,2,...,

Pr({rfy < 1)) <o (38,017 .
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Proof. By condition (12.68) and by the definition of Tk, for each k such that
(12.69) holds, we have

(T, Myyo) < KT (Myra Aro)™ = 1/2.

Let i be a positive integer. Recall that (;, = 7 » — Ti—1,5. Using Theorem
10.2.5 in [53], integration by parts, Lemma 12.30, and (12.68), we have

E(e*‘:"»’“ | FX-F )

Ti—1,k

2
:/ e dPr ({Gr <a[FLT 1)
0

2 T
<e? +/ e tdr +/ Pr({Gix < aF0T })e da
Ty, 0
T 1 T
<e Tk 2/ a(z, Mygo)e " do < e Tk + _/ e " du
0 TP Jo
k

almost surely on {7;,_1 1, < 1}. Recalling the incomplete gamma function
(12.67), integration by parts once again yields

Ty
0<3(3+ 1T = [ afede = ~Tfe T4 (5. Th).
0
Thus almost surely on {7;,_1 ; < 1}, we have
E(e™SH | FXF ) < By(8,Th) /TP, (12.70)

Let j > 1 be an integer. Using properties of conditional expectations, Markov’s
inequality, and the bound (12.70) applied j times, it follows that

PI‘({Tch < 1}) = PT({Tj’k <1, Ti—1,k < 1})
= B, ey Prl{mn < UFLE L)
= E<]‘{Tj—1,k<1} Pr({ei‘rj'k > eil‘ff—;ivk ))

= eE(l{TJ*Lk<1}E(e_TJ’J€ FYF ))

Tji—1,k

7j—1
e (T] (e 5090122,
1=1

IA

T iz - B
e%f} (H (l{Ti,k<1}e Cz,k)E(e C]l‘k|f7§;’i,k)>
k i=1

SS(M)
Ty

proving the lemma. O
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Now to complete the proof of Theorem 12.27, we can and do assume that
0<r9g<land K > 1. For u > 0 and w